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Foreword

As with the first, the second volume contains substantially more material than can
be covered in a one-semester course. Such courses may omit many beautiful and
well-grounded applications which connect broadly to many areas of mathematics.
We of course hope that students will pursue this material independently; teachers
may find it useful for undergraduate seminars.

For an overview of the material presented, consult the table of contents and
the chapter introductions. As before, we stress that doing the numerous exercises
is indispensable for understanding the subject matter, and they also round out
and amplify the main text.

In writing this volume, we are indebted to the help of many. We especially
thank our friends and colleages Pavol Quittner and Gieri Simonett. They have
not only meticulously reviewed the entire manuscript and assisted in weeding out
errors but also, through their valuable suggestions for improvement, contributed
essentially to the final version. We also extend great thanks to our staff for their
careful perusal of the entire manuscript and for tracking errata and inaccuracies.

Our most heartfelt thank extends again to our “typesetting perfectionist”,
without whose tireless effort this book would not look nearly so nice.! We also
thank Andreas for helping resolve hardware and software problems.

Finally, we extend thanks to Thomas Hintermann and to Birkhauser for the
good working relationship and their understanding of our desired deadlines.

Zirich and Kassel, March 1999 H. Amann and J. Escher

IThe text was set in IATEX, and the figures were created with CorelDRAW! and Maple.



vi Foreword

Foreword to the second edition

In this version, we have corrected errors, resolved imprecisions, and simplified
several proofs. These areas for improvement were brought to our attention by
readers. To them and to our colleagues H. Crauel, A. Ilchmann and G. Prokert,
we extend heartfelt thanks.

Ziirich and Hannover, December 2003 H. Amann and J. Escher

Foreword to the English translation

It is a pleasure to express our gratitude to Silvio Levy and Matt Cargo for their
careful and insightful translation of the original German text into English. Their
effective and pleasant cooperation during the process of translation is highly ap-
preciated.

Zirich and Hannover, March 2008 H. Amann and J. Escher
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Chapter VI

Integral calculus in one variable

Integration was invented for finding the area of shapes. This, of course, is an
ancient problem, and the basic strategy for solving it is equally old: divide the
shape into rectangles and add up their areas.

A mathematically satisfactory realization of this clear, intuitive idea is amaz-
ingly subtle. We note in particular that is a vast number of ways a given shape
can be approximated by a union of rectangles. It is not at all self-evident they all
lead to the same result. For this reason, we will not develop the rigorous theory
of measures until Volume III.

In this chapter, we will consider only the simpler case of determining the area
between the graph of a sufficiently regular function of one variable and its axis.
By laying the groundwork for approximating a function by a juxtaposed series of
rectangles, we will see that this boils down to approaching the function by a series
of staircase functions, that is, functions that are piecewise constant. We will show
that this idea for approximations is extremely flexible and is independent of its
original geometric motivation, and we will arrive at a concept of integration that
applies to a large class of vector-valued functions of a real variable.

To determine precisely the class of functions to which we can assign an inte-
gral, we must examine which functions can be approximated by staircase functions.
By studying the convergence under the supremum norm, that is, by asking if a
given function can be approximated uniformly on the entire interval by staircase
functions, we are led to the class of jump continuous functions. Section 1 is devoted
to studying this class.

There, we will see that an integral is a linear map on the vector space of
staircase functions. There is then the problem of extending integration to the
space of jump continuous functions; the extension should preserve the elementary
properties of this map, particularly linearity. This exercise turns out to be a special
case of the general problem of uniquely extending continuous maps. Because the
extension problem is of great importance and enters many areas of mathematics, we
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will discuss it at length in Section 2. From the fundamental extension theorem for
uniformly continuous maps, we will derive the theorem of continuous extensions
of continuous linear maps. This will give us an opportunity to introduce the
important concepts of bounded linear operators and the operator norm, which
play a fundamental role in modern analysis.

After this groundwork, we will introduce in Section 3 the integral of jump
continuous functions. This, the Cauchy—Riemann integral, extends the elemen-
tary integral of staircase functions. In the sections following, we will derive its
fundamental properties. Of great importance (and you can tell by the name) is
the fundamental theorem of calculus, which, to oversimplify, says that integration
reverses differentiation. Through this theorem, we will be able to explicitly calcu-
late a great many integrals and develop a flexible technique for integration. This
will happen in Section 5.

In the remaining sections—except for the eighth—we will explore applica-
tions of the so-far developed differential and integral calculus. Since these are not
essential for the overall structure of analysis, they can be skipped or merely sam-
pled on first reading. However, they do contain many of the beautiful results of
classical mathematics, which are needed not only for one’s general mathematical
literacy but also for numerous applications, both inside and outside of mathemat-
ics.

Section 6 will explore the connection between integrals and sums. We derive
the Euler-Maclaurin sum formula and point out some of its consequences. Special
mention goes to the proof of the formulas of de Moivre and Sterling, which describe
the asymptotic behavior of the factorial function, and also to the derivation of
several fundamental properties of the famous Riemann ¢ function. The latter is
important in connection to the asymptotic behavior of the distribution of prime
numbers, which, of course, we can go into only very briefly.

In Section 7, we will revive the problem — mentioned at the end of Chap-
ter V— of representing periodic functions by trigonometric series. With help from
the integral calculus, we can specify a complete solution of this problem for a
large class of functions. We place the corresponding theory of Fourier series in
the general framework of the theory of orthogonality and inner product spaces.
Thereby we achieve not only clarity and simplicity but also lay the foundation for
a number of concrete applications, many of which you can expect see elsewhere.
Naturally, we will also calculate some classical Fourier series explicitly, leading
to some surprising results. Among these is the formula of Euler, which gives an
explicit expression for the ¢ function at even arguments; another is an interesting
expression for the sine as an infinite product.

Up to this point, we have will have concentrated on the integration of jump
continuous functions on compact intervals. In Section 8, we will further extend
the domain of integration to cover functions that are defined (and integrated)
on infinite intervals or are not bounded. We content ourselves here with simple
but important results which will be needed for other applications in this volume
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because, in Volume III, we will develop an even broader and more flexible type of
integral, the Lebesgue integral.

Section 9 is devoted to the theory of the gamma function. This is one of
the most important nonelementary functions, and it comes up in many areas of
mathematics. Thus we have tried to collect all the essential results, and we hope
you will find them of value later. This section will show in a particularly nice way
the strength of the methods developed so far.
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1 Jump continuous functions

In many concrete situations, particularly in the integral calculus, the constraint of
continuity turns out to be too restrictive. Discontinuous functions emerge natu-
rally in many applications, although the discontinuity is generally not very patho-
logical. In this section, we will learn about a simple class of maps which contains
the continuous functions and is especially useful in the integral calculus in one
independent variable. However, we will see later that the space of jump continu-
ous functions is still too restrictive for a flexible theory of integration, and, in the
context of multidimensional integration, we will have to extend the theory into an
even broader class containing the continuous functions.

In the following, suppose

e £ :=(E,||) is a Banach space;
I :=[a, f] is a compact perfect interval.

Staircase and jump continuous functions
We call 3 := (ap, ..., a,) a partition of I, if n € N* and
a=aqp< o <---<a,=0.

If {a, . - ., } is a subset of the partition 3:=(Bo,...,Pk), 3 is called a refinement
of 3, and we write 3 < 3.

The function f: I — FE is called a staircase function on I if I has a partition
3:=(ao,...,an)such that f is constant on every (open) interval (oj—1, «;). Then
we say 3 is a partition for f, or we say f is a staircase function on the partition 3.

A
.
A
—
.
.
—
. —
—
} } } } } }
a = Qo [e%} Qa2 Qs Q4 O35 = ,8

A staircase function
If f: I — E is such that the limits f(« +0), f(8 —0), and

flz£0):= lim f(y)

yF#x

exist for all z € 1 , we call f jump continuous.! A jump continuous function is
piecewise continuous if it has only finitely many discontinuities (“jumps”). Finally,

!Note that, in general, f(z + 0) and f(z — 0) may differ from f(z).
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we denote by
T(ILE), S(E), SC(IE)

the sets of all functions f: I — E that are staircase, jump continuous, and piece-
wise continuous, respectively.?

N ~

o | ' o« | g

A piecewise continuous function Not a jump continuous function

1.1 Remarks (a) Given partitions 3 := (ay,...,a,) and 3 := (B0, ..., Bm) of I,
the union {ag, ..., a, yU{Bo, ..., Bn} will naturally define another partition 3V 3
of I. Obviously, 3 <3V 3and 3 <3V 3. Infact, < is an ordering on the set of
partitions of I, and 3V 3 is the largest from {3,3}.

(b) If f is a staircase function on a partition 3, every refinement of 3 is also a
partition for f.

(c¢) If f: I — E is jump continuous, neither f(x+0) nor f(z —0) need equal f(x)
forxz € I.
(d) S(I,E) is a vector subspace of B(I, F).
Proof The linearity of one-sided limits implies immediately that S(I,E) is a vector
space. If f € S(I, E)\B(I, E), we find a sequence (z,) in I with

|f(zn)|| >n forneN. (1.1)

Because [ is compact, there is a subsequence (zn, ) of (zn) and x € I such that z,, — «
as k — oo. By choosing a suitable subsequence of (xn, ), we find a sequence (yn),
that converges monotonically to z.> If f is jump continuous, there is a v € E with
lim f(yn) = v and thus lim || f(y»)|| = ||v|| (compare with Example 111.1.3(j)). Because
every convergent sequence is bounded, we have contradicted (1.1). Therefore S(I,E) C
B(I,E). m

(e) We have sequences of vector subspaces
T(I,E)CSC(I,E)CcS(I,E) and C(I,E)C SC(I,E).

(f) Every monotone function f: I — R is jump continuous.

2We usually abbreviate 7(I) := 7(I,K) etc, if the context makes clear which of the fields R
or C we are dealing with.
3Compare with Exercise 11.6.3.



6 VI Integral calculus in one variable

Proof This follows from Proposition I11.5.3. m

(g) If f belongs to T(I,E), S(I,E), or SC(I,E), and J is a compact perfect
subinterval of I, then f|J belongs to 7(J, E), S(J, E), or SC(J, E).

(h) If f belongs to T(I,E), S(I,E), or SC(I, E), then | f|| belongs to T(I,R),
S(I,R), SC(I,R). m

A characterization of jump continuous functions

1.2 Theorem A function f: I — F is jump continuous if and only if there is a
sequence of staircase functions that converges uniformly to it.

Proof “=" Suppose f € S(I,E) and n € N*. Then for every x € I, there are
numbers a(x) and §(z) such that a(z) < z < §(z) and

1f(s) = ft)| <1/n for s,t € (a(z),z) NI or s,te (z,B(x)NI.

Because {(a(m), ﬂ(x)) el } is an open cover of the compact interval I, we can
find elements xg < x; < -+ < Z,, in I such that I C U;"ZO (a(z), B(z;)). Letting
no = a, i1 :=x; for j =0,...,m, and Ny42 := B, we let 30 = (Mo, - - -, Mm+2)
be a partition of I. Now we select a refinement 31 = (&, ..., &) of 3¢ with

[f(s) = fO)ll <1/n fors,t € (§-1,)and j=1,....k,
and set

L f(‘r)a xe{goa"'agk}v
fn(@) = { F(&G-1+8)/2) . ve(§-1,8), j=1,....k.

A

\ :
~—

a=¢&o 51 52 Ej‘—l éj & & £k¥ﬂ

Then f, is a staircase function, and by construction
||f($) - fn(x)” < 1/” forxel.

Therefore ||f — fnlleo < 1/n.
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“«<” Suppose there is a sequence (f,) in 7 (I, E) that converges uniformly to
f. The sequence also converges to f in B(I, E). Let £ > 0. Then thereisann € N
such that || f(x) — fa(x)]] < /2 for all x € I. In addition, for every z € (a, f]
there is an o’ € [, ) such that f,(s) = fn(t) for s,t € (¢, z). Consequently,

1F(s) = FOI < 1 () = fa(ll + [ fals) = @l + 1 fn(8) = O <& (1.2)

for s,t € (/, z).

Suppose now (s;) is a sequence in I that converges from the left to z. Then
there is an N € N such that s; € (¢/,z) for j > N, and (1.2) implies

1f(s5) = f(sw)ll <& forj,k> N .

Therefore ( f (sj))j ey 18 @ Cauchy sequence in the Banach space F, and there is
an e € E with lim; f(s;) = e. If (¢;) is another sequence in I that converges from
the left to x, then we can repeat the argument to show there is an ¢/ € E such
that limy, f(tx) = €’. Also, there is an M > N such that t;, € (o/,z) for k > M.

Consequently, (1.2) gives
| f(s;) — fte)]| <e forjk>M.

After taking the limits j — oo and k — oo, we find |le — ¢/|| < . Now e and €’
agree, because ¢ > 0 was arbitrary. Therefore we have proved that lim, .o f(y)
exists. By swapping left and right, we show that for = € [, 3) the right-sided
limits lim, ;40 f(y) exist as well. Consequently f is jump continuous. m

1.3 Remark If the function f € S(I,R) is nonnegative, the first part of the above
proof shows there is a sequence of nonnegative staircase functions that converges
uniformly to f. m

The Banach space of jump continuous functions

1.4 Theorem The set of jump continuous functions S(I, E) is a closed vector
subspace of B(I, E) and is itself a Banach space; T (I, E) is dense in S(I, E).

Proof From Remark 1.1(d) and (e), we have the inclusions
T(I,E)CS(I,E)C B(I,E) .
According to Theorem 1.2, we have

T(I,E)=S(I,E), (1.3)

when the closure is formed in B(I, E). Therefore S(I, E) is closed in B(I, E) by
Proposition II1.2.12. The last part of the theorem follows from (1.3). m



8 VI Integral calculus in one variable

1.5 Corollary

(i) Every (piecewise) continuous function is the uniform limit of a sequence of
staircase functions.

(ii) The uniform limit of a sequence of jump continuous functions is jump con-
tinuous.

(iii) Every monotone function is the uniform limit of a sequence of staircase func-
tions.

Proof The statement (i) follows directly from Theorem 1.2; (ii) follows from
Theorem 1.4, and statement (iii) follows from Remark 1.1(f). m

Exercises

1 Verify that, with respect to pointwise multiplication, S(I,K) is a Banach algebra with
unity.

2 Define f: [-1,1] — R by

Prove or disprove that

(a) feT([-1,1],R);

(b) feS(-1,1],R).

3 Prove or disprove that SC(I, E) is a closed vector subspace of S(I, E).

4 Show these statements are equivalent for f: I — E:
(i) fes, E);
(i) 3 (fn) in T(I, E) such that >, || fnllec < oo and f =37 fn.

5 Prove that every jump continuous function has at most a countable number of dis-
continuities.

6 Denote by f: [0,1] — R the Dirichlet function on [0, 1]. Does f belong to S([0,1],R)?
7 Define f: [0,1] — R by
() 1/n, z € Q with z in lowest terms m/n ,
x) =
0, otherwise .
Prove or disprove that f € S([0,1],R).
8 Define f: [0,1] — R by

) = { sin(1/x) , z € (0,1],

0, z=0.

Is f jump continuous?
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9 Suppose Ej, j=0,...,n are normed vector spaces and
f:(fo,...,fn):I—>E::E0><...><En.

Show
feSU,E) & f;eSU,E;), j=0,....,n.

10 Suppose E and F are normed vector spaces and that f € S(I,E) and ¢: E — F
are uniformly continuous. Show that po f € S(I, F).

11 Suppose f,g € S(I,R) and im(g) C I. Prove or disprove that fog € S(I,R).
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2 Continuous extensions

In this section, we study the problem of continuously extending a uniformly con-
tinuous map onto an appropriate superset of its domain. We confine ourselves here
to when the domain is dense in that superset. In this situation, the continuous
extension is uniquely determined and can be approximated to arbitrary precision
by the original function. In the process, we will learn an approximation technique
that recurs throughout analysis.

The early parts of this section are of fundamental importance for the overall
continuous mathematics and have numerous applications, and so it is important
to understand the results well.

The extension of uniformly continuous functions

2.1 Theorem (extension theorem) SupposeY and Z are metric spaces, and Z is
complete. Also suppose X is a dense subset of Y, and f: X — Z is uniformly
continuous.! Then f has a uniquely determined extension f:Y — Z given by

f(y) = lim f(z) foryeY,

T—Y

reX
and f is also uniformly continuous.

Proof (i) We first verify uniqueness. Assume g,h € C(Y, Z) are extensions of f.
Because X is dense in Y, there is for every y € Y a sequence (z,,) in X such that
Zn — y in Y. The continuity of ¢ and h implies

9(y) = lim g(wn) = lim f(2n) = lim h(zn) = h(y) -

Consequently, g = h.

(ii) If f is uniformly continuous, there is, for every e > 0, a 6 = §(¢) > 0 such
that
d(f(z), f(z')) <e forz,a’ € X and d(z,2') <4 . (2.1)

Suppose y € Y and (x,,) is a sequence in X such that z, — y in Y. Then there is
an N € N such that
d(zj,y) <d§/2 forj >N, (2.2)

and it follows that
d(zj,x,) < d(zj,y) +d(y,zx) < for j, k>N .
From (2.1), we have

d(f(zj), f(zr)) <e for jk>N .

L As usual, we endow X with the metric induced by Y.
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Therefore ( f (x])) is a Cauchy sequence in Z. Because Z is complete, we can find
a z € Z such that f(z;) — 2. If (z},) is another sequence in X such that =}, — y,
we reason as before that there exists a 2z’ € Z such that f(x}) — 2. Moreover, we
can find M > N such that d(z},,y) < 0/2 for kK > M. This, together with (2.2),
implies

d(xjvx;c) < d(xjvy) + d(y,.’];‘;c) <4 forj,k>M,

and because of (2.1), we have
d(f(z;), f(z}) <e forj, k> M. (2.3)

Taking the limits j — oo and k& — oo in (2.3) results in d(z,2") < e. This being
true every positive £, we have z = z’. These considerations show that the map

fY—>Z, y— lim f(z)
vex

is well defined, that is, it is independent of the chosen sequence.
For r € X, we set z; := z for j € N and find f(z) = lim; f(z;) = f(x).
Therefore f is an extension of f.

(iii) It remains to show that f is uniformly continuous. Let € > 0, and choose
0 > 0 satisfying (2.1). Also choose y,z € Y such that d(y,z) < §/3. Then there
are series (y,) and (z,) in X such that y, — y and z, — z. Therefore, there is
an N € N such that d(y,,y) < §/3 and d(zp,2) < §/3 for n > N. In particular,
we get
d(yn,zn) < d(yn,y) +d(y, 2) +d(z,2n) <6
and also

d(zn, 2N) Zn

(zn,2) +d(z,2n) <6
for n > N. From the definition of f, Example I11.1.3(1), and (2.1), we have
= hrrbnd(f(yn)v f(yN)) + d(f(yN)7 f(ZN)) + hrrbnd(f(zN)7 f(zn))

< 3¢ .

<d
<d

Therefore f is uniformly continuous. m

2.2 Application Suppose X is a bounded subset of K™. Then the restriction?

T:C0(X)— BUC(X), uru|X (2.4)

2BUC(X) denotes the Banach space of bounded and uniformly continuous functions on X,
as established by the supremum norm. Compare to Exercise V.2.1.
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is an isometric isomorphism.

Proof (i) Suppose u € C(X). Then, because X is compact by the Heine-Borel theorem,
Corollary II1.3.7 and Theorem III.3.13 imply that u—and therefore also Tu = u| X —is
bounded and uniformly continuous. Therefore T is well defined. Obviously T is linear.

(i) Suppose v € BUC(X). Because X is dense in X, there is from Theorem 2.1 a
uniquely determined u € C'(X) such that u|X = v. Therefore T': C(X) — BUC(X) is
a vector space isomorphism.

(iii) For v € C(X), we have

[Tulloc = sup [Tu(@)| = sup fu(z)] < sup |u(@)]| = flulloc -
reX reX zeX

On the other hand, there is from Corollary I1T1.3.8 a y € X such that ||ullecc = |u(y)|. We
choose a sequence (z) in X such that 2, — y and find

[ulloo = [u(y)| = [limu(z,)| = [lim Tu(z,)| < sup Tu(x)| = | Tullo -
This shows that T is an isometry. m

Convention If X is a bounded open subset of K", we always identify BUC(X)
with C'(X) through the isomorphism (2.4).
Bounded linear operators

Theorem 2.1 becomes particularly important for linear maps. We therefore compile
first a few properties of linear operators.

Suppose F and F' are normed vector spaces, and A: E — F is linear. We
call A bounded? if there is an « > 0 such that

|Az|| < al|z|| forx e E . (2.5)

We define
L(E,F):={A€cHom(E,F); Aisbounded } .

For every A € L(E, F), there is an a > 0 for which (2.5) holds. Therefore
|A]| ;= inf{a >0; ||Az|| < a|z||, z € E}

is well defined. We call || Al|z(g, ) := || Al the operator norm of A.

3For historical reasons, we accept here a certain inconsistency in the nomenclature: if F is
not the null vector space, there is (except for the zero operator) no bounded linear operator that
is a bounded map in the terms of Section II.3 (compare Exercise I1.3.15). Here, a bounded linear
operator maps bounded sets to bounded sets (compare Conclusion 2.4(c)).
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2.3 Proposition For A € L(E, F) we have?

Az
Il = sup 22l = sup el = sup 4z]) = sup [l
20 1zl 2=t lll|<
Proof The result follows from

|A| = inf{a >0; ||Az|| < a|z||, z€ E}

w{ ”n |||| @€ E\{O}}

S“p{ HA(H ||)H r e B\{0} ]

= sup [l Ayl < sup [l Az] .
i1 lzll<

:inf{az() ” <aq, xGE\{O}}

For every x € E such that 0 < ||z|| < 1, we have the estimate

T
<
) < o e = [4( )

||

Therefore we find

sup [[Az| < sup [|Ayl| .
el <1 lyll=1

Thus we have shown the theorem’s first three equalities.

For the last, let a := sup,cp, ||Az| and y € B := Bg. Then 0 < A < 1 means
Ay is in B. Thus the estimate ||Ay|| = [|[A(Ay)||/A < a/A holds for 0 < XA < 1, as
|Ay|| < a shows. Therefore

sup [|Az|| < sup [|Az| < sup. [Az]| .
llz|| <1 z€BE llll<
2.4 Conclusions (a) If A € L(E, F), then

|Az]) < Al lz] for € .

(b) Every A € L(E, F) is Lipschitz continuous and therefore also uniformly con-
tinuous.

Proof If z,y € E, then ||[Az — Ay|| = ||A(z — y)|| < ||A]| ||z — y||. Thus A is Lipschitz
continuous with Lipschitz constant || A|. m

4Here and in similar settings, we will implicitly assume E # {0}.
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(c) Let A € Hom(E, F'). Then A belongs to L(E, F) if and only if A maps bounded
sets to bounded sets.

Proof “=" Suppose A € L(E,F) and B is bounded in E. Then there is a 3 > 0 such
that [|z|| < B for all z € B. It follows that
|Az[] < [|A[l[|z]] < |Al| B for z € B .

Therefore the image of B by A is bounded in F'.

“«=” Since the closed unit ball Bg is closed in E, there is by assumption an a > 0
such that |Az|| < a for x € Bg. Because y/||y|| € Bg for all y € E\{0}, it follows that
[Ay|| < ally|l for all y € E. m
(d) L(E,F) is a vector subspace of Hom(E, F').

Proof Let A,B € L(E,F) and A € K. For every x € E, we have the estimates

I(A+ B)z|| = || Az + Bz|| < || Az|| + ||Bz|| < (Al + |B]) [|=|| (2.6)
and
Az = [l Az[| < A [JA[H ] - (2.7)
Therefore A+ B and AA also belong to L(E,F). m
(e) The map

L(E,F)— Rt , A~ I A]|
is a norm on L(E, F).

Proof Because of (d), it suffices to check directly from the definition of a norm. First,
because ||A|| = 0, it follows from Proposition 2.3 that A = 0. Next choose z € E such
that ||z|| < 1. Then it follows from (2.6) and (2.7) that

(A + B)zl| < [A[ +[[B] and [[AAz[| = |A[|Az] ,
and taking the supremum of x verifies the remaining parts of the definition. m

(f) Suppose G is a normed vector space and B € L(E, F) and also A € L(F,G).
Then we have
AB € L(E,G) and ||AB]| < ||A||IB] -

Proof This follows from
|ABz|| < || Al | Bz|| < Al |B]| |lz]| for = € E,

and the definition of the operator norm. m

(g) L(E) := L(E, E) is a normed algebra® with unity, that is, £L(E) is an algebra
and ||1g|| =1 and also

[AB| < [|A[[[|B]  for A, B € L(E) .

Proof The claim follows easily from Example 1.12.11(c) and (f). m

5Compare with the definition of a Banach algebra in Section V.4.
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Convention In the following, we will always endow L(E, F') with the operator
norm. Therefore

is a normed vector space with ||-|| := ||-[|z(z,F)-

The next theorem shows that a linear map is bounded if and only if it is continuous.

2.5 Theorem Let A € Hom(E, F'). These statements are equivalent:
(i) A is continuous.

(ii) A is continuous at 0.
(i) A€ L(E,F).

Proof “(i)=-(ii)” is obvious, and “(iii)=-(i)” was shown in Conclusions 2.4(b).
“(ii)=>(iii)” By assumption, there is a § > 0 such that || Ay|| = ||Ay— A0 < 1
for all y € B(0, ). From this, it follows that

)

1 1
sup [|Az|| = = sup [[A(6z)]| = 5 sup [lAy| <
lefl<1 lzf|<1 lyll<s

| =

and therefore A is closed. m

The continuous extension of bounded linear operators

2.6 Theorem Suppose E is a normed vector space, X is a dense vector subspace
in B, and F' is a Banach space. Then, for every A € L(X, F) there is a uniquely
determined extension A € L(E, F) defined through

Ae= lim Az foree E (2.8)

xr—e

zeX

and ||A_||L(E,F) = ”A”L(X,F)'

Proof (i) According to Conclusions 2.4(b), A is uniformly continuous. Defining
f=A4, Y :=F and Z := F, it follows from Theorem 2.1 that there exists a
uniquely determined extension of A € C(E, F) of A, which is given through (2.8).

(ii) We now show that A is linear. For that, suppose e,e’ € E, A € K, and
(z,,) and (x},) are sequences in X such that z,, — e and 2/, — ¢’ in E. From the
linearity of A and the linearity of limits, we have

Ale+ M) = lim A(z,, + \2})) = lim Az,, + Mim Az!, = Ae + M\Aée’ .

Therefore_ A: E — F is linear. That A is continuous follows from Theorem 2.5,
because A belongs to L(E, F').
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(iii) Finally we prove that A and A have the same operator norm. From the
continuity of the norm (see Example 111.1.3(j)) and from Conclusions 2.4(a), it
follows that

| Ael| = || tim Az, | = lim || Az, || < lim [ A]| || = [[A] [tz || = [[A] fle]

for every e € E and every sequence (x,) in X such that x,, — ein E. Consequently,
IAll < |A]l. Because A extends A, Proposition 2.3 implies

|All = sup [[Ay|| > sup [[Az| = sup [Az|=]A],
llyll<1 fl]| <1 fl]| <1
zeX reX

and we find ||Al|z5,r) = |Allz(x,r)- ®

Exercises
In the following exercises, F, Ej, F, and F}; are normed vector spaces.
1 Suppose A € Hom(E, F) is surjective. Show that

A" € L(FE) < Ja>0:alz|| < ||Az||, z€E.
If A also belongs to L(F, F), show that ||A7*|| > || A~

2 Suppose E and F are finite-dimensional and A € L(E, F') is bijective with a contin-
uous inverse® A~ € L(F, E). Show that if B € L(E, F) satisfies

—1p—1
A= Blleer) <A zir.m
then it is invertible.

3 A € End(K") has in the standard basis the matrix elements [a;x]. For E; := (K", ||;)
with j = 1,2, oo, verify for A € L(E;) that

(0) 1 Allzce,) = maxk 3, ajkl,
.. 1/2
(i) Aleem) < (2,5 laie®) "
(ili) [[Allz(po) = max; 3, |ajk|.
4 Show that § : B(R") — R, f+ f(0) belongs to £(B(R"),R), and find ||6]|.
5 Suppose A; € Hom(Ej;, F;) for j = 0,1 and
Ao ® A1 : Eg X By — Fy x I s (60,61)H(A060,A1e1) .
Verify that
Ao ® A1 € L(Eg X B, Fo x F1) < Aj € L(E;,F;), j=0,1.
6 Suppose (A,) is a sequence in L(E, F) converging to A, and suppose (z,) is a sequence
in E whose limit is z. Prove that (An,x,) in F' converges to Az.

7 Show that ker(A) of A € L(E, F) is a closed vector subspace of E.

8If E is a finite-dimensional normed vector space, then Hom(E, F) = L(E,F) (see Theo-
rem VIL.1.6). Consequently, we need not assume that A, A~! and B are continuous.
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3 The Cauchy-Riemann Integral

Determining the area of plane geometrical shapes is one of the oldest and most
prominent projects in mathematics. To compute the areas under graphs of real
functions, it is necessary to simplify and formalize the problem. It will help to gain
an intuition for integrals. To that end, we will first explain, as simply as possible,
how to integrate staircase functions; we will then extend the idea to jump con-
tinuous functions. These constructions are based essentially on the results in the
first two sections of this chapter. These
present the idea that the area of a graph 4
is made up of the sum of areas of rectan-
gles that are themselves determined by
choosing the best approximation of the
graph to a staircase function. By the
“unlimited refinement” of the width of
the rectangles, we anticipate the sum of
their areas will converge to the area of a B
the figure.

v

In the following we denote by

e £ :=(E,|‘]), a Banach space;
I := [a, (], a compact perfect interval.

The integral of staircase functions

Suppose f: I — E is a staircase function and 3 := («o, ..., ) is a partition of T
for f. Define e; through

f(z)=e; forze (oj-1,05)and j=1,...,n,

that is, e; is the value of f on the interval (o;;_1, ;). We call

n

/(3) f=> ejlaj—aj1)

j=1

the integral of f with respect to the partition 3. Obviously f(S) f is an element
of E. We note that the integral does not depend on the values of f at its jump
discontinuities. In the case that E = R, we can interpret |e;| (a;j — oj—1) as the
area of a rectangle with sides of length |e;| and (co; —cj—1). Thus f(3) f represents
a weighted sum of rectangular areas, where the area |e;| (o; — aj—1) is weighted
by the sign of e;. In other words, those rectangles that rise above the z-axis are
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weighted by 1, whereas those below are given —1.

. +

WS
« N o — /8

The following lemma shows that f(3) f depends only on f and not on the choice
of partition 3.

3.1Lemma Iff e T(I,E), and 3 and 3’ are partitions for f, then f(3) f= f(S’) f.

Proof (i) We first treat the case that 3’ := (ag,...,qk, ¥, Q@k+1,...,0p) has

exactly one more partition point than 3 := (ayg,...,a,). Then we compute
n
/ f=Y ejla;—aj)
3 =

n

k
= ejloy —aj1) +enpr(on —ar) + Y ejla; —ajq)
Jj=1 j=k+2

n

k
= eiloy —aj1) +ersr(oni — ) Fera (v —aw)+ Y el —aj1)
j=1

j=k+2
B /
(37

(ii) If 3’ is an arbitrary refinement of 3, the claim follows by repeatedly
applying the argument in (i).

(iii) Finally, if 3 and 3’ are arbitrary partitions of f, then 3V 3’, according
to Remark 1.1(a) and (b), is a refinement of both 3 and 3’ and is therefore also a
partition for f. Then it follows from (ii) that

/<3) = /<3v3/> = /<3/> S

Using Lemma 3.1, we can define for f € 7 (I, F) the integral of f over I by

Jr=f=ly
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using an arbitrary partition 3 for f. Obviously, the integral induces a map from

7 (I, E) to E, namely,
B B
/:'T(I,E')—>E7 f|—>/f7
« [0}

which we naturally also call the integral. We explain next the first simple proper-
ties of this map.

3.2 Lemma If f e 7(I,E), then |f| € T(I,R) and

< [ 1121l

Also ff belongs to L(7T(I,E),E), and || ff |=58-a.

Proof The first statement is clear. To prove the inequality, suppose f € 7 (I, E)

and («ap,...,q,) is a partition for f. Then
B n B
f\=\zeg o] 2 Y lesl @ - i) = [ 1
@ =1 e

IA

lrgjagxn|e]|z — Q-1 <SuP|f )] (B—a)=B-a)|fll

The linearity of fa follows from Remark 1.1.(e) and the definition of [ a’B . Con-
sequently, ff belongs to £L(7(I,E),E), and we have || ff | < B8 — «a. For the

constant function 1 € 7 (I,R) with value 1, we have ff 1 = 3 — «, and the last
claim follows. m

The integral of jump continuous functions

From Theorem 1.4, we know that the space of jump continuous functions S(I, E)
is a Banach space when it is endowed with the supremum norm and that 7 (I, E) is
a dense vector subspace of S(I, E) (see Remark 1.1(e)). If follows from Lemma 3.2

that the integral ff is a continuous, linear map from 7 (I, E) to E. We can apply

the extension Theorem 2.6 to get a unique continuous linear extension of ff into
the Banach space S(I, E). We denote this extension using the same notation, so

that 5
/ € L(S(I,E),E) .
From Theorem 2.6, it follows that

B B
/f:hm/ fnin B for feS(,E),
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where (f,,) is an arbitrary sequence of staircase functions that converges uniformly

to f. The element | 5 f of E is called the (Cauchy—Riemann) integral of f or the
integral of f over I or the integral of f from o to 3. We call f the integrand.

3.3 Remarks Suppose f € S(I, E).

(a) According to Theorem 2.6 ff f is well defined, that is, this element of F is
independent of the approximating sequence of staircase functions. In the special
case F = R, we interpret ff fn as the weighted (or “oriented”) area of the graph
of f,, in the interval I.

A

. 4

+

A
e} — B
Because the graph of f,, approximates f, we can view ff fn as an approximation

to the “oriented” area of the graph of f in the interval I, and we can therefore
identify [ f f with this oriented area.

(b) There are a number of other notations for | f f, namely,

/f7 /If, /jf(x)dm, /If(x)dx, /f(x)dx, /Ifdx.

(c) We have fff € E, with |fffd$| <B=a)|flle-

Proof This follows from Lemma 3.2 and Theorem 2.6. m

Riemann sums

If 3:= (ap,...,q,) is a partition of I, we call
Nz = C— i
3= max (a5 — ;)

the mesh of 3, and we call any element &; € [aj_1, a;] a between point. With this
terminology, we now prove an approximation result for fa f.

3.4 Theorem Suppose f € S(I,E). There there is for every € > 0 a § > 0 such
that

/jfdéﬂﬁ:f(fj)(% —aj,l)’ <e

j=1
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for every partition 3 := (ag,...,ap) of I of mesh A5 < § and for every value of
the between point §;.

Proof (i) We treat first the staircase functions. Suppose then that f € 7(I, E)

and € > 0. Also let 3 := (ap,...,dx) be a partition of f, and let e;j = fl(a-1,q;)
for 1 <j <n. Wesetd:= s/4n || f|l o and choose a partition 3 := (ag, ..., a,) of
I such that Az < 6. We also choose between points ; € [oj—1, o] for 1 §j <n.

For (Bo,...,0m) = 3\/3 we have

/fdfof )0 — g 1) =3 €@ — @i 1) —
> e (Be — Br-1) —

k=1

f&) (o — 1)

H
.
(]

Mz L

<.

er(Be — Br—1)  (3.1)

B
Il

1

(ex — €) (B — Br-1) ,

I
Ms

B
Il
—

and we specify e} and e} as

e, == (&), £ € (Br-1,5%) ,
er = f(&) if [Br—1, 8k C [oj—1, 0] -
Obviously, e}, # e}, can only hold on the partition points {dp, ..., & }. Therefore

the last sum in (3.1) has at most 27 terms that do not vanish. For each of these,
we have

ek — €l) (B = Be-1) <201 flloe B3 <21 fll0 0
From (3.1) and the value of ¢, we therefore get

/f foj —aj_) | <2n-2||f| d=¢.

(ii) Suppose now that f € S(I,E) and € > 0. Then, according to Theo-
rem 1.4, there is a g € 7 (I, E) such that

1f =9l < (3-2)

_°
3(B—a)

From Remark 3.3(c), we have

B
-9 <l -l (3 - a) < /3. (3.3)

From (i), there is a § > 0 such that for every partition 3 := («ap, ..., a,) of I with
A3 < § and every value §; € [a;—1, @ ], we have

/ gdfoggj —oj1)| <é€/3. (3.4)
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The estimate
> (96 — £ (a5 )| S I~ gl (B-a) <e/3  (35)
j=1
is obvious. Altogether, from (3.3)—(3.5), we get
B n
| rde =3 e - a0
« =1
8 B n
/ (f—9) dw‘ + ‘/ gdr =Y g(&)(a; — Oéj—l)‘
o' o j=1

+ ‘Zj:(g(ﬁj) — f(€)) (e — aj—1)‘ <e,

<

and the claim is proved. m

3.5 Remarks (a) A function f: I — E is said to Riemann integrable if there is
an e € E with the property that for every e > 0 there is a 6 > 0, such that

‘8 - if(fj)(aj - Oéj—l)‘ <e

for every partition 3 := («o, ..., ) of I with A3 < § and for every set of between
points &; € [aj_1, ¢y].

If f is Riemann integrable, the value e is called the Riemann integral of f
over I, and we will again denote it using the notation ff f dx. Consequently, The-
orem 3.4 may be stated as, Every jump continuous function is Riemann integrable,
and the Cauchy—Riemann integral coincides with the Riemann integral.

(b) One can show S(I, E) is a proper subset of the Riemann integrable functions.!

Consequently, the Riemann integral is a generalization of the Cauchy—Riemann
integral.

We content ourselves here with the Cauchy—Riemann integral and will not
seek to augment the set of integrable functions, as there is no particular need for
it now. However, in Volume III, we will introduce an even more general integral,
the Lebesgue integral, which satisfies all the needs of rigorous analysis.

(¢) Suppose f: I — E, and 3 := (ag,...,q,) is a partition of I with between
points &; € [aj—1, cj]. We call

fE)(ay —aj_1) €E

n

J

1The follows for example from that a bounded function is Riemann integrable if and only if
the set of its discontinuities vanishes in the Lebesgue measure (see Theorem X.5.6 in Volume III).
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the Riemann sum. If f is Riemann integrable, then

ﬁ n
[ pde= i S €05 - a5
o A3—0 =
expresses its integral symbolically. =

Exercises

1 Define [-] to be the floor function. For n € N*, compute the integrals

(1) /Ol@dm, (ii) /Ol[nn—m;]dx, (iii) /Ol[nnﬁdm, (iv) /jsignxdm.

2  Compute fil f for the function f of Exercise 1.2 and also fol f for the f of Exercise 1.7.
3 Suppose F' is a Banach space and A € L(E, F). Then show for f € S(I, E) that

Af = (2 — A(f(x))) € S, F)

and A [V f = [P Af.

4 For f € S(I,E), thereis, according to Exercise 1.4, a sequence ( f,) of jump continuous
functions such that Y ||fnllec < o0 and f =3 fn. Show that [, f =3, [, fu.

5 Prove that for every f € S(I,R), f and f~ also belong to S(I,R), and

/If§/1f+, —/Ifs/lf‘.

6 Show that if f: I — FE is Riemann integrable, then f € B(I,FE), that is, every
Riemann integrable function is bounded.

7 Suppose f € B(I,R) and 3 = (o, ...,an) is a partition of I. Define

S(£,1,3) =Y sup{ f(&) ; £ € [ay-1,05] }(a; — ;1)

j=1

and
n

S(f,1,3):=> inf{ f(&); €€ [aj-1,05] }(ay — ;1)

j=1
and call them the upper and lower sum of f over I with respect to the partition 3.
Prove that

(i) if 3’ is a refinement of 3, then

S(f,1,3") < S(f,1,3), S(f.1,3) <S(f,1,3");
(ii) if 3 and 3’ are partitions of I, then

S(f,1,3) < S(f.1,3) .
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8 Suppose f € B(I,R) and 3’ := (Bo,...,0m) is a refinement of 3 := (ao,...,an).

Show that _ _
S(f,I,B)*S(f,I,3/) 2(m7n)||f“ooA3 )
§(f7173,)7—(f7173) 2(min)||f||ooA3 .

9 Let f € B(I,R). From Exercise 7(ii), we know the following exist in R:

<
<

/f = inf{ §(f,[,3) ; 3 is a partition ofI}
I

and

—

f= sup{ S(f,1,3) ; 3 is a partition ofI} .
I

We call TI [ the over Riemann(—Darboux) integral of f over I; likewise we call [ f the
under Riemann integral.

Prove that
(i) I[f < f1f§

(ii) for every € > 0 there is a § > 0 such that for every partition 3 of I with Az < 4,
we have the inequalities

0§§(f,1,3)*/:f<€ and OS/If*S(f,I,3)<€.

(Hint: There is a partition 3’ of I such that S(f,1,3’) < Lf+€/2. Let 3 be an arbitrary
partition of I. From Exercise 8, it follows that

S(f,1,3) <S(f,1,3v3) +2m| fll. A5 .
In addition, Exercise 7(i) gives S(f, 1,3V 3’) < S(f,1,3).)

10 Show these statements are equivalent for f € B(I,R):

(i) f is Riemann integrable.
(i) [,f= [ f
(iii) For every € > 0 there is a partition 3 of I such that S(f,1,3) — S(f,1,3) <e.
Show that [,f = [,f= [, f.

(Hint: “(ii)<=(iii)” follows from Exercise 9.
“(i)=>(iii)” Suppose ¢ > 0 and e := [, f. Then there is a § > 0 such that

e —

N M

< ;f(éj)(aj —aj-1) <e+ %

for every partition 3 = (ao,...,an) of I with Az < §. Consequently, S(f,1,3) < e-+e/2
and S(f,I,3) >e—¢/2)
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4 Properties of integrals

In this section, we delve into the most important properties of integrals and, in
particular, prove the fundamental theorem of calculus. This theorem says that
every continuous function on an interval has a primitive function (called the anti-
derivative) which gives another form of its integral. This antiderivative is known
in many cases and, when so, allows for the easy, explicit evaluation of the integral.

As in the preceding sections, we suppose

e F = (E,|]) is a Banach space; I = [«, ] is a compact perfect interval.

Integration of sequences of functions

The definition of integrals leads easily to the following convergence theorem, whose
theoretical and practical meaning will become clear.

4.1 Proposition (of the integration of sequences and sums of functions) Suppose
(fn) is a sequence of jump continuous functions.

(i) If (fn) converges uniformly to f, then f is jump continuous and

h}zn/jf"/jhr{nf"/jf'

(ii) If Y fn converges uniformly, then Y .-, fn is jump continuous and
B, o0 B
/ (Z fn) = Z/ fn .
@ n=0 n=0"%

Proof From Theorem 1.4 we know that the space S(I, E) is complete when en-
dowed with the supremum norm. Both parts of the theorem then follow from the
facts that | 5 is a linear map from S(I, F) to E and that the uniform convergence
agrees with the convergence in S(I, E). m

4.2 Remark The statement of Proposition 4.1 is false when the sequence (f,,) is
only pointwise convergent.

Proof Weset I =[0,1], E:=R, and

0, z=0,
fnl(z) = n, z € (0,1/n) ,
0, z€(l/n1],

for n € N*. Then fr isin 7(I,R), and (f») converges
pointwise, but not uniformly, to 0. Because [ 1 fa=1
for n € N* and [, 0= 0, the claim follows. m

v
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For the first application of Proposition 4.1, we prove that the important
statement of Lemma 3.2—about interchanging the norm with the integral —is
also correct for jump continuous functions.

4.3 Proposition For f € S(I, E) we have |f| € S(I,R) and

[ sl < [Ci1ae <@l

Proof According to Theorem 1.4, there is a sequence (f,) in 7 (I, FE) that con-
verges uniformly to f. Further, it follows from the inverse triangle inequality that

(@) = [f(@)g| < fal@) = f@)E < fa— fllw forazel.

Therefore |f,| converges uniformly to |f|. Because every |f,| belongs to 7 (I, R),
it follows again from Theorem 1.4 that |f| € S(I,R).

From Lemma 3.2, we get

/j fuda| < /j [foldo < (8= )| full - (4.1)

Because (f,,) converges uniformly to f and (| f,|) converges likewise to | f|, we can,
with the help of Proposition 4.1, pass the limit n — oo in (4.1). The desired
inequality follows. m

The oriented integral

If f€S(I,E) and 7,6 € I, we define!

s s f[%é]f’ v<9d,
/ f ::/ f(z)dx = 0, vy=6, (4.2)
K K 7][5,7].]0’ 5<7a

and call fj f “the integral of f from v to §”. We call v the lower limit and § the
upper limit of the integral of f, even when v > 6. According to Remark 1.1(g),
the integral of f from 7 to ¢ is well defined through (4.2), and

/jf/;ﬂ (43)

1Here and hence, we write simply fJ f for fJ f|J, if J is a compact perfect subinterval of I.
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4.4 Proposition (of the additivity of integrals) For f € S(I,E) and a,b,c € I we

have
/abf/acf+/cbf~

Proof It suffices to check this for a < b < ¢. If (f,) is a sequence of staircase
functions that converge uniformly to f and J is a compact perfect subinterval of
I, then

falJ€T(J,E) and fo|J — f|J. (4.4)

uniformly

The definition of the integral of staircase functions gives at once that

/:fnZ/abfnJr/bcfm (45)

Using (4.4) and Proposition 4.1, we pass the limit n — oo and find

/acf/abf+/bcf~
/abf/acf/bcf/achr/cbf.-

Positivity and monotony of integrals

Then we have

Until now, we have considered the integral of jump continuous functions taking
values in arbitrary Banach spaces. For the following theorem and its corollary, we
will restrict to the real-valued case, where the ordering of the reals implies some
additional properties of the integral.

4.5 Theorem For f € S(I,R) such that f(x) > 0 for all x € I, we have ff f>0.

Proof According to Remark 1.3, there is a sequence ( f,,) of nonnegative staircase
functions that converges uniformly to f. Obviously then, [ f, > 0, and it follows
that [ f=1lim, [ f, >0.m

4.6 Corollary Suppose f,g € S(I,R) satisfy f(x) < g(x) for all x € I. Then we
have | f < ff g, that is, integration is monotone on real-valued functions.

Proof This follows from the linearity of integrals and from Proposition 4.5. m
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4.7 Remarks (a) Suppose V is a vector space. We call any linear map from V
to its field is a linear form or linear functional.

Therefore in the scalar case, that is, £ = K, the integral ff is a continuous
linear form on S(I).

(b) Suppose V is a real vector space and P is a nonempty set with

(i) r,ye P=x+ye€P,
ii) (z€P, NeR") = \zeP,
(iii) z,—x € P =x=0.

In other words, P satisfies P+ P C P, RYP C P and PN (—P) = {0}. We then
call P a (in fact convex) cone in V' (with point at 0). This designation is justified
because P is convex and, for every x, it contains the “half ray” R 2. In addition,
P contains “straight lines” Rz only when x # 0.

We next define < through
r<y<=y—zeP, (4.6)

and thus get an ordering on V', which is linear on V' (or compatible with the vector
space structure of V'), that is, for z,y,z € V,

cLly=zc+2<y+z

and
(xgy,)\eR+):>)\x§)\y.

Further, we call (V, <) an ordered vector space, and < is the ordering induced
by P. Obviously, we have

P={zecV;xz>0}. (4.7

Therefore we call P the positive cone of (V, <).

If, conversely, a linear ordering < is imposed on V, then (4.7) defines convex
cone in V', and this cone induces the given ordering. Hence there is a bijection
between the set of convex cones on V' and the set of linear orderings on V. Thus
we can write either (V, <) or (V, P) whenever P is a positive cone in V.

(c) When (V, P) is an ordered vector space and £ is a linear form on V, we call ¢
positive if /() > 0 for all z € P.2 A linear form on V is then positive if and only
if it is increasing®.

Proof Suppose?: V — Rislinear. Because {(z—y) = £(z)—£(y), the claim is obvious. m

(d) Suppose E is a normed vector space (or a Banach space) and < is a linear
ordering on E. Then we say F := (E, <) is an ordered normed vector space (or
an ordered Banach space) if its positive cone is closed.

2Note that the null form is positive under this definition.
3We may also say increasing forms are monotone linear forms.



VI.4 Properties of integrals 29

Suppose E is an ordered normed vector space and (z;) and (y;) are sequences
in £ with z; — = and y; — y. Then x; < y; for almost all j € N, and it follows
that = < y.

Proof If P is a positive cone in E, then y; —x; € P for almost all j € N. Then it follows
from Proposition I1.2.2 and Remark I1.3.1(b) that

y—o =limy; —limz; =lim(y; —z;) € P,
and hence P is closed. m

(e) Suppose X is a nonempty set. The pointwise ordering of Example 1.4.4(c),
namely,
f<g= fla)<g(x) forzeX

and f,g € R makes R¥ an ordered vector space. We call this ordering the natural
ordering on RX. In turn, it induces on every subset M of R¥ the natural ordering
on M (see Example 1.4.4(a)). Unless stated otherwise, we shall henceforth always
provide R* and any of its vector subspaces the natural ordering. In particular,
B(X,R) is an ordered Banach space with the positive cone

BY(X):= B(X,R") := B(X,R)n(R")¥ .

Therefore every closed vector subspace §(X,R) of B(X,R) is an ordered Banach
space whose positive cone is given through

FH(X) = F(X,R) N BF(X) = F(X,R) N (RT)™ .

Proof It is obvious that B (X) is closed in B(X,R). m

(f) From (e) it follows that S(I,R) is an ordered Banach space with positive cone

S*(I), and Proposition 4.5 says the integral ff is a continuous positive (and
therefore monotone) linear form on S(I,R). m

The staircase function f: [0,2] — R defined by

1, rz=1,
0, otherwise

)= {

obviously satisfies [ f = 0. Hence there is a nonnegative function that does
not identically vanish but whose integral does vanish. The next theorem gives a
criterion for the strict positivity of integrals of nonnegative functions.

4.8 Proposition Suppose f € ST(I) and a € I. If f is continuous at a with

f(a) >0, then
B
| i>0.
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Proof (i) Suppose a belongs to I. Then continuity of f at a and f(a) > 0 implies
there exists a § > 0 such that [a — d,a + 6] C I and

£@) = f(a)| < 5f(a) forwela—ba+d].
Therefore we have

fla) forzela—d,a+0].

DN | =

fz) =

From f > 0 and Proposition 4.5, we get fj_éf > 0 and ff+6f > 0. Now
Proposition 4.4 and Corollary 4.6 imply

R S W s

(ii) When a € 91, the same conclusion follows an analogous argument. m

Componentwise integration

4.9 Proposition The map f = (f!,...,f"): I — K" is jump continuous if and
only if it is so for each component function f7. Also,

/jf:(/jfl,...,/jf”).

Proof From Theorem 1.2, f is jump continuous if and only if there is a sequence
(fx) of staircase function that uniformly converge to it. It is easy to see that the
last holds if and only if for every j € {1,...,n}, the sequence (f})ren converges
uniformly to f7. Because f7 belongs to S(I,K) for every j, Theorem 1.2 implies
the first claim. The second part is obvious for staircase functions and follows here
because Proposition 4.1 also holds when taking limits for f € S(I,K"). m

4.10 Corollary Suppose g,h € R! and f := g +ih. Then f is jump continuous if
and only if both g and h are. In this case,

/jfz/jg—&—i/jh.

The first fundamental theorem of calculus

For f € S(I, E) we use the integral to define the map

Fil-E, w/ (&) de (4.8)

whose properties we now investigate.
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4.11 Theorem For f € S(I, E), we have
[F(z) = Fy)l < |[fll |z =yl forz,yel.
Therefore the integral is a Lipschitz continuous function on the entire interval.

Proof From Proposition 4.4, we have

T y T
F@ - Fo) = [ 5@~ [ 1©ds= [ 1@ torzyer.
« (e Y
The claim now follows immediately from Proposition 4.3. m

Our next theorem says F' is differentiable where f is continuous.

4.12 Theorem (of the differentiability in the entire interval) Suppose f € S(I, E)
is continuous at all a € I. Then F is differentiable at a and F'(a) = f(a).

Proof For h € R* such that a + h € I, we have

Flath-F) _ %(/:Mf(é) S RGIE %/amf@) d

We note hf(a) = f:+h f(a) d€, so that

a B a) — fla a+h
F(a+h) i() £( )h%/a (f(€) = f(a)) d .

Because f is continuous at a, there is for every ¢ > 0 a § > 0 such that
1f(§) = fla)lg <e foréelIn(a—d,a+i).
Using Proposition 4.3, we have the estimate

Pl Py - Jey o L \/;M\f(@ ~ f(a)] | <<

for h such that 0 < |h| < § and a + h € I, Therefore F is differentiable at a and
F'(a) = f(a). m

From the last result, we get a simpler, but also important conclusion.

4.13 The second fundamental theorem of calculus Every f € C(I,E) has an
antiderivative, and if F' is such an antiderivative,

F(x):F(a)Jr/mf(f)dg forxzel.
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Proof We set G(x) := f; f(&)d¢ for x € I. According to Theorem 4.12, G is
differentiable with G’ = f. Therefore G is an antiderivative of f.

Suppose F' is an antiderivative of f. From Remark V.3.7(a) we know that
there is a ¢ € E such that F' = G + ¢. Because G(a)) = 0, we have c = F(«). m

4.14 Corollary For every antiderivative F of f € C(I, E), we have

B8
/ f(z) dz = F(B) — F(a) = F|? .

We say F|2 is “F evaluated between a and (3".

The indefinite integral

If the antiderivative of f is known, Corollary 4.14 reduces the problem of calcu-
lating the integral ff f to the trivial difference F(8) — F(«). The corollary also
shows that, in some sense, integration is the inverse of differentiation.

Although the fundamental theorems of calculus guarantee an antiderivative
for every f € C(I, E), it is not possible in the general case to find it explicitly.

To calculate an integral according to Corollary 4.14, we must provide, by some
method, its antiderivative. Obviously, we can get a basic supply of antiderivatives
by differentiating known differentiable functions. Using the results of Chapter IV
and V, we will build a list of important antiderivatives, which we will give following
Examples 4.15. In the next sections, we will see how using some simple rules and
transformations yields an even larger class of antiderivatives. It should also be
pointed out that there are extensive tables listing thousands of antiderivatives
(see for example [Ape96], [GR81] or [BBMS6]).

Instead of painstakingly working out integrals on paper, it is much simpler to
use software packages such as MAPLE or MATHEMATICA, which can do “symbolic”
integration. These programs “know” many antiderivatives and can solve many
integrals by manipulating their integrands using a set of elementary rules.

/fdx+c,

in the interval of f’s antiderivative, the indefinite integral of f. This is a symbolic
notation, in that it omits the interval I (although the context should make it
clear), and it suggests that the antiderivative is only determined up to an additive
constant ¢ € E. In other words: [ f da+c is the equivalence class of antiderivatives
of f, where two antiderivatives are equivalent if they only differ by a constant. In
the following, when we only want to talk about this equivalence class, we will drop
the constant and write simply [ f da.

For f € C(I, E) we call
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4.15 Examples (a) In the following list of basic indefinite integrals, a and c are
complex numbers and z is a real variable in I. Here, I must lie in the domain of
definition of f but is otherwise arbitrary.

f J fdx f [ fda
x*, a# -1, 29t /(a4 1) sin —cosx
1/x log || 1/cos? x tan x
a®*, a>0, a#l, a*/loga —1/sin®z cotx
e . aqeC*, e /a 1/V1—2? | arcsinz
cos T sin x 1/(1+2?) | arctanz

Proof The validity of this list follows from Examples IV.1.13 and the use of IV.2.10. m

(b) Suppose a = > arX* € K[X] with radius of convergence p > 0. Then we
have

k _ k+1
/(;Jakx)dx§k+lx for —p<axz<p.

Proof This follows from Remark V.3.7(b). m

(c) Suppose f € CH(I,R) such that f(x) # 0 for all x € I. Then we have
f/
—dx =log|f]| .
% 5

Proof Suppose f(x) > 0 for all z € I. From the chain rule it follows that*
(log |f])" = (log f) = f'/f .
If f(x) <0 for x € I, we have in analogous fashion that
(log |f1)" = [log(=N)]" = (=1)'/(=) = [’/ -

Therefore log |f| is an antiderivative of f'/f. m

The mean value theorem for integrals

Here, we determine a mean value theorem for the integrals of real-valued contin-
uous functions.

4We call f’'/f the logarithmic derivative of f.
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4.16 Proposition Suppose f,p € C(I,R) and ¢ > 0. Then there is an & € I such
that

153 B8
/ f(@)pla) dr = £(€) / o(x) dz | (4.9)

Proof If ¢(z) = 0 for all € I, then (4.9) obviously holds for every ¢ € I.
Thus we can assume @(x) > 0 for some = € I. Then Proposition 4.8 implies the
inequality ff o(x)dx > 0.

Letting m := min; f and M := max; f, we have mp < fp < My because
¢ > 0. Then the linearity and monotony of integrals implies the inequalities

B B B
m/ wdmﬁ/ f(pdng/ pdr .

B8
mgng.
%

The choice of m and M and the intermediate value theorem (Theorem III.5.1)
immediately proves the theorem. m

Therefore we have

4.17 Corollary For f € C(I,R) there is a § € I such that ff fdx=f(&)(B— ).

Proof Set ¢ :=1 in Proposition 4.16. m

We note that —in contrast to the mean value theorem of derivatives (Theo-
rem IV.2.4) —the point & need not lie in the interior of the interval.

We illustrate Corollary 4.17 with the following figures:

v

»
»

o ¢ ; o

T
©

The point € is selected so that the function’s oriented
area in the interval I agrees with the oriented contents
f(&)(B — a) of the rectangle with sides |f(£)| and (8 — ).

Exercises

1 Prove the statement of Remark 4.7(b).
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2 For feSU showfﬁf fﬁ

3 The two piecewise continuous functions fi, fo : I — E differ only at their discontinu-
ities. Show that faﬁ fi= ff fo

4 For f € S(I,K) and p € [1,0) suppose

1= (1 as)”

and let p’ := p/(p — 1) denote p’s dual exponent (with 1/0 = 00).
Prove the following;:
(i) For f,g € S(I,K), the Holder inequality holds, that is,

B B
[ toda| < [ 1salds < 151l

(ii) For f,g € S(I,K), the Minkowski inequality holds, that is,
If +glls < I1Fllp + llgll» -

i) (C(I,K),||-|lp) is a normed vector space.
(iv) (C(I,K),|-|l2) is an inner product space.
(v) For f € C(I,K) and 1 < p < ¢ < oo, we have

£l < (8 =) P71,

(Hint: (i) and (ii) Consult the proof of Applications IV.2.16(b) and (c). (v) Use (i).)

5 Show that if ¢ > p, the norm ||-||; on C(I,K) is stronger® than ||-||,. These norms are
not equivalent when p # ¢

6 Show that (C(I,K), |-||») is not complete for 1 < p < co. Therefore (C(I,K),||-||»)
is not a Banach space for 1 < p < oo, and (C(I,K),||-||2) is not a Hilbert space.

7 Suppose f € C*(I,R) has f(a) = f(8) = 0. Show that

<5 [+ Py e (4.10)

How must (4.10) be modified when f € C*(I,R) but only f( ) =07
(Hint: Suppose zo € I has f*(z0) = || f||%. Show that f*(zo) = [7° ff'dx — fﬂg ff d=x.
Then apply Exercise 1.10.10.)

8 Suppose f € C'(I,K) has f(a) = 0. Show that

/"|ff|dx<:ﬁ ‘/ P da

5Tf ||-|l1 and ||-||2 are norms on a vector space E, we say ||-||1 is stronger than ||-||2 if there is
a constant K > 1 such that ||z||2 < K ||z||; for all € E. We say weaker in the opposite case.
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(Hint: If F(z) := [ |f/(€)| d€ then |f(z)| < F(z) and [’ 2FF'dz = F(8).)
9 The function f € C*(I,R) satisfies f < f” and f(a) = f(8) = 0. Show that

0<r£12;<f \/—/ (2 +(f)?) da

(Hint: Let o € I such that f'(z0) = ||f’|lc. Then show f'(xo) < 0, so that f = 0.

If f'(zo) > 0, there exists a £ € (zo, ) such that f'(z) > 0 for & € [z0,£) and
f/(€) = 0 (see Theorem IV.2.3). Then consider ffﬂ (ff = f'f") dz and apply Exercise 7.)

10 Prove the second mean value theorem of integrals: Suppose f € C(I,R) and that
g € C'(I,R) is monotone.® Then there is a & € I such that

/f z)dz = g(« /f )dx +g(3 /f

(Hint: Letting F(x) := [7 f(s) ds, show that

/f (z)de = Fg|” — /F ¢'(z)dx .

Proposition 4.16 can be used for the integral on the right side.)
11 Suppose a >0 and f € C([fa, al, E) Prove that

(i) if f is odd, then [, f z)dz = 0;

(ii) if f is even, then [ f(x)dx =2 [ f(z)dz.
12 Define F': [0,1] — R through

Flz) = { z? sin(()l/xQ) , iig), 1],

Verify that
(i) F is differentiable,
(i) F' ¢ S(I,R).

That is, there are functions that are not jump continuous but nevertheless have an
antiderivative. (Hint for (ii): Remark 1.1(d).)

13 Suppose f € C([a, b],R) and g,h € C* ([a,ﬁ], [a,b]). Further suppose
h(z)
Fila,fl =R, z+— f(&)d¢ .

g(z)

Show that F € C'([a, 8], R). How about F'?

60ne can show that the second mean value theorem for integrals remains true when g is only
assumed to be monotone and therefore generally not regular.
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14 Suppose n € N* and a1, ...,a, € R. Prove that there is an o € (0, 7) such that

Z ay cos(ka) =0 .
k=1

(Hint: Use Corollary 4.17 with f(z) := >_7_, ax cos(kz) and I := [0, 7].)
15 Prove that
(i) 1imn<i+#+ +;>—1
n—oo \n2 = (n+ 1)2 (2n—1)2/ 2
np—1

1
(i1) lim Z E:lOgg for p,g € N and ¢ < p.

k=ngq
(Hint: Consider the appropriate Riemann sum for f(z) := 1/(1+4x)? on [0, 1] or, for (ii),
f(z) =1/ on [q,p].)
16 Suppose f € C(I x I, E) and

g:I1—FE, wH/f(ﬂay)dy-
I

Show that g € C(I, E).
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5 The technique of integration

Through the fundamental theorem of calculus, rules for taking derivatives be-
come corresponding rules for integration. In this section, we will carry out this
conversion for the chain rule and the product rule, and so attain the important
substitution rule and the method of integration by parts.

In this section we denote by

e [ = [a, ] a compact perfect interval.

Variable substitution

5.1 Theorem (substitution rule) Suppose E is a Banach space, f € C(I, E), and
suppose ¢ € C*([a,b],R) satisfies —o0o < a < b < oo and ¢([a,b]) C I. Then

»(b)

b
/ Fo(@) ¢ (@) do = / fy)dy
a p(a)

Proof The fundamental theorem of calculus says that f has an antiderivative
F € CY(I,E). From the chain rule (Theorem IV.1.7), there then exists a function
F oy e C!([a,b], E) such that

(Fop)(z)=F(p@)¢'(z) = f(e(x))¢'(z) forzeab].

Then Corollary 4.14 gives
b
| He@)e@ydo = Fogl, = Flelb) - F(o(@)

©(b)
= F|<p(b) */ fly)dy . m

S o

At this point, we should explain the meaning of the symbol “dz” which,
although present in the notation and obviously marks the integration variable,
has otherwise not been clarified. In Section VIIL.3, we will give a more formal
definition, which we will then justify and make precise. Here we will be content
with a heuristic observation.

5.2 Remarks (a) Suppose p: I — R is differentiable. We call' dy := ¢’ dz the
differential of . If we choose ¢ to be the identity function id;, then dy = 1 dx.

1The notation dg = ¢’ dz is here only a formal expression in which the function is understood
to be differentiable. In particular, ¢’ dz is not a product of independent objects.
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It is obvious that the symbol 1 dx can also be written as dx. Therefore dz is the
differential of the identity map = — .

(b) In practice, the substitution rule is written in the compact form

b ©(b)
/ fopdp= / fdy.
a w(a)

(c) Suppose ¢: I — R is 4
differentiable and zo € I. @(wo) + dp(wo)
In the followir'lg heuristic ap- o(z0) + Ap(xo) |
proach, we will explore ¢ in
an “infinitesimal” neighbor-
hood of zy. We then regard
dx as an increment between
xo and x, hence as a real vari- , ;

able in itself. zo xo+dx

¢(wo)

v

Suppose t;, is tangent to ¢ at the point (Jco, w(mo)):
teo: R—=R ., 2 p(z0) + ¢ (20)(x — 20) -

In addition, define Ap(xg) = @(zo + dx) — @(xo) as the increment in ¢, and
define dp(xg) = ¢'(xg) dz as the increment along the tangent t,,. From the
differentiability of ¢, we have

Ap(zg) =dy(xo) + o(dx) as dr—0.

For small increments dx, Ap(zp) can be approximated through the “linear ap-
proximation” dy(xg) = ¢'(z¢) dz. m

5.3 Examples (a) For a € R* and b € R, we have
g 1
/ cos(az + b) de = = (sin(af + b) — sin(ac + b)) .
o a

Proof The variable substitution y(z) := ax + b for € R gives dy = adx. Therefore, it
follows from Example 4.15(a) that

1 [fastd 1 aB+b

B
/ cos(az + b) dx = —/ cosydy = —sin . u
o a aa+b a aa+b

(b) For n € N*, we have

1
1
/ 2" tsin(a™)dz = —(1 — cos 1) .
0 n
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Proof Tere we set y(z) := 2". Then dy = nz" ' dz and thus

1 1
_ 1 1

/ z" 1sin(mn)dm:—/ sinydy:fﬂ . u
0 n Jo n lo

Integration by parts

The second fundamental integration technique, namely, integration by parts, fol-
lows from the product rule.

5.4 Proposition For u,v € C'(I,K), we have
B 3 B
/ uv'd:v:uv‘af/ vvdz . (5.1)

Proof The claim follows directly from the product rule (uv) = w'v + v'u and
Corollary 4.14. m

In differentials, (5.1) assumes the practical form

B 3 B
/udv:uv|a—/ vdu . (5.2)

5.5 Examples (a) ff rsinzdr =sin 3 —sina — 3 cos 3 + a cos a.
Proof We set u(z) := z and v’ := sin. Then v’ = 1 and v = — cos. Therefore
s B s B
/ xsina:dx:—xcosx}a—i—/ cosxdx:(sinx—xcosa:)}a.l

[e3

(b) (the area of a circle) A circle of radius R has area 7R

Proof We may place the origin of a rectangular coordinate system at the center. We
can express points with radius at most R through the closed set

Krp={(z,y) €R?; |(z,y)| <R} ={(z,y) eR?*; 2® +y* <R’} .
We can also express Kr as the union of the (upper) half disc
Hrp:={(z,y) eR*; 2> +y* <R* y>0}
with the corresponding lower half —Hpr. They intersect at

HrN(—Hgr)=[-R,R x {0} ={ (2,00 eR*; —~R<z <R} .
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We can write the upper boundary
of Hgr as the graph of the function

»
»

[-R,R|— R, z+— VR?—2?,

and the area of Hg, according to our
earlier interpretation, as

Hp

R
/ VR2—2%2dx . @
R

-R R

> T

Here it is irrelevant whether the “lower boundary” [—R, R] x {0} is included in Hg,
because the area of a rectangle with width 0 is itself 0 by definition. By symmetry?, the
area Ag of the disc Kg is simply double the area of the half disc Hgr. Therefore

R
ARIQ/ \/RQ—.TQdZIZ.
—-R

To evaluate this integral, it is convenient to adopt polar coordinates. Therefore we set
z(a) := Rcosa for a € [0, w]. Then we have dz = —Rsin ada, and the substitution rule
gives

0
AR:—QR/ \/RQ—RQCOSQQ sin a da
:2R2/ \/170052a sinada:2R2/ sin® avdov .
0 0

We integrate fow sin? a do by parts. Putting u := sin and v’ := sin, we have v’ = cos and
v = — cos. Therefore

™ ™
.2 . T 2
/ sin ada:—smacosa|0+/ cos” ada

0 0

™ ™
.2 . 2
:/(1—sm a)da:ﬂ—/ sin” ada

0 0

and we find [ sin? a da = m/2. Altogether we have Ag = R*7. m
(¢) For n € N suppose I, := [ sin” zdz. We then get the recursion formula®

1

nl, =(n—1)I,_9 —cosxsin" ~a forn>2, (5.3)

with Ip = X and I; = — cos.
Proof Obviously, Ip = X 4+ c and I} = —cos+c. If n > 2, then

. -2 2 . n—2
In:/smn z (1 — cos m)dmz[nfgf/smn rcosxcoszdr .

2In this example we consider the absolute area and not the oriented area, and we forgo a
precise definition of area, using instead heuristically evident arguments. In Volume III, we will
delve into this concept and related issues and justify these heuristic arguments.

3Note the agreement with Example 4.15.
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By setting u(x) := cosx and v'(x) := sin" "2z cosx, we easily find that v’ = —sin and

v =sin""'/(n — 1). Integration by parts then finishes the proof. m
(d) (the Wallis product) This says*

77_00 4k2 B
§_H4k2 _nlféonxk?

k=1 1
_224460 2% 2k
1 3355 7 2%k —1 2k+1 ‘

Proof We get the claimed product by evaluating (5.3) on the interval [0, 7/2]. We set
/2
An ::/ sin"xzdxr fornéeN.
0
From (5.3), it follows that

Ao=n/2, Ai=1, Av=""L4 ) forn>2.
n

A simple induction argument gives

2n—-1)2n—-3)-----3-1 = 2n(2n —2) - - 4.2
AQn = Y A2n+1 = .
2n(2n —2) - - -4-2 2 (2n+1)2n—1)-----5-3
From this follows the relations
Asny1 2n-2n(2n —2)(2n —2) - - -4-4-2-2 2
Aon [2n+1)(2n7 D][en—=1)2n=3)]-----[5-3][3-1] =
(5.4)
2
Fkl;[l 2k)2
and A 9 .
. 2n4+2 . n+1
L L S 59

Because sin® z < sinz < 1 for = € [0,7/2], we have Aayi2 < Agni1 < Aspn. Therefore

Aonio < Aopt1

<1 f N
A2n - A2n - orne ’

and the claim is a consequence of (5.4) and (5.5). m

4Suppose (ay) is a sequence in K and py, := [1%—o axr for n € N. If the sequence (pn) converges,
we call its limit the infinite product of a; and write

oo n
H a, ::limH ay .
k=0 " k=0
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The integrals of rational functions

By the elementary functions we mean all the maps generated by taking polyno-
mials, exponential, sines and cosines and applying to them the four fundamental
operations of addition, subtraction, multiplication, and division, together with
functional composition and inversion. Altogether, these operations generate a
vast set of functions.

5.6 Remarks (a) The class of elementary functions is “closed under differentia-
tion”, that is, the derivative of an elementary function is also elementary.

Proof This follows from Theorems IV.1.6-8 as well as from Examples 1V.1.13, Appli-
cation IV.2.10 and Exercise IV.2.5. m

(b) Antiderivatives of elementary functions are unfortunately not generally ele-
mentary. In other words, the class of elementary functions is not closed under
integration.

Proof For every a € (0,1), the function

f:00,a] =R, =z~ 1/y/1—a*

is continuous. Therefore

for0 <z <1,

is a well-defined antiderivative of f. Because f(z) > 0 for z € (0,1), F is strictly
increasing. Thus according to Theorem III.5.7, F' has a well-defined inverse function G.
It is known® that there is a subset M of C that is countable and has no limit points,
such that G has a uniquely determined analytic continuation G on C\ M. It is also
known that G is doubly periodic, that is, there are two R-linearly independent periods
w1, w2 € C such that

Gz+wi) = G(z+w) = G(z) for ze C\M .

Because elementary functions are at most “simply periodic”, G cannot be elementary.
Therefore F' is also not elementary. Hence the elementary function f has no elementary
antiderivative. m

In the following we will show that rational functions have elementary anti-
derivatives. We begin with simple examples, which can then be extended to the
general case.

5Proving this and the following statement about the periodicity of G widely surpasses the
scope of this text (see for example Chapter V of [FB95]).
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5.7 Examples (a) For a € C\I, we have

de [ log|X —a|+c, aeR,
X—a | log(X—a)+c, a€C\R.

Proof This follows from Examples 4.15(c) and IV.1.13(e). m
(b) Suppose a € C\I and k € N with k£ > 2. Then

dx B -1
/(X—a)k(k—lxx =1 ¢

(c) Suppose a,b € R with D := a? — b < 0. Then

dx 1
X24+2aX+b /=D

X +a
75

arctan(

Proof First,

9(X) = X* 420X +b= (X +a)* - D = D| (1+ (Z72)") .

Then, by defining y := |D|™*/? (z + a), the substitution rule gives

/[3 dx /y(ﬁ) 1 ¢ y(8)
- = arctan .
o 4 \/—D y(a) 1 +y \/—D y()
(d) For a,b € R with D := a? — b < 0, we have
X dx 1 a X+a
— =-1lo X2+2aX+bf—arctan( )Jrc.
X7t 2ax 15 208 N NaS»,
Proof In the notation of the proof of (c), we find
X_12X+2 a_1lg a
a 2 q ¢ 2q gq’

and the claim quickly follows from Example 4.15(c) and (c). m
(e) For a,b € R with D :=a? —b=0and —a ¢ I, we have

/ dx B —1 n
XZ12aX+b X+a O

Proof Because ¢ = (X + a)?, the claim follows from (b). m
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(f) Suppose a,b € R and D :=a? — b > 0. For —ai\/ﬁgél, we have

dz 1 X+a-+vD
5 = log +c.
X?+2aX+b 2vD X+a++vD

Proof The quadratic polynomial ¢ has real zeros z1 := —a + \/5 and z9 == —a — \/5
Therefore ¢ = (X — z1)(X — 22). This suggests the ansatz
1 al a2

5:X—Z1+X—z2' (56)

By multiplying this equation by ¢, we find
1= (CL1 =+ ag)X — (a122 =+ a221) .

Therefore, from the identity theorem for polynomials (see Remark 1.8.19(c)) and by
comparing coefficients, we have a1 = —az2 =1/ 2+/D. The claim then follows from (a). m

In the last examples, we integrated the rational function 1/(X? + 2aX + b)
using the decomposition (5.6), thereby reducing it to two simpler rational functions
1/(X — z1) and 1/(X — 2z2). Such a “partial fraction decomposition” is possible
for every rational function, as we will now show.

A polynomial is said to be normalized if its highest coefficient is 1. By the
fundamental theorem of algebra, every normalized polynomial ¢ of positive degree
has a factor decomposition

q= H(X —z;)™ (5.7)

in which 2z, ..., z, are the zeros of ¢ in C and m;, ..., m, are the corresponding
multiplicities. Therefore

Y my = deg(q)
j=1

(see Example I11.3.9(b) and Remark 1.8.19(b)).

Suppose now p,q € C[X] with ¢ # 0. Then according to Proposition 1.8.15,
it follows by polynomial division that there are uniquely determined s,¢ € C[X]

such that

L 2 , where deg(t) < deg(q) - (5.8)

q
Thus, in view of Example 4.15(b), we can restrict our proof to the elementary
integrability of the rational function r := p/q for deg(p) < deg(q), and we can also
assume that ¢ is normalized. The basis of the proof is then the following theorem
about the partial fraction expansion.
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5.8 Proposition Suppose p,q € C[X] with deg(p) < deg(q), and ¢ is normalized.
Then, with the notation of (5.7), we have

n  mj
p Ak
y_ 9k 5.9
A Py @9
with uniquely determined aj;, € C.

Proof We make the ansatz

P___ 2 __ 1 (5.10)

where a € C, p; € C[X], and

q
= ClX] .
a1 X € C[X]
By multiplying (5.10) by ¢, we get
n
p:aH(X—zj)mf + (X —z1)p1 (5.11)
j=2

from which we read off
a= p(zl)/ [T — 2™ . (5.12)
j=2
Therefore a1y, := a is uniquely determined. From (5.11) follows

deg(p1) < (Z mj) V deg(p) < deg(q) — 1 = deg(q1)
j=2
Next we can apply the above argument to p1/¢1 and so get the claim after finitely

many steps. m

5.9 Corollary Every rational function has an elementary integral.

Proof This follows immediately from (5.8), (5.9), and Examples 5.7(a) and (b). m

5.10 Remarks (a) If all the zeros of the denominator are simple, the partial
fraction expansion (5.9) becomes

P_~~plzm) 1
p 7; Enb (5.13)

6As usual, the “empty product” for n = 1 is given the value 1.
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In the general case, one makes an ansatz of the form (5.9) with undetermined
coefficients a;;, and then determines the coefficients after multiplying through by ¢
(see the proof of Example 5.7(f)).

Proof The statement (5.13) follows easily from (5.12). m

(b) Suppose s € R[X]. Every zero z € C of s has a complex conjugate zero Z with
the same multiplicity.

Proof From Proposition 1.11.3, s(z) = s(Z). m

(c) Suppose p,q € R[X] and z € C\R is a zero of ¢ with multiplicity m. Further
suppose ax and by for 1 < k < m are the coefficients of (X —2)~% and (X — z)~*,
respectively, in the expansion (5.9). Then by = a.

Proof From (b) we know that z is also a zero of ¢ with multiplicity m. Therefore by, is
uniquely determined. For z € C\{z1, ..., zn}, it follows from (5.9) that

3

n My n J

ZZ x—zj)k:p(;_:)zg Z a:—zj

j=1k=1 q(7) j=1k=1

£
Il

Now the claim follows from the uniqueness result of Proposition 5.8. m

Suppose now that r := p/q for p,q € R[X] with deg(p) < deg(q) is a real
rational function. If z € C\R is a zero of ¢ with multiplicity m, then, by invoking
the partial fraction expansion (5.9), we get, according to Remark 5.10(c), the
summand

a a (a+a)X — (za+ za) Re(a)X — Re(za)

X2 X—z  (X—2)(X—2  “XZ_2Re(x)X + |22’

and we have D := (Rez)? — |z|2 < 0. Then Examples 5.7(c) and (d) show that

( a " a ) d
X—2z X-z
— Rez
= Alog(z? — 2Re(2)x + |2|? —&—Barctan(xi) +c
for x € I, where the coefficients A and B follow uniquely from Rea, Re z, Re(Za)

and v—D.
For 2 < k < m, it follows from Remark 5.10(c) and Example 5.7(b) that

(5.14)

b B 1 b b
/((xfz)k + (xfz)k)dx: k'fl((;nfz)k*1 * (x — z)k— 1) te
—2Re(b(z — 2)F 1) (5.15)
(k—1)(2? — 2Re(2)z + |z|2)k_1

for € I. Therefore from Proposition 5.8 as well as (5.14) and (5.15), we get the
antiderivative in real form.
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The exercises give concrete examples of integrating by using partial fraction
expansions.

Exercises

1 Calculate the indefinite integrals

O [omi— 0 [ ) [
a?z? +bx+c’ z?—2x+3"’ " w2 +z+1’

. dx x° dz . dx

(iv) 44+ 1" v) /x4+1 ’ (v) /(axQ—l—bx—i—C)? '

2 By clever substitution, transform the following integrals

(i) / “la G / — T G / S
e +1 1+Vi+z Vz(l+ V)
into integrals of rational functions. What are the corresponding antiderivatives?
3 Suppose f € C'(I,R). Show limx— [, f(z)sin(Az) dz = 0.
4 Suppose f € C([0,1],R). Verify that

) /0” of(sin) dx = g/oﬁ F(sin) da,

/2 /2
(it) / f(sin 2z) cos x dax = / f(cos® x) cos x dz.
0 0
(Hints: (i) Substitute t = 7 — z.

(if) Observe f:/f sin 2z) coswdr = Ow/4 f(sin2z) sin x dz, and then use the substitu-

tion sin 2z = cos® t.)

5 The Legendre polynomials P, are defined by®

P.(X):= Q"n' " [( —-1)"] forneN,
Prove
1 0, n#m,
/ P, P, = 2
—1 %—H s n=m.

6 By using the substitution y = tanz, prove that

! log(1 + ) ™
—————dr = <log2.
/0 1tz T3 %

(Hint: 1+ tanz = (v2sin(z + 7/4)) / cos z.)

7See Remark 7.17(b).
8See Exercise IV.1.12.
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7 Show
der=m

/1N§ 42 — 823 — 422 — 82°
0

1— a8
Hints: Substitute z = y/v/2 and
( y
(=1 —16) = (¥* =2)(y* -2y +2)(v° +v* + 2¢° — 4).)

8 Suppose k,m € N* and ¢ € (0,1). Show that
/c .%'k_l _ i cnm+k:
o 1—am _nzonm—i—k '
(Hint: > > "™ =1/(1—2a™).)

9 In Exercise 8, put ¢ = 1/\/5, m =8, and k = 1,4,5,6. Construct using Exercise 7
the following form of 7:

(oo}

1 4 2 1 1
7r22167<8n+1*8n+4’8n+5’8n+6)'

n=0
10 Supply recursion formulas for the integrals
() I, = /x"em dx (ii) I, =

(iii) In = /cosnm dz , (iv) In =
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6 Sums and integrals

Suppose m,n € Z with m < n and f: [m,n] — E is continuous. Then

> f(k)

k=m+1

can be interpreted as a Riemann sum that approximates

/T:fdx . (6.1)

In the two previous sections, we have learned effective methods for calculating
integrals, all of which followed from the fundamental theorem of calculus. In fact,
in many cases, it is simpler to calculate the integral (6.1) than its corresponding
sum. This brings up an interesting idea: “turn the tables” by using the known
integral to approximate the sum. The technique for approximating sums will prove
quite useful.

Naturally, the effectiveness of this idea will depend on how well the error
n n
[ rae= S s (6.2)
m k=m+1

can be controlled. In this context, the Bernoulli numbers and polynomials are of
interest, and we turn to them first.

The Bernoulli numbers

We begin with the proof that the function®

! c*
h:(c_>(c7 h(z):{(e 1)/2:7 ZEO )
’ z2=U,

is analytic and has a disc around 0 on which A does not vanish.?

6.1 Lemma Suppose h € C¥(C, C) such that h(z) # 0 for z € 27B.

Proof® (i) By Proposition I1.9.4, the power series g(X) = > (1/(k+1)!) X* has
an infinite convergence radius, by Proposition V.3.5, it is analytic. We will now
verify the equality of g and h. Obviously ¢g(0) = h(0), and therefore z € C*. Then
g(z) = h(z) follows from z - g(z) = e* — 1.

1For the following, note also Exercises V.3.2-4.

2The existence of an 1 > 0 such that h(z) # 0 for z € B(0,n) follows, of course, from h(0) = 1
and the continuity of h.

3See also Exercise V.3.3.
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(ii) For z € C\2miZ, we have

z z ze*+1 z z
+-=_ = —coth - .
ec—1 2 2er—1 2 2

(6.3)

Therefore, our theorem follows because h(0) = 1. m

From the last proof, it follows in particular that
z
e —1

f:2nB—-C, 2z~

is well defined.* Furthermore, the function f is analytic in a neighborhood of 0,
as the next theorem shows.

6.2 Proposition There is a p € (0,27) such that f € C¥(pB, C).

Proof The recursive algorithm of Exercise 11.9.9 secures the existence of a power
series Y bp X* with positive radius of convergence pg and the property

(5 ) (St =1 <cix).

With p := pg A 27, we set
_ o
f:pB—C, zHZbkzk

Then

ezz_lf(@:(i (k+1)! )(Zbkz):l for z € pB .

Consequently, Lemma 6.1 and the choice of p give

f(z)=f(z) = === forz € B,

and now the analyticity of f follows from Proposition V.3.5. m

In Remark VIIL.5.13(c), we will show f is analytic without using recursive
division of power series (Exercise 11.9.9).

The Bernoulli numbers By, are defined for £ € N through

B
71—2 ZE 2k for z € pB (6.4)

with properly chosen p > 0. From Proposition 6.2 and because of the identity the-
orem for power series (Corollary 11.9.9), the By, are uniquely determined through
(6.4). The map f with f(z) = z/(e® — 1) is called the generating function of Bj.

4This means that we can interpret z/(e* — 1) as equaling 1 at z = 0.
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Recursion formulas

From (6.4) we can use the Cauchy product of power series to easily derive the
recursion formula for the Bernoulli numbers.

6.3 Proposition The Bernoulli numbers By, satisfy
n

n+1 1, n=20,
. B, —
(l)kzzo( k ) b {0, neN*;
(ii) ng+1:Ofork€NX.

Proof By Proposition I1.9.7, we have for z € pB

The identity theorem for power series then implies

" By 1 1, n=0,
kKl (n+1-k! |0, neN*.

The theorem then follows from multiplying this identity by (n + 1)!.
(ii) On the one hand, we find

f(2) = f(=2) ==

1 1 e F—14+e -1
( + - )72—_:
e#—1 e *-1 l1—e*—e*+1

On the other, we have the power series expansion

o > Bk k Bk k) _ > BQkJ’_l 2%k+1
1z) = f(=2) _Z(ﬂz ~ () ) =2> Ck+nl°
k=0 k=0
Therefore, from the identity theorem for power series, we get Bopy1 = 0 for

EeN*. m

6.4 Corollary For the Bernoulli numbers, we have

Bo=1, Bi=-1/2, By=1/6, By=-1/30, Bg=1/42,

Using the Bernoulli numbers, we can find a series expansion for the cotangent,
which will prove useful in the next section.
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6.5 Application For sufficiently small® z € C, we have

zcotzflJrZ Bgnz
n=1
Proof Using (6.3), (6.4), and Proposition 6.3(ii), we get from By = —1/2 that
2n
—coth— ZBQ»,L ) for z € pB .

By replacing z with 27z, the theorem follows. m

The Bernoulli polynomials

For every x € C the function

zemz

e —1

Fp:pB—>C, 2z~

is analytic. In analogy to the Bernoulli numbers, we will define the Bernoulli
polynomials By (X) through

:ZB’;;':”) 2% forzepBandzeC. (6.5)

By the identity theorem for power series, the functions By (X) on C are uniquely
determined through (6.5), and the next theorem shows that they are indeed poly-
nomials.

6.6 Proposition For n € N, we have
() Bu(X) = Ehy (1) BeX"F,
(i) Bn(0) = Bn,

(i) By41(X) = (n+1)Bn(X),

) Bp(X+1)—B,(X) = nX" 1,

(v) Ba(l = X) = (=1)"Bn(X).

Proof The first statement comes, as in the proof of Proposition 6.3, from using
the Cauchy product of power series and comparing coefficients. On one hand, we

(iv

5From the proof of Application 7.23(a), it will follow that this holds for |z| < 1.
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have
. & xkzk > Bj N > n " k B "
Falz) = e f<z>(k§=30 "l )(j_zoﬁz)nz_:o(kz_o(n—k)' o)
=3 () B ) o
n=0 k=0

and, alternately, Fi(z) =Y, Bn(z)z"/n!.

The statement (11) follows immediately from (i). Likewise from (i) we get (iii)
because

B, (X i(n+1)BkX7l_k(n+1—k)
k=0
:(nH)i( )Ban F=(n+1)B.(X) .
k=0

Finally, (iv) and (v) follow from Fy41(2) — Fy(2) = ze™ and Fi_,(z) = Fy(—2)
by comparing coefficients. =

6.7 Corollary The first four Bernoulli polynomials read

Bo(X) =1, Bi(X) =X —-1/2,
By(X)=X?>-X+1/6, B3(X)=X®-3X%/2+X/2.

The Euler—Maclaurin sum formula

The Bernoulli polynomials will aid in evaluating the error in (6.2). But first, let
us prove a helpful result.

6.8 Lemma Suppose m € N* and f € C*™*+1[0,1]. Then we have

1 1 .
/O f(:v)d;c:g[f() ; - ()’0
— m/o BQm+1(x)f(27rz+1)(x) dr .

Proof We apply the functional equation B}, (X ) = (n+ 1)B,(X) and continue
to integrate by parts. So define u := f and v/ := 1. Then v/ = f’ and v =
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B1(X) =X —1/2. Consequently,

1 1
/ f(2)de = By () f ()]} / By () f'(x) da
0 v (6.6)

1
=30 + 5] - [ B ) de
Next we set u = f’ and v/ := By (X). Because v/ = f” and v = By(X)/2, we find

11

! / 1 ! ! "
/0 By(2)f (@) dz = 3 Ba(x)f “”)‘0*5/0 Bao(2)f" (z) da .

From this, it follows with u := f” and v’ := Bs(X)/2 (and therefore with «’ = f"’
and v = Bs(X)/3!) the equation

[ B @ = B - g B )]

1 1
+%/0 Bs(z)f" (x) dz .
o 3

A simple induction now gives

/0 By(2)f (z)de = Y

,1)1' 1

7!

1 1
m\/or Bgm+1($)f(2m+1)($) dx .

B,(a) £~V (@)

+

From Proposition 6.6, we have B,(0) = B, B,(1) = (-1)"B,, and Ba,+1 = 0
for n € N*, and the theorem follows. m

In the following, we denote by B,, the 1-periodic continuation of the function
B,(X)|[0,1) on R, that is,

By (z) := Bn(z—[z]) forzeR.

Obviously the En are jump continuous on R (that is, on every compact interval).
For n > 2, the B,, are actually continuous (see Exercise 4).

6.9 Theorem (Euler-Maclaurin sum formula) Suppose a,b € Z with a < b and
f belongs to C*™*1[a, b] for some m € N*. Then

b

’ 1 —~ Bak (ar_1)
S0 = [ @) ds 55 + 0]+ 0 G )

k=a
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Proof We decompose the integral f fdx into a sum of terms fa+k+1 fdx, to
which we apply Lemma 6.8. Therefore

/abf(x a— 1/a+k+1 b—a— 1/ Al

with fx(y) := fla+k+ y) for y € [0,1]. Then

b—

b—a—1 b—a—1
% [f1(0) + fr(1)] :% > [fla+k)+ fla+k+1)]
k=0 k=0
b
=3 (k) 5 [F(a) + £(0)
k=a

1
/ Bam1() fE™ ) (y )dy:/ Bomsi(a+k+y) fP™ D (a+k+y)dy
0

atk+1 _
- / Bom 1 () fCmH (z) da: .
at+k

The theorem then follows from Lemma 6.8. m

Power sums

In our first application of Euler-Maclaurin sum formula, we choose f to be a
monomial X”. The formula then easily evaluates the power sums >_,_, k™, which
we have already determined for m = 1,2 and 3 in Remark 1.12.14(c).

6.10 Example For m € N with m > 2, we have

n

Z o jﬂi 1) BQJ 2 ym=2j+1
k=1 2 1
In particular, j<m+
ékZ B %3+%2+”Bz = ”(”+1)6(2n+1) |
S = e ey -

=~
Il
_

Proof For f:= X™, we have

f(e):{ (7)0me47 £<m,
0, £>m,
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and, for 2j — 1 < m,

B (2j—1) _ Baj m C oy m—2j+l_& m m—25+41
i (n) = (2j)!(2j—1)(2 Din = (2j—1)" '

Because f(m>(x)’g = 0, the formulas follow from Theorem 6.9 with a =0 and b=n. =

Asymptotic equivalence

The series (ai) and (b) in C* are said to be asymptotically equivalent if

lilgn(ak/bk) =1.

In this case, we write ax ~ b, (k — o0) or (a) ~ (bg).

6.11 Remarks (a) It is not difficult to check that ~ is an equivalence relation
on (C*)N.

(b) That (ax) and (by) are asymptotically equivalent does not imply that (ax)
or (bg) converges, nor that (ay — by) is a null sequence.

Proof Consider ai := k> + k and b, := k2. m

(c) If (ag) ~ (bx) and by — ¢, it follows that ar — c.

Proof This follows immediately from ar = (ak/bi) - bx. W

(d) Suppose (ay) and (bg) are series in C* and (aj — bg) is bounded. If |by| — oo
it then follows that (ag) ~ (bx).

Proof We have |(ax/br) — 1| = |(ar — bk)/bk] — 0 as k — co. m
With the help of the Euler-Maclaurin sum formula, we can construct im-
portant examples of asymptotically equivalent series. For that, we require the

following result.

6.12 Lemma Suppose z € C is such that Rez > 1. Then the limit

[P [ B
1 x

‘/ B’“ d‘<”Bk”°° forkeN .
Rez—-1

exists in C and

Proof Suppose 1 < m < n. Then we have

"B Bi( B n
‘/ Bulz) dxf/ Bul@) 4, |- ’/ Bilz) ‘<||Bk||oo/ r e dy
1 T 1 m

_ IIBklloo( 1 1 )

Rez—1 mRez—l nRez—l
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This estimate shows that ([, (Ek(x)/xz) dx) nenx 18 a Cauchy series in C and that
the stated limit exists. In the above estimate, we set m = 1 and take the limit
n — oo, thus proving the lemma’s second part. m

6.13 Examples (a) (the formula of de Moivre and Stirling) For n — oo, we have

n!l ~V2mnnTe " .

Proof (i) Weset a:=1, b:=n, m:=1and f(z) := logz. Then, from the Euler—

Maclaurin sum formula, we have

Zlogkf/ logmdmzélog +——
k=1 1

We note log z = [z(logz — 1)}/ and By = 1/6, which give

Ba

logn! — nlogn — % logn +n = log(n! nfn—1/2en)

1 1 1 [™ Bs(x)
=14+ —(=—-1 -
+12

Now Lemma 6.12 implies that the sequence (log(n! nf’“l/Qe”))nGN converges.

Thus there is an A > 0 such that (n!n~""/2e") — A as n — oo. Hence

nH2emn (n = 00) . (6.7)

n!l ~ An
(ii) To determine the value of A, apply the Wallis product representation of 7 /2:

™

1;[ 2k—1) 2k+1) 2

(see Example 5.5(d)). Therefore we have also

(T (2k) AL R 27 m)t
1 (kH( )) lim ———— = 7/2. (6.8)

o\ (k=126 +1) TTL_,(2k)? n (2n)! (2n + 1)!
On the other hand, from (6.7), we have

(n| )2 A2n2n+1e—2n
)l ~ A(2n)2nt1/2¢-20

=27 AVon |

whence the asymptotic equivalence

27t A
2n[(2n)!]2 4 (6.9)

follows. We note finally that 2n[(2n)! ] ~ (2n)! (2n+1)! and A > 0, and it then follows
from (6.8), (6.9), and Remark 6.11(c) that A = +/27. Inserting this into (6.7), we are
done. m
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(b) (Euler’s constant) The limit

n

C := lim [

n—oo

—log n]

x| =

k=1

exists in R and is called Euler’s constant or the Euler—Mascheroni constant.® In
addition,

Z%wlogn (n — o) .
k=1

Proof Fora:=1, b:=n, m:=0, and f(z) := 1/z it follows from the Euler—-Maclaurin
sum formula that

n

1 [("dx 1 1 " B (xz)
Sg=) Trslen) - [ AP

k=1 1

From Lemma 6.12, C is in R. The desired asymptotic equivalence follows from Re-
mark 6.11(d). m

The Riemann ( function

We now apply the Euler—-Maclaurin sum formula to examples which important in
the theory of the distribution of prime numbers.

Suppose s € C satisfies Res > 1, and define f(z) := 1/2® for x € [1,00).
Then

s+k—1

Bz = (=DFs(s+1)- - - (s+k—1)z"5F = H)k( .

)k! xo Tk
for k € N*. From the Euler-Maclaurin sum formula (with @ = 1 and b = n) it
follows for m € N that

n m

I A R DL (i P
ks . ozs 2 ns e~ 2j 25 —1 1
= i=1 (6.10)
s+2m "o
7 Bam, —(s+2m+1) dr .
(2m+1)/1 2me1 (@) @ o
—Res

Because [n™%| =n — 0 asn — oo and Res > 0 we get

/ndx 1 1 1
)
1 28 s—1 ns—1 s—1

|n=*"2F 0 forj=1,...,m,

as well as

6The initial decimal digits of C are 0.577 215664 901 ...
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as n — oo. We note in addition Lemma 6.12, so that, in the limit n — oo, (6.10)
becomes

(o9} m .
1 1 1 Byj (s+2j—2
—=c+ +> 22 (00700
ns 2 s—-1 <= 2 27 —1
n=1 i=1 (6.11)

s+2my\ [T (s

From this, it follows in particular that the series > 1/n® converges for every s € C
with Res > 1.7

The formula (6.11) permits another conclusion. For that, we set
oo
Fr.(s) ::/ Bomi(z) 2= 62 ) de forme N |
1

and H,, :={z € C; Rez > —2m}. According to Lemma 6.12, F,,: H,, — C is
well defined, and it is not hard to see that F, is also analytic (see Exercise 4).

We now consider the map

) BQJ s+25—2 s+2m
G : Hy — C SH; ( 2 1 ) (2m+1)Fm(s) forme N |

and get the following property:

6.14 Lemma For n > m, G, is an extension of G,.

Proof With H :={z € C; Rez > 1} it follows from (6.11) that

=1 1 1
Both Fy and G} are analytic on Hy for every k € N. The claim therefore follows
from the identity theorem for analytic functions (Theorem V.3.13). m

6.15 Theorem The function
1
{z€C;Rez>1}—-C, s+ —
nS
n=1
has a uniquely analytic continuation ¢ on C\{1}, called the Riemann ¢ function.
For m € N and s € C with Res > —2m and s # 1, we have

C(s):lJr 1 +ZBQJ (s+2]—2)7(s+2m)Fm(s)'

2 s-1 = 23 27 -1 2m+1

Proof This follows immediately from (6.11) and Lemma 6.14. m

"Note also Remark 6.16(a).
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6.16 Remarks (a) The series Y 1/n® converges absolutely for every s € C with
Res > 1.

Proof For s € C with Res > 1, we have

o= [ < S I

and the claim follows from the majorant criterion. m

=((Res) ,

nRe s

(b) (product representation of the ¢ function) We denote the sequence of prime
numbers by (py) with p1 < pa < ps < ---. Then

o0

1
:Hf for Res > 1.

S

Proof Because |1/p;| =1/pg°® < 1 we have (the geometric series)

1 = 1
= Z — for ke N* .
It therefore follows for every m € N that
w1 k=1 j=0

where, after “multiplying out”, the series Y.’ contains all numbers of the form 1/n®,
whose prime factor decomposition n = gj* - --- - ¢;* has no other prime numbers from
P1,...,pm. Therefore 3'(1/n®) indeed contains all numbers n € N with n < p,,. The
absolute convergence of the series > (1/n®) then implies

- T = - S = T s

n>pm
From Exercise 1.5.8(b) (a theorem of Euclid), it follows that p,, — oo for m — oo.
Therefore, from (a), the remaining series (Zn>pm (1/n"°*)) is a null sequence. m

1

ns’

1 /
Py

(¢) The Riemann ¢ function has no zerosin {z€ C; Rez > 1}.

Proof Suppose s € C satisfies Res > 1 and {(s) = 0. Because Res > 1, we then have
that lim (1 — p,®) = 1. Hence there is an mo € N that log(1 — p, °) is well defined for
k > mo, and we find

N
log (kH . ) kz log(1—p,°) for N >mg . (6.12)
=mg mo

The convergence of (HkN:mO (1-p;>)7 Y nen the continuity of the logarithm, and (6.12)
imply that the series Zk>m0 log(1 — p, °) converges. In particular, the remaining terms
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(Zzozm log(1 — p;s))m>m0 form a null sequence. Then it follows from (6.12) that

oo
. —s\—1 __
ggnocklj[(lfpk) =1.

Consequently there exists an m1 > mo such that [[;2 . (1 —p;*)~! # 0. Now because
(1 —p, %)t is not zero, it follows that

miy oo

0=co)=[—= II —=#0,

—S8
k=1 L =py k=m1+1 Dy

which is impossible. m
(d) The series Y 1/py diverges.
Proof From the considerations in the proof of (b), we have the estimate
—1 m
[T(G-2) 2>+ fornent,
D n
p<m n=1

where the product has all prime numbers A
< m. Now we consider the sum a Riemann
sum and find that function x +— 1/x is de-
creasing:

Ui | /mda:

g - > — =logm .
— 1z

n=1

Because the logarithm is monotone, it follows that

-1
Z log(lfll) > loglogm form > 2. (6.13)

p<m

When |z| < 1, we can use the series expansion of the logarithm (Theorem V.3.9)

log(l — 2)" ! = — —=N"Z
og(l—2) log(1 — 2) Z A
k=1
to get
1y-1 — 1 1
Zlog(17—> =3 Y~ <Y -+R, (6.14)
p<m p p<m k=1 kp p<m p
where
— 1 _1 — 1 1 1 I 1 1
ey S ety St 45 o)
Soim ket T2 St 2. p(p—1) 244 (-1 2
It now follows from (6.13) and (6.14) that
1 > loglogm — % form > 2, (6.15)
p

which, since the sum is over all prime numbers < m, proves the claim. m
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(e) The preceding statements contain information about the density of prime num-
bers. Because > 1/p diverges (according to (6.15), at least as fast as loglogm),
the sequence (pi) cannot go too quickly to oo. In studies of the prime number
distribution, 7(x) for z € R* denotes the number of prime numbers < z. The
famous prime number theorem says

w(n) ~n/logn (n — o0) .

To get more information, one can study the asymptotic behavior of the rel-
ative error
m(n) —n/logn  7(n)
n/logn ~n/logn

r(n) = 1

as n — oo. It is possible to show that

1
logn

r(n):O( ) (n — o00) .

It however only conjectured that for every € > 0 there is a distinctly better error
estimate:

r(n) = O(#) (n — o00) .

This conjecture is equivalent to the celebrated Riemann hypothesis:
The ¢ function has no zeros s such that Res > 1/2 .

We know from (c) that ¢ has no zerosin { z € C; Rez > 1}. It is also known that
the set of zeros of ¢ with real part < 0 correspond to —2N*. Calling these zeros
trivial, one can conclude from the properties of the ¢ function that the Riemann
hypothesis is equivalent to the following statement:

All nontrivial zeros of the Riemann ¢ function
lie on the line Rez=1/2.

It is known that ¢ has infinitely many zeros on this line and, for a certain large
value of K, there are no nontrivial zeros s with |Im s| < K for which Res # 1/2.
Proving the Riemann hypothesis stands today as one of the greatest efforts in
mathematics.

For a proof of the prime number theorem, for the stated asymptotic error
estimates, and for further investigations, consult the literature of analytic number
theory, for example [Brii95], [Pra78], [Sch69]. m
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The trapezoid rule

In most practical applications, a given integral must be approximated numerically,
because no antiderivative is known. From the definition of integrals ff fdz, every
jump continuous function f can be integrated approximately as a Riemann sum
over rectangles whose (say) top-left corners meet at the graph of f. Such an
approximation tends to leave gaps between the rectangles and the function, and
this slows its convergence as the mesh decreases. If the function is sufficiently
smooth, one can anticipate that (in the real-valued case) the area under the graph
of f can be better estimated by trapezoids.

) f(z)

flx+h)

« r x+h B8 r x+h
Here h[f(z + h) + f(z)] /2 is the (oriented) area of the trapezoid 7.

The next theorem shows that if f is smooth, the “trapezoid rule” for small
steps h gives a good approximation to [ f. As usual, we take —0o < @ < 3 < o0
and E to be a Banach space.

6.17 Theorem Suppose f € Cz([a,ﬂ],E), n € N*, and h := (8 — a)/n. Then
n—1

B
| #@)de = [GH@) + 3 £l kb + 3 10) b+ ROB)

where
ﬁ «

IR ] < —5=h* 1"l

Proof From the additivity of integrals and the substitution rule, it follows after
defining z(t) := a + kh + th and g (t) := f(a + kh + th) for t € [0,1] that

a+(k+1)h n—1 .1
/ f(x dx— / (x)dx:hZ/ gr(t) dt
a+kh k=00

=0

Formula (6.6) implies®

1 1 1
| auterae = 50n0) + )] - [ Brtogi(oyae
0 0

8Note that the formula (6.6) is entirely elementary and the theory of the Bernoulli polynomials
is not needed for this derivation.
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We set u := g, and v' := B1(X), and thus v’ = g} and v = =X (1 — X)/2, as well
as v(0) = v(1) = 0. Integrating by parts, we therefore get

- / By (t)g)(t) dt = / o(t)gl (t) dt |
0 0

R(f,h) ::hkz:%/o o(t)gl/ () dt

we arrive at the representation

Defining

n—1

B
| fa@de=n[58@)+ Y sat k) + 35(6)] + BUE)

k=1

To estimate the remainder R(f, h), we note first that

1 1
1 — 1) 1
[ st < gl [ 25 =5 et
0 0

The chain rule implies

— — hz " < h2 "
g5 lloo = H1[g§]|g t)] a+khgg?§i“)i<k+1)h|f (@) <P "

Consequently,

R(f.h |<hz\/ v ar <) Zl—

which shows the dependence on h. m

1Mo

The trapezoid rule constitutes the simplest “quadrature formula” for numeri-
cally approximating integrals. For further exploration and more efficient methods,
see lectures and books about numerical methods (see also Exercise 8).

Exercises
1 Prove the statements (iv) and (v) in Proposition 6.6.
2  Compute Bs, Bio, and Bz, as well as B4(X), Bs(X), Bs(X) and B7(X).

3 Show that for n € N*
(i) B2n+1(X) has in [0,1] only the zeros 0, 1/2, and 1;

(ii) B2, (X) has in [0, 1] only two zeros s, and 5,,, with Tam + x5, = 1.

4 Denote by B, the 1-periodic continuation of B,(X)|[0,1) onto R. Then show these:
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(1) B, ¢ C’nﬁQ(R) for n > 2.
(ii) f:“ Bn(z)dz =0 for k € Z and n € N.
(iii) For every n € N map

F,:{z€C; Rez>—-2n} -C, s+ / Egnﬂ(m)m*(ﬁhﬂ) dx
1

is analytic.
5 Prove Remark 6.11(a).
6 Show for the ¢ function that lim, .o {(n) = 1.
7 Suppose h >0 and f € 04([—h,h],R). Show

[ st@yde = 5 (7m + 470+ 00)]| < G 17V

(Hints: Integrate by parts and use the mean value theorem for integrals.)

8 Suppose f € C*([o, B],R) and let o := o+ jh for 0 < j < 2n with h:= (8 — a)/2n
and n € N*. Further let®

w| >

S(f, [, Bl h) == (f(a)+f(ﬁ)+2_z_:f(062j)+4Zf(062j—1)> ~

This is Simpson’s rule, another rule for approximating integrals. Show it satisfies the
error estimate

Wt
@”f lloo -

[ s = (518 0)] < 5 a)

(Hint: Exercise 7.)

9 Calculate the error in

1 2
dx T dx
/01+x2 g M /1 P

when using the trapezoid rule for n = 2,3,4 and Simpson’s rule for n = 1, 2.

10 Show that Simpson’s rule with a single inner grid point gives the correct value of
/ 5 p for any polynomial p € R[X] of degree at most three.

9 As usual, we assign the “empty sum” Z?:l .-+ the value 0.
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7 TFourier series

At the end of Section V.4, we asked about the connection between trigonometric
series and continuous periodic functions. With the help of the available integration
theory, we can now study this connection more precisely. In doing so, we will get a
first look at the vast theory of Fourier series, wherein we must concentrate on only
the most important theorems and techniques. For simplicity, we treat only the
case of piecewise continuous 27-periodic functions, because studying more general
classes of functions will call for the Lebesgue integration theory, which we will not
see until Volume III.

The theory of Fourier series is closely related to the theory of inner product
spaces, in particular, with the Ly space. For these reasons we first consider the
Lo structure of spaces of piecewise continuous functions as well as orthonormal
bases of inner product spaces. The results will be of fundamental importance for
determining the how Fourier series converge.

The L- scalar product

Suppose I := [a, ] is a compact perfect interval. From Exercise 4.3 we know

that ff fdx for f € SC(I) is independent of the value of f on its discontinuities.
Therefore we can fix this value arbitrarily for the purposes of studying integrals.
On these grounds, we will consider only “normalized” functions, as follows. We
call f: I — C normalized when

fx) = (fle+0)+ fx—0))/2 forzel, (7.1)

and
fla)=f(B) = (fla+0)+ f(6-0))/2. (7.2)
Denote by SC(I) the set of normalized, piecewise continuous functions f: I — C.!

A

(

The meaning of the assignment (7.2) will be clarified in the context of periodic
functions.

1We naturally write SC[a, ] instead of SC([a,ﬁ]), and C|a, f] instead of C([a,ﬁ]) ete.
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7.1 Proposition SC(I) is a vector subspace of S(I), and

163
(flg)e = / fgde for f.g e SC(I)

defines a scalar product (-|-)2 on SC(I).

Proof The first claim is clear. The linearity of integrals implies that (-|-)q is
a sesquilinear form on SC(I). Corollary 4.10 implies (f|g), = (g|f)2 for f,g €
SC(I). From the positivity of integrals, we have

B
(f|f)2:/ f[2dz >0 for f e SC(I) .

If f € SC(I) is not the zero function, then there is, by the normalizability, a point
a at which f, and therefore also |f|?, is continuous and for which |f(a)* > 0. It
then follows from Proposition 4.8 that (f|f) > 0. Thus (-|-)2 is an inner product
on SC(I). m

The norm
B 1/2
frollei= VTP = ([ 17 do)

induced by (:]-)2 is called the La norm, and we call (-|-)2 itself the Lo scalar
product on SC(I). In the following, we always equip SC(I) with this scalar
product and understand

SC(I) = (SC(I),(-])2)
unless explicitly stated otherwise. Thus SC(I) is an inner product space.

7.2 Remarks (a) The Ly norm on SC(I) is weaker? than the supremum norm.
Precisely, we have

Ifllz < VB =allflls  for feSCU).

(b) The inequality || f|leoc < € holds for f € SC(I), and so the entire graph of f
lies in an “e-strip” in the interval I. On the other hand, even when | f]2 < ¢,
f itself can assume very large values, that is, the inequality only requires that
the (oriented) area in I of the graph of |f|? is smaller than £2. We say that the
function f is smaller than ¢ in its quadratic mean. Convergence in the Lo norm
is also called convergence in the quadratic mean.

2See Exercise 4.5.
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v

A R

Iflloo <e Ifll2 <e

(c) Although the sequence (f,) may converge in SC(I) — and therefore also in its
quadratic mean— to zero, the values (f,(z)) for z € I need not converge to zero.

Proof For n € N* suppose j, k € N are the unique numbers with n = 2%+ j and j < 2*.
Then we define f,, € SC[0,1] by fo := 1 and

0 otherwise .

fule) = { Lo ee (G,

A A
1 : 1 1 —
.o .o .
i ; > = >
1 1/2 1 1/2 1 14 1
fo=fi fa fs fa

Because || fa||3 = 27%, (fa) converges in SC[0,1] to 0; however, because the “bump” in
f continues to sweep the interval from left to right each time it narrows, ( fn(x)) does
not converge for any x € [0,1]. m

Approximating in the quadratic mean

It is obvious that C(I) is not dense in SC(I) in the supremum norm. However in
L5 norm, the situation is different, as the following theorem about approximating
in the quadratic mean shows. Here we set

Co(I):=={ueC(); ule)=uB)=0}.

Co(I) is obviously a closed vector subspace of C(I) (in the maximum norm), and
it is therefore a Banach space.
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7.3 Proposition Cy(I) is dense in SC(I).

Proof Suppose f € SC(I) and € > 0. From Theorem 1.2, there is a g € T(I)
such that ||f — gle < £/2v/B — a. Therefore® || f — gll2 < /2. It then suffices to
find an h € Cy(I) such that ||g — hl|2 < /2.

Suppose therefore that f € 7(I) and € > 0. Then there is a partition

(a0, .. .,ay) for f and functions g; such that
) S )y Gg ) .
g](x){ f(x) Z (a] a]+1) fOI‘OS]STL*l,
0, z € I\(aj,aj41) ,

and f(x) = Z;L:_()l gj(z) for  # aj. On the other hand, by the triangle inequality,
it suffices to find hg, ..., hn—1 € Co(I) such that ||g; — hj|l2 < &/n.

Thus we can assume that f is a nontrivial staircase function “with only one
step”. In other words, there are numbers @, 3 € I and y € C* with & < 3 which
can be chosen so that

ol z € (ap),
f()_{o, zel\ |37 .

Let ¢ > 0. Then we choose 6§ > 0 such that § < (3 — @) /2 A &%/|y|? and define

0, zel@h). t
Y, xe(&—&—é,ﬁ—é),
g(x) = xgoz% z € [a,a+d],
/ngya SUG[B*(XB} a‘ >

Then g belongs to Cy(I), and we have

B8
||f—g||§:/ f—gPdr <yl << . m

7.4 Corollary
(i) (C(I),(-|-)2) is not a Hilbert space.
(ii) The maximum norm on C(I) is strictly stronger than the Ly norm.
Proof (i) Suppose f € SC(I)\C(I). Then, by Proposition 7.3, there is a se-

quence (f;) in C(I) that converges in the Ly norm to f. Therefore, according
to Proposition I1.6.1, (f;) is a Cauchy sequence in SC(I) and therefore also in

30f course, ||u||2 is defined for every u € S(I).
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E := (C(I),]|-||2). Were E a Hilbert space, and therefore complete, then there
would be a g € E with f; — ¢ in E. Therefore (f;) would converge in SC(I) to
both f and g, and we would have f # g, which is impossible. Therefore E is not
complete.

(ii) This follows from (i) and the Remarks 7.2(a) and I1.6.7(a). m

Orthonormal systems

We recall now some ideas from the theory of inner product spaces (see Exer-
cise I1.3.10). Let E := (E,(:|-)) be an inner product space. Then u,v € E are
orthogonal if (u|v) = 0, and we also write v L v. A subset M of E is said to be
an orthogonal system if every pair of distinct elements of M are orthogonal. If in
addition ||u|| =1 for u € M, we say M is an orthonormal system (ONS).

7.5 Examples (a) For k € Z, let

1 )
ep(t) == " forteR.

Then { ey ; k € Z} is an ONS in the inner product space SC[0, 27].

Proof Because the exponential function is 27i-periodic, we find
1 ) ] = k )

2m 2m
_ 1 i (j—k)t .
(ej]en)2 =/ e dt = —/ ! UMt gt = { - iG-ke|?T .
2 — YT — k
(0] u 0 271_(‘7 . k) € ) j # )

0
as desired. m
(b) Suppose
1
ck(t) := —= cos(kt)

N

1
C()(t) = \/—2_71_ y
and L

si(t) :== —= sin(kt)

T
for t € R and k € N*. Then {cg,ck, sk ; kK € N*} is an orthonormal system in
the inner product space SC’([O, 2], R).

Proof Euler’s formula (I11.6.1) implies ey = (cx + isg)/v/2 for k € N*. Then
2(ej|en)2 = (cjler)z + (sjlse)2 + 7 [(sj|cr)2 — (cj[sk)z] (7.3)
for j,k € N*. Because (e;|ex)2 is real, we find
(sj|ck)2 = (cj|sk)2 for j,k € N* . (7.4)

Integration by parts yields

1 27 .
(S]' |Ck)2 = — / sin(jt) COS(k’t) dt = —l(Cj |Sk)2
T Jo k
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for j, k € N*. Therefore we get with (7.4)
(1 +]/k))(53 |Ck)2 =0 for j,k’ e N* .

We can then state
(S]' |Ck)2 =0 for j,k} eN,

because this relation is trivially true for the remaining cases 7 =0 or k = 0.

Using the Kronecker symbol, we get from (7.3) and (a) that
(Cj |Ck)2 + (Sj |Sk)2 = 25]'k for j,k e N* . (75)
Integration by parts yields
(Sj |Sk)2 = %(C]‘ |Ck)2 for j,k’ e N* . (76)

Therefore
(1+37/k)(cj|ck)2 = 285, for j, bk € N* .
From this and (7.6), it follows that

(cjler)2 = (sjlsk)2 =0 for j #k,

and
||ck||g = ||sk||g =1 forkeN*.

Finally, (co|cj)2 = (co|s;)2 = 0 is obvious for j € N* and |co||3 =1. m

Integrating periodic functions

We now gather elementary but useful properties of periodic functions.

7.6 Remarks Suppose f: R — C is p-periodic for some p > 0.

(a) If f][0,p] is jump continuous, then f is jump continuous on every compact
subinterval I of R. Similarly, if f][0, p] belongs to SC|0, p], f|I belongs to SC(I).

(b) If f1][0,p] is jump continuous, we have

4 a+p
/fdx:/ fdx foraeR.
0 «

Proof From the additivity of integrals, we have

/:Wfdmz/opfder/paﬂfdm/Oafd:c.

Using the substitution y(z) := x — p in the second integral on the right hand side, we
get, using the p-periodicity of f, that

/pa+pfdm:/0af(y+p)dy:/oafdy_.
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From Remark V.4.12(b), we may confine our study of periodic functions to
the case p = 27. So we now take I := [0, 27] and define the Ly scalar product on
this interval.

Fourier coefficients

Consider .
T,:R—C, tw % +3 " [ax cos(kt) + bysin(kt)] | (7.7)
k=1
a trigonometric polynomial. Using
co:=ap/2, cp:=(ar—1ibk)/2, c_j:=(ar+iby)/2 (7.8)
for 1 < k < n, we can write T}, in the form
T.(t) = Z cpet™ fort e R, (7.9)

k=—n

(see (V.4.5) and (V.4.6)).

7.7 Lemma The coefficients ¢, can be found as
1 [ 1

c T, (t e Rt gt =
k (t) or

~or 0 (T ler)s for —n<k<n.

Proof We form the inner product in SC(I) between T,, € C(I) and e;. Then it
follows from (7.9) and Example 7.5(a) that

n
(Thlej)a =V2m Z ck(exlej)e =V2me; for —n<j<n.m

k=—n

Suppose now (ax) and (by) are series in C, and ¢y, is defined for k € Z through
(7.8). Then we can write the trigonometric series

ag . _ao
> + ; [ak cos(k-) + by sm(krﬂ =3 + ﬁ;(akck + bisk)

in the form

Z Ckeik‘ = \/%chek . (7.10)

keZ kEZ
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Convention In the rest of this section, we understand ), _, gx to be the
sequence of partial sums (Zzzfn gk)n N rather than the sequence of the
sum of the two single series » , -, gr and >, o 9.

The next theorem shows when the coefficients of the trigonometric series (7.1) can
be extracted from the function it converges to.

7.8 Proposition If the trigonometric series (7.10) converges uniformly on R, it
converges to a continuous 27-periodic function f, and

1 27

cr = — f(t)e kt dt =

o7 /. (flek)s forkeZ.

1
V2T

Proof Because the partial sum T;, is continuous and 2m-periodic, the first claim
follows at once from Theorem V.2.1. Therefore define

f@t) = Z cpe'™ = lim T,(t) forteR.
The series (T,€k)nen converges uniformly for every k € Z and therefore converges
in C(I) to f&. Thus we get from Proposition 4.1 and Lemma 7.7

27 27
(flex)2 = fepdt = lim/ Therdt =V2rce, forkeZ .m
0

—
0 n o0

Classical Fourier series

We denote by SCs, the vector subspace of B(R) that contains all 27-periodic
functions f: R — C with f|I € SC(I) and that is endowed with scalar product

2

(f19)2 == fgdx for f,g € SCor .
0

Then
Fom = [ fe = ——
ko= 2T 0 a 2
is well defined for f € SCy, and k € Z and is called the k-th (classical) Fourier
coefficient of f. The trigonometric series

SF= fee™™ =" (flen)ex (7.12)

keZ kEZ

(flex)2 (7.11)
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is the (classical) Fourier series of f. Its n-th partial sum

Snf = Z ﬁceik.

k=—n

is its n-th Fourier polynomial.

7.9 Remarks (a) SCa; is an inner product space, and Cy,, the space of the
continuous 27-periodic functions* f: R — C, is dense in SCy;.

Proof That a periodic function is determined by its values on its periodic interval follows
from the proof of Theorems 7.1 and 7.3. Here we note that the 27-periodic extension of
g € Co(I) belongs to Car. m

(b) The Fourier series Sf can be expressed in the form

—|— Z ay, cos(k-) + by sin(k- )) = C%O + ﬁZ(akck + bisk) ,

E>1 E>1
where o
an = arlf) = [ 10y cos(vr) 7<f|ck>
and o
b= bul(f) = = [ F@)sin(he) dt = —=(f|si)

3\

for k € N*. Also

I 2
ag = ao(f) = ; ) f(t) dt = \/;(fICQ) .

Proof This follows from (7.8) and Euler’s formula V2er =c +isk. ®
(c) If f is even, then Sf is a purely a cosine series:
Qo Qo
=3 + Zakcos(k-) =3 + \/EZakck
k>1 k>1
with
2 ™
ar = ap(f) = —/ f(t)cos(kt)dt for k e N.
T Jo

If f is odd, then Sf is purely a sine series:

Sf Zbk SlIl \/_Z bksk

k>1 E>1

4See Section V.4.
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with .
b = bi(f) = 2 / F(#)sin(kt) dt for ke N . (7.13)
T Jo

Proof The cosine is even and the sine is odd. Then if f is even, fci is even and fs
is odd. If f is odd, fci is odd and fsi is even. Consequently, from Remark 7.6(b) and

Exercise 4.11,
/f t) cos(kt) d /f t) cos(kt) d

. %/_ﬂ F(t) sin(kt) dt =

if fis even. If f is odd, then ar = 0 and (7.13) gives the by. m

and

7.10 Examples (a) Define f € SCa, by f(t) = sign(t) for t € (—m, 7).

A

-+
-+
-+
-

R
s
v

Then
4 —sin((2k +1)°)
2k +1 '

The figure graphs a sequence of Fourier polynomials in [—, 7]:

[ W At W i
]

Sif Sy f Siif So1f

(On the basis of these graphs, we might think that Sf converges pointwise to f.)

Proof Because f is odd, and because

4
T ™ s —, ke2N+1,
2/ f(t)sin(kt) dt = g/ sin(kt) dt = _2Z cos(kt)‘ = kn +
T Jo T Jo km 0 0, k€ 2N

the claim follows from Remark 7.9(c). m

(b) Suppose f € Car such f(t) = |t| for |t| < 7. In other words,
f(t) = 2w zigzag(t/2m) fort e R,

(see Exercise II1.1.1).
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Then
Sf— T 4 Z cos((2k + 1))
“ 9 T ok 1)2
2 7 =0 (2k+1)
This series converges normally on R (that is, it is norm convergent).
Proof Because f is even, and because integration by parts integration gives

_2 [ -2 [Ty — 2 ko
ak—ﬂ_/o tcos(kt) dt = ﬂk/o sm(kt)dt—ﬂkQ(( 1t -1),

for k > 1, the first claim follows from Remark 7.9(c). Now, from Example I1.7.1(b),
S7(2k 4+ 1)72 is a convergent majorant for " cort1/(2k 4 1)2. The second claim then
follows from the Weierstrass majorant criterion (Theorem V.1.6). m

(c) Suppose z € C\Z, and f, € Cy is defined by f,(t) := cos(zt) for |t| < 7. Then

SfZ:M(l—FZ(—l)”( = + = )cos(n-)).

™ z z+n zZ—mn

n>1

This series converges normally on R.

Proof Since f is even, Sf, is a cosine series. Using the first addition theorem from
Proposition I11.6.3(i), we find

an = 2 /O7T cos(zt) cos(nt) dt = 1 /O7r (cos((z +n)t) + cos((z — n)t)) dt

™ ™

:(_1)nsin(7rz)( 1 n 1 )

s zZ+n zZ—n

for n € N. Therefore Sf, has the stated form.
For n > 2|z|, we have |an| < [sin(nz)| |z|/|2* —n®| < 2|sin(rz)||2|/n®. The normal
convergence again follows from the Weierstrass majorant criterion. m

Bessel’s inequality

Let (E,(-]-)) be an inner product space, and let { ¢ ; k € N} be an ONS in® E.
In a generalization of the classical Fourier series, we call the series in F

> (uler)er

k

5Note that this implies that E is infinite-dimensional (see Exercise 11.3.10(a)).
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the Fourier series for v € E with respect to the ONS { ¢, ; k € N}, and (u|¢x)
is the k-th Fourier coefficient of u with respect to { ¢ ; k € N}.

For n € N, let E,, := span{¢o,...,¢n}, and define
n
Py E—Ey, ur Y (ulgr)er -
k=0

The next theorem shows that

P,u for each u € F yields the E,
unique element of F, that is

closest in distance to w, and Pru

that u — P,u is perpendicular

to E,,.0 | -

7.11 Proposition For u € E and n € N, we have
(i) u— Pyu€ E};

(ii) ||u — Pyul|| = minyeg, ||u — v|| = dist(u, Ey,) and

lu — Poul| < ||lu—wv| forv € E, and v # P,u ;

n 2
(i) [|lu— Prull? = [Jull® = 3Z5_o[ (ulew)| "
Proof (i) For 0 < j <n, we find

(u— Poulp;) = (ule;) = > (uler)(wrlo;) = (ulp;) — (u]e;) =0,
k=0

because (¢ |@;) = Ok;-

(ii) Suppose v € E,,. Because P,u —v € E,, it follows then from (i) (see
(I1.3.7) that

lu = = [(u = Pow) + (Pou = 0)[I* = [(u = Pow)||* + [|(Pou — )| .

Therefore ||u — v|| > |Ju — P,ul for every v € E,, with v # P,u.

(iii) Because
lu = Poul® = fJull* = 2 Re(u| Pyu) + || Poull?

the claim follows from (¢ |¢r) = 0j%. m

6See Exercise 11.3.12.
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7.12 Corollary (Bessel’s inequality) For every u € E, the series of squares of
Fourier coefficients converges, and

> 2
> lCulon)]” < Jlull® -
k=0

Proof From Proposition 7.11(iii), we get

n

Z|(U‘S0k)|2 < ||lul|® forneN.
k=0

Thus the claim is implied by Theorem I1.7.7. m

7.13 Remarks (a) According to (7.11), the relation (f|ex)2 = V27 f, holds
for f € SCar between the k-th Fourier coefficient of f with respect to the ONS
{er ; k € Z} and the classical k-th Fourier coefficient f;. This difference in

normalization is historical. (Of course, it is irrelevant that, in the classical case,
the ONS is indexed with k € Z rather than k € N.)

(b) For n € N, we have
P.€L(E), P)*=P,, im(P,)=E,. (7.14)

A linear vector space map A satisfying A2 = A is called a projection. Therefore P,
is a continuous linear projection from F onto E,, and because u— P,u is orthogonal
to E, for every u € E, P, is an orthogonal projection. Proposition 7.11 then
says every u has a uniquely determined closest element from FE,,; that element is
obtained by orthogonally projecting u onto F,.

Proof We leave the simple proof of (7.14) to you. m

Complete orthonormal systems

The ONS {¢r ; k € N} in E is said to be complete or an orthonormal basis
(ONB) of E if, for every u € E, Bessel’s inequality becomes the equality

) = 37| (ulon)|* forueE. (7.15)
k=0

This statement is called a completeness relation or Parseval’s theorem.

The following theorem clarifies the meaning of a complete orthonormal system.
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7.14 Theorem The ONS { ¢y ; k € N} in E is complete if and only if for every
u € E the Fourier series Y (ug |k )k converges to u, that is, if

o0

u= Z(u|apk)cpk forue E .
k=0

Proof According to Proposition 7.11(iii), P,u — u, and therefore

o0

uw= lim P,u= Z(u|s0k)90k

n—o00
k=0

if and only if Parseval’s theorem holds. m

After these general considerations, which, besides giving the subject a geo-
metrical interpretation, are also of theoretical and practical interest, we can return
to the classical theory of Fourier series.

7.15 Theorem The functions {ey ; k € Z} form an ONB on SCo;,.

Proof Suppose f € SCo; and € > 0. Then Remark 7.9(a) supplies a g € Car
such that || f — g||2 < /2. Using the Weierstrass approximation theorem (Corol-
lary V.4.17), we find an n := n(e) and a trigonometric polynomial T}, such that

lg — Tullos < /2V2r .
From Remark 7.2(a) and Proposition 7.11(ii) we then have
lg = Snglle < llg = Tull2 < /2,
and therefore

1f =Snfll2 < If =Snglle < If —gll2+1lg —Sngl2 <,

where, in the first step of the second row, we have used the minimum property,
that is, Proposition 7.11(ii). Finally, Proposition 7.11(iii) gives

0 < I713 = S [(Flew)al* < 12 = S7|(Flew)a] = IS —Sufll <&

k=0 k=0

for m > n. This implies the completeness relation holds for every f € SCor. m

7.16 Corollary For every f € SCs,, the Fourier series Sf converges in the
quadratic mean to f, and Parseval’s theorem reads

1 27 e ~ 9
5 | \Pd= 3 IR

k=—o00
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7.17 Remarks (a) The real ONS {co,ck, sk ; ¥ € N*} is an ONB in the
space SCo,. Defining Fourier coefficients by ay := ar(f) and by := bi(f), we

have
L[ 2 a% = 2
— dt = — b%)
W/O f] 5 +;; af +

for real-valued f € SCy;;.
Proof Example 7.5(b), Remark 7.9(b), and Euler’s formula

V2(fler) = (flex) —i(flsk) ,
imply 2 2 2 2 2
2|(flen)|” = (flex)® + (flsk)* = w(ai + b)) for ke Z°,
having additionally used that a_j = ar and b_j, = —bi. =

(b) (Riemann’s lemma) For f € SC[0, 2], we have

T 2
f(t)sin(kt) dt — 0 and f(t)cos(kt)dt — 0 (k — o0) .
0 0

Proof This follows immediately from the convergence of the series in (a). m

(c) Suppose f5(Z) is the set of all series @ := (x3)rez € CZ such that

oo

3= > |’ <oo.

k=—o0

Then ¢5(Z) is a vector subspace of C% and a Hilbert space with the scalar product
(x,y) — (x|y)2 ==Y 1o Tryk. Parseval’s theorem then implies that the map

SCor —>£2(Z) ) f = (mﬁ)kEZ

is a linear isometry. This isometry is however not surjective and therefore not
an isometric isomorphism, as we shall see in Volume III in the context of the
Lebesgue integration theory. Hence there is an orthogonal series ), ., cxex such
that >~ |ck? < oo, which nevertheless does not converge to any function in
f € SCyy. From this it also follows that SCs; —and therefore SC[0, 27] —is not
complete and is therefore not a Hilbert space. In Volume III, we will remedy this
defect by learning how to extend SCI0,2x] to a complete Hilbert space, called
LQ(O, 27‘[’)

Proof We leave the proof of some of these statements as Exercise 10. m

Parseval’s theorem can be used to calculate the limit of various series, as we
demonstrate in the following examples.”

7See also Application 7.23(a).
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7.18 Examples (a)

WZ_i LN SR S S
8_k=0(2k+1)2_ 32 52 0 72

Proof This follows from Example 7.10(a) and Remark 7.17(a). m

(b) The series » ;- 1/(2k 4+ 1)* has the value 7*/96.
Proof This is a consequence of Example 7.10(b) and Remark 7.17(a). m

Piecewise continuously differentiable functions

We now turn to the question of the uniform convergence of Fourier series. To get
a simple sufficient criterion, we must require more regularity of the functions we
consider.

Suppose J := [o, §] is a compact perfect interval. We say f € SC(J) is
piecewise continuously differentiable (or has piecewise continuous derivatives) if
there is a partition (oo, a1, ..., ay) of J such that f; := f|(oj,aj41) for 0 < j <
n — 1 has a uniformly continuous derivative.

7.19 Lemma The function f € SC(J) is piecewise continuously differentiable if
and only if there is a partition («g, ..., ay,) of J with these properties:

(i) f|(aj,aj+1) S Cl(aj,ajﬂ) for 0 <j<n-1.

(ii) For 0 <j <n-—1and 1<k <n, the limits f'(a;; +0) and f'(cy, — 0) exist.
Proof “=" Because f is piecewise continuously differentiable, (i) follows by de-
finition, and (ii) is a consequence of Theorem 2.1.

“<=" According to Proposition II1.2.24, if the partition satifies properties (i)
and (i), then f; € C(a;, aj+1) has a continuous extension on [a;, avj+1]. Therefore
Theorem II1.3.13 implies f; is uniformly continuous. m

A
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If f € SC(J) is piecewise continuously differentiable, Lemma 7.19 guarantees
the existence of a partition (ag,...,a,) of J and a unique normalized piecewise
continuous function f’, which we call the normalized derivative, such that

f’|(aj_1,aj) = [f|(aj_1,aj)}/ for 0 SJS n—1.

Finally, we call f € SCs, piecewise continuously differentiable if f|[0,27] has
these properties.

7.20 Remarks (a) If f € SCy, is piecewise continuously differentiable, then f’
belongs to SCs;;.

Proof This is a direct consequence of the definition of the normalization on the interval

boundaries. m

(b) (derivative rule) If f € Ca, is piecewise continuously differentiable, then
]?,’C:ik]?k for ke Z ,

where jz = (7’)\k

Proof Suppose 0 < a1 < -++ < an—1 < 27 are all the discontinuities of f’ in (0, 27).
Then it follows from the additivity of integrals and from integration by parts (with
ao := 0 and a,, := 27) that

~ 2m ) nol orajig )
onfl :/ £t dt = Z/ Ft)e i dt
0 §=0"j
Qj+1

f(t)e *dt

. n—1
eay [
j=0"Yj

g

n—1 ]
_ Z f(t)e—z kt
j=0
2m . N
:ik/ f@®)e " dt = 2mikfy
0
for k € Z, where the first sum in the third equality vanishes by the continuity of f and
its 2m-periodicity. m
Uniform convergence

We can now prove the following simple criterion for the uniform and absolute
convergence of Fourier series.

7.21 Theorem Suppose f: R — C is 2w-periodic, continuous, and piecewise
continuously differentiable. The Fourier series Sf in R converges normally to f.

Proof The Remarks 7.20(a) and (b), the Cauchy—Schwarz inequality for series®

8That is, the Holder inequality for p = 2.
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from Exercise IV.2.18, and the completeness relation implies

— | N = 1 )
k_Zm\fk\k_ZwE!fk\é(@k—) (k_Z T R 11, -
k#£0 k#0

Therefore, because ||fke““' ||(>O = |fk|, Sf has the convergent majorant Zkez|fk|'
The Weierstrass majorant criterion of Theorem V.1.6 then implies the normal
convergence of the Fourier series of f. We denote the value of Sf by ¢g. Then g is
continuous and 27-periodic, and we have ||S,, f —¢||cc — 0 for n — co. Because the
maximum norm is stronger than the Lo norm, we have also lim ||S,,f — g||2 = 0,
that is, Sf converges in SCo,; to g. According to Corollary 7.16, Sf converges
in SCy; to f. Then it follows from the uniqueness of its limit that Sf converges
normally to f. m

7.22 Examples (a) For [¢t| < 7, we have

2k+1)2

and the series converges normally on R.

Proof It follows from the previous theorem and Example 7.10(b) that the (normalized)
derivative f’ of the function f € Car with f(t) = |t| for |[t| < 7 is given by map of
Example 7.10(a). m

(b) (partial fraction decomposition of the cotangent) For z € C\Z, we have

7 cot(mz) ——+ ( ) . 7.16
Z Z+ n zZ—="n ( )
Proof From Theorem 7.21 and Example 7.10(c) we get

cos(zt) = ST ( +Z (Z+n in)cos(nt))

for |t| < 7. Finally, put t = 7. m

The partial fraction decomposition of the cotangent has the following two in-
teresting and beautiful consequences which, like the partial fraction decomposition
itself, go back to Euler.

7.23 Applications (a) (the Euler formula for ((2k)) For k € N*, we have

oo

1 -1 k+1 o1 2k
C(2k) = ZW = %sz .

n=1
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In particular, we find
C@2)=7/6, ((4)=7"/90, ((6)=7°/945.

Proof From (7.16), we get

mzcot(mz) = 1+ 22° Z =3 for z € C\Z . (7.17)

n=1

If |2] <7 < 1, then [n* — 2%| > n® —r? > 0 for n € N*. This implies that the series in
(7.17) converges normally on rB. The geometric series gives

— X
227n2: ngZ( ) for z€eBand n € N© .

Thus we get from (7.17) that

mzeot(mz) =1— 22 inii( ) —12i<i$)z% for zeB, (7.18)
n=1 k=1

n=

where, in the last step, we have exchanged the order of summation, which we can do
because the double series theorem allows it (as you may verify).

Now we get the stated relation from Application 6.5 using the identity theorem for

power series.” m

(b) (the product representation of the sine) For z € C, we have

sin(mz) —WZH(].f—).

n=1

Putting z = 1/2 here gives the Wallis product (see Example 5.5(d)).

Proof We set
sin(mz)

f(z) = for z € C* |

and f(0) := 0. Then it follows from the power series expansion of the sine that

Tz

Qk Qk

- Z e (7.19)

=0

The convergence radius of this power series is co. Then, according to Proposition V.3.5,
f is analytic on C.

As for the next, we set

2

:ﬁ<1%) for z€ C.

9This verifies the power series expansion in Application 6.5 for |z| < 1.
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We want to show that g is also analytic on C. So we fix N € N* and z € NB and then

consider
3 log(17—> log H (17—) (7.20)

n=2N

From the power series expansion of the logarlthm (see Theorem V.3.9), we get

z |22 |22 1 4 N?
_Z )l < << = —
)log(l n2>) - Z kn?k — n2 1—(z/n)2 — 3 n?

converges absolutely and uniformly on NB.
From (7.20) and the continuity of the exponential function, we can conclude that

2

loiIN(l%) = Jlim H (1-%)

2 0 2
:Jiinwexp Z 10g(17%> = exp Z log<1f %) ,

n=2N n=2N

(7.21)

and that the convergence is uniform on NB. Consequently, the product

2

ﬁ (1 _ _) _ 251_[11(1 B Z_z> nf:[N<1 - ﬁ) (7.22)

also converges uniformly on NB. Observing this holds for every N € N*, we see g is well
defined on C, and, using

gm(z)::ﬁ<172—2> for z € C and m € N* |

2

we find that g, — g locally uniformly on C. Because the “partial product” g, is analytic
on C, it then follows from the Weierstrass convergence theorem for analytic functions'®
(Theorem VIII.5.27) that g is also analytic on C.

Because of the identity theorem for analytic functions, the proof will be complete
if we can show that f(z) = g(z) for z € J := (—1/7,1/7).

From (7.19) and Corollary I1.7.9 to the Leibniz criterion for alternating series, we
get
lf(z) =1 < 7°2®/6 <1 forzeJ.

Therefore, by Theorem V.3.9, log f is analytic on J, and we find

(log f) (z) = mweot(nx) — 1/x for x € J\{0} .

10Naturally the proof of Theorem VIII.5.27 is independent of the product representation of
the sine, so that we may anticipate this step.
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From (7.17) we can read off

(log f)'( i — n2 for z € J\{0} , (7.23)

where the right hand series converges normally for every r € (0, 1) in [—r,7]. In particular,
it follows that (7.23) is valid for all = € J.

From formulas (7.21) and (7.22), we learn the relation

log g(z Zlog(l——Q) forzeJ.

Now it follows from Corollary V.2.9 (the differentiability of the limit of a series of func-
tions) that log g is differentiable on J and that

(log g)' (= Z 3 forx e J.

Consequently, (log f)' = (logg)’ on J. Finally, because log f(0) = 0 = log g(0) and from
the uniqueness theorem for antiderivatives (Remark V.3.7(a)), we get log f = logg on
the entire J. m

We have studied criteria governing whether Fourier series converge uniformly
or in the quadratic mean. It is also natural to inquire about their pointwise conver-
gence. On that subject, there are a multitude of results and simple, sufficient cri-
teria coming from classical analysis. Some of the simplest of these criteria are pre-
sented in common textbooks (see for example [BF87], [Bla9d1], [K6n92], [Wal92]).
For example, it is easy to verify that the Fourier series of Example 7.10(a) con-
verges to the given “square wave” function.

We will not elaborate here, having confined our attention to the essential
results of classical Fourier series in one variable. Of perhaps greater significance
is the Lo theory of Fourier series, which, as we have attempted to show above,
is very general. It finds uses in many problems in mathematics and physics—
for example, in the theory of differential equations in one and more variables—
and plays an extremely important role in modern analysis and its applications.
You will likely meet the Hilbert space theory of orthogonality in further studies of
analysis and its applications, and we also will give an occasional further look at
this theory.

Exercises
1 Suppose f € SCo, has fo% f = 0. Show that there is a £ € [0, 27] such that f(§) =
2 Verify that for f € Ca, defined by f(t) := |sin(t)| on ¢ € [0, 27], we have
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3 ForneN,

D, := V2w Z e =14 2cos+2cos(2-) + -+ +2cos(n-)

k=—n

is called the Dirichlet kernel of degree n. Show that

sin((n +1/2)t

) 27
D, (t) = Sn(i/2) forteR and /o D,(t)dt=1forn eN.

4 Define f € SCar by

mT—t
—_, 0<t<2m,
fw={ 2
0, t=0
Prove that
<= sin(k)
Sf=>" .
k=1
(Hints: In( f Dy (s)ds = (t—m)+2(sint+- - -+sin(nt)/n) fort € (0,27). Exercise 3

and lntegratlon by parts result in |1, (t)| < 2[(n+ 1/2) 51n(t/2)} for t € (0,2m).)

5 Show that the 1-periodic extension of B, from B,(X)|[0,1) to R has the following
Fourier expansion:

oo

~ 1 2 (2rk)
Bow =20 n) > COkaZ for n € N* (7.24)
k=1
~ 1" (2n 4 1)! G sin(2rk-)
Bonsr =25 )% o Z 2n+1 forn € N . (7.25)

(Hints: It suffices to prove (7.24) and (7.25) on [0, 1]. For the restrictions Usy, and Uszp41
of the series in (7.24) and (7.25), respectively, to [0 1], show that U,, ;1 = (m+ 1)U, for

m € N*. From Exercise 4, it follows that Ui (t) = B1(t). Thus Proposition 6.6(iii) shows
that for m > 2, there is a constant ¢,, such that Um ) By (t)+cm for t € [0,1]. Finally
verify fo Unm(t) dt = 0 (Proposition 4.1(ii)) and fo t) dt = 0 (Exercise 6.4(iii)). Then

it follows that ¢m =0 for m > 2.)
6 Verify the asymptotic equivalences

(2n)!
(2m)2n

|Ban| ~ 2

n 2n
~ 4\/7rn<—) .
e

(Hints: Exercise 5 shows

oo

_ = Qn I
Ban = B2a(0) = (=1)" "2 ) Z k2n :

Further note Exercise 6.6, Application 7.23(a) and Exercise 6.3(a).)
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7 Prove Wirtinger’s inequality: For any —co < a < b < oo and f € C"([a,b]) such that
f(a) = f(b) =0, we have

/ 1 < [(b— /] / e

The constant (b — a)?/7* cannot be made smaller.

(Hint: Using the substitution  — w(z — a)/(b — a), it suffices to consider a = 0 and
b=m. For g: [-m, 7] — K such that g(z) := f(z) for z € [0, 7] and g(z) := —f(—z) for
x € [-m,0], show that g € C*([—,7]) and that g is odd. Thus it follows from Parseval’s
theorem and Remark 7.20(b) that

1 T -~ -~ N ~ 1 T
ar | 9= 0l 2 > Il =3 likal* 2 > ol = g/ l9I?

k€T k0 k0 k#0
because g(0) = 0. The claim then follows from the construction of g.)

8 For f,g € SCar,
27

1
frg:RoK, @ — fl@—y)g(y)dy
™ Jo

is called the convolution of f with g. Show that
(i) fxg=g*f;
(ii) if f, g € Cox, then f x g € Car;
(iii) ep * €m = Onmen for m,n € Z.
9 Denote by D,, the n-th Dirichlet kernel. Show that if f € SCar, then S, f = D, * f.
10 Verify the statements of Remark 7.17(c):
(i) £2(2Z) is a Hilbert space;
(ii) SCorn — 02(Z), [+ (mfk)kez is a linear isometry.

11 Prove the generalized Parseval’s theorem

1

27 oo
o/, fgdt= Z fegr for f,g € SCar .

k=—oc0
(Hint: Note that
1
20 = Z(|z+w|27|27w|2+i|z+iw|27i |z7iw|2) for z,w e C,

and apply Corollary 7.16.)
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8 Improper integrals

Until now, we have only been able to integrate jump continuous functions on com-
pact intervals. However, we have seen already in Lemma 6.12 that it is meaningful
to extend the concept of integration to the case of continuous functions defined on
noncompact intervals. Considering the area of a set F' that lies between the graph
of a continuous function f: RT™ — RT and the positive half axis, we will show it
is finite if f goes to zero sufficiently quickly as z — oo.

A
To calculate F', we first calculate the area

of F' in the interval [0, n], that is, we truncate
the area at * = n, and we then let n go to
00. The following development will refine this
idea and extend the scope of integration to F
functions defined on an arbitrary interval.!

v

In this section, we assume

e J is an interval with inf J = @ and sup J = b;
E := (E,|-]) is a Banach space.
Admissible functions

The map f: J — FE is said to be admissible if its restriction to every compact
interval J is jump continuous.

8.1 Examples (a) Every f € C(J, E) is admissible.
(b) If a and b are finite, then every f € S([a, b], E) is admissible.
(c) If f: J — E is admissible, then so is [f|: J > R. m

Improper integrals

An admissible function f: J — F is said to be (improperly) integrable, if there
is ¢ € (a,b) for which the limits

&
i [0 e i [

exist in F.

1We confine our presentation in this section to a relatively elementary generalization of inte-
gration, saving the complete integration theory for Volume III.
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8.2 Lemma If f: J — E improperly integrable, then the limits

i, [ and / g

exist for every c¢ € (a,b). In addition,

c ¢
i [0 o= i [ i [

for every choice of ¢, € (a,b).

Proof By assumption, there is a ¢ € (a,b) such that

c B
= i d = i
€a,c aiﬂo/(l [ an €e,b 5_1)151_0/0 f

exist in E. Suppose now ¢’ € (a,b). Because of Theorem 4.4, f: f= f:f 4 fccl f
for every o € (a,b). Thus, the limit e, = limy—q+0 f: f exists in E and is

given by e, o = €q,c + ff/ f- Tt follows likewise that

e b 1= hgno/ f

exists in E with ecp, = ecp + [ f. Therefore we find

’

c c
€a,c’ T Ecth = €q.ct / f +ecp+ f =€qctecp - N
c c!

Suppose f: J — E is improperly integrable and ¢ € (a,b). We then call

/abfdx;/abf(x)dx: lim /er 111;10 cﬁf

the (improper) integral of f over J. We may also use the notations

Instead of saying “f is improperly integrable” we may also say, “The integral

fab f dx exists or converges.” Lemma 8.2 shows that the improper integral is well
defined, that is, it is independence of the choice of ¢ € (a, b).



92 VI Integral calculus in one variable

8.3 Proposition For —co < a<b<oocand f € S([a, b], E), the improper integral
coincides with the Cauchy—Riemann integral.

Proof This follows from Remark 8.1(b), the continuity of integrals as functions
of their limits, and Proposition 4.4. m

8.4 Examples (a) Suppose a > 0 and s € C. Then

Cdr
/ — exists <= Res > 1,
0

and

Ood 1—s
/ r_g 1 for Res > 1.

xs s —

Proof According to Remark 8.1(a), the function (a,00) — C z — 1/2° is admissible
for every s € C.

(i) We first consider the case s # 1. Then

/ﬂd_w_ 1 ml_sﬂ_ 1 ( 1 B 1)
R a 1—s\p@s—1 qgs=1/°

From |8'~%| = g*~Re* it follows that

1

F—>O(ﬁ—>o®)¢>ReS>l

and that limp_., 1/8°"" does not exist for Res < 1. Finally, the limit does not exist if
Res = 1 because s = 1 + 47 for 7 € R implies 8°7! = 8°7 = ¢'71°8F and because the
exponential function is 2wi-periodic.

(ii) If s =1 then

B
lim @ lim
B—oo a X B—oo

(log B —loga) = oo .
Therefore the function « — 1/x is not integrable on (a,00). B
(b) Suppose b > 0 and s € C. Then

bd

X .

/ — exists <= Res <1,
xS

0

and fob r=5dr =b'"%/(1 — s) for Res < 1.
Proof The proof is just like the proof of (a). m

(c) The integral [; x*dx does not exist for any s € C.
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(d) The integral

00 B 2218
/ zdx = lim rzdr = lim —

a——00 a——o00 2 la

- B—o00

B—00
does not exist.2

(e) We have

/°° dx T /1 dx
— == ——=T.
0 1+x2 2 ,1@

Proof This follows because

. B8 ™ . .

lim arctan} = — and lim arcsin |ﬂ =7,

—00 0 2 a——14+0 @
B—1-0

where we have used Example 4.15(a). m

The integral comparison test for series

In light of Section 6, we anticipate a connection between infinite series and im-
proper integrals.® The following theorem produces such a relationship in an im-
portant case.

8.5 Proposition Suppose f: [1,00) — R" is admissible and decreasing. Then

Zf(n) <OO<:)/100f(x)dx exists .

n>1

Proof (i) The assumption implies A
fn) < f(x) < f(n—1)

for z € [n — 1,n] and n € N with
n > 2. Therefore we have

v

fo < [* e fn-1).

1
and we find after summing over n that
N N N-1
Zf(n)g/ flx)de < Zf(n) for N > 2. (8.1)
n=2 1 n=1

2Note that ffooo z dr does not exist, even though lim_. oo fj xzdx = 0! It important when
verifying the convergence of an integral to check that the upper and lower limits can be passed
independently.

3See also the proof of Remark 6.16(d).
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(ii) The series > f(n) converges. Then the bound
N )
/ fdz < f(n) for N>2.
1 n=1

follows from (8.1) and f > 0. Therefore the function 8 — fl’B f(z) dz is increasing
and bounded. Then floo fdx by Proposition I11.5.3.

(iii) The integral [ f da converges. Then it follows from (8.1) that

N oo
Zf(n)g/ fl@)de for N>2.
n=2 1

Therefore Theorem IL.7.7 implies } -, f(n) exists also. m

8.6 Example For s € R, the series

converges if and only if s > 1.

Proof 1Ifs <0, then ) 1/nisa divergent minorant. It therefore suffices to consider the
case s > 0. Because

/B dx _ [(logB)FS — (log 2)175]/(1 —s), s#1,
5 x(logx)® log(log B3) — log(log 2) , s=1,

f;o dm/m(log z)° exists if and only if s > 1. Then Proposition 8.5 finishes the proof. m

Absolutely convergent integrals

Suppose f: J — F is admissible. Then we say f is absolutely integrable (over J)

if the integral fab |f(z)| dx exists in R. In this case, we also say fab f is absolutely
convergent.

The next theorem shows that every absolutely integrable function is (improp-
erly) integrable.

8.7 Proposition If f is absolutely integrable, then the integral f: f dx exists in
E.

Proof Suppose ¢ € (a,b). Because ff |f| dz exists in R, there is for every € > 0
a 6 > 0 such that

/ 1) =

/|f|7/ |f|‘<5 for a1, a0 € (a,a+9) .
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Proposition 4.3 then implies

fo-1=

Suppose now (a) is a sequence in (a,c) such that lima; = a. Due to (8.2),

/“2f‘§‘/0‘2|f|‘<5 for a1,z € (a,a +96) . (8.2)

( f;, fdz) is then a Cauchy sequence in E. Hence there is an ¢/ € E such that
J
[o fdx— e asj— oo If (a’}) is another sequence in (a, ¢) such then lim o} = a,
J

then, analogously, there is an ¢” € E such that lim; f:/‘, fdr=¢€"in E.
J

Now we choose N € N with o}, € (a,a +6) for j > N. From (8.2), we
then get | [, f — [, f| <& for j > N, after which taking the limit j — oo gives
J J

the inequality |e¢/ — €”| < e. Because this holds for every ¢ > 0, it follows that
e’ = ¢”, and we have proved that limy_.q10 f; f dz exists in E. Analogously, one

shows that limg_,; ¢ fcb f dx exists in E. Therefore the improper integral ff fdx
exists in F. m

The majorant criterion

Similarly to the situation with series, the existence of an integrable majorant of f
secures the absolute convergence of f: fdx.

8.8 Theorem Suppose f: J — E and g: J — R" is admissible with
|f(2)| < g(x) forx € (a,b).

If g is integrable, then f is absolutely integrable.

Proof Suppose ¢ € (a,b) and a1, a3 € (a,c¢). Then using Corollary 4.6, we have

\/;m—@fl\: /:'f"g‘/:g‘: /g—/g\

If ffgdx exists in R, there is for every & > 0 a § > 0 such that | [; g— [5 g| <e
for a1, a2 € (a,a + §), and we get

/|f|—/ |f|‘<5 for o, s € (a,a46) .

This statement makes possible a corresponding reiteration of the proof Theo-
rem 8.7, from which the absolute convergence of ff f dx follows. m
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8.9 Examples Suppose f: (a,b) — E is admissible.

(a) If f is real-valued with f > 0, then f is absolutely integrable if and only if f
is integrable.

(b) (i) Suppose a > 0 and b = oco. If there are numbers ¢ >0, M >0, and ¢ > a
such that

£ ()]

IN

then fcoo f is absolutely convergent.

(ii) Suppose a = 0 and b > 0. If there are numbers ¢ > 0, M > 0 and
¢ € (0,b) such that
M

xlfs

[f ()] <

for z € (0,¢) ,

then foc f is absolutely convergent.

Proof This follows from Theorem 8.8 and Examples 8.4(a) and (b). m
(c) The integral [, (sin(z)/(1 + #%)) dz converges absolutely.

Proof Obviously,  +— 1/(1 + x?) is a majorant of x — sin(z)/(1 4+ 22). In addition,
Example 8.4(e) implies the integral [° dz/(1+ z?) exists. m

8.10 Remarks (a) Suppose fn, f € S([a,b], E) and (f,) converges uniformly to f.

Then, we have proved in Theorem 4.1 that (fab f”)neN converges in F to fab f- The
analogous statement does not hold for improper integrals.

Proof We consider the sequence of functions

1 _
fn(z) = —e /" for x € RY and n € N* .

Then every f, belongs to C(R™,R). In addition, the sequence (f,) converges uniformly
to 0, since || fnlloo = 1/n.

On the other hand, we have

*° _ ool —z/n _ . _ —z/n\|B _
/0 fn(m)dm—/o € dx—%lg&_( e )}a—l.

Altogether, it follows that lim, fooo fadx =1, but f0°° lim, fodr=0.m

(b) When a sequence of functions is also the integrand in an improper integral, one
can inquire whether it is valid to exchange the order of the corresponding limits.
We refrain from this now and instead develop the results in Volume III as part
of the more general Lebesgue integration theory, to which the necessary analysis
is better suited than the (simpler) Cauchy—Riemann integration theory. In the
framework of Lebesgue theory, we will find a very general and flexible criterion for
when taking limits can be exchanged with integration. m
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Exercises

1 Prove the convergence of these improper integrals:

(i) /loosmxdx, (i) /Ooosmmdm, (i) /loon;c.

x? x
In which cases do the integrals converge absolutely?
2  Which of these improper integrals have a value?
(0 01 Llcs_i“; dr (i) /1 BT g (i) /O h FEL e, (i) /O T e ds .
(Hint for (iii): Consider [~ and fol.)
3 Show that [ logsinz dz = —mlog2. (Hint: sin2z = 2sinz cos z.)

4 Suppose —o0o0 < a < b < o0 and f: [a,b) — E is admissible. Show then that f‘ff
exists if and only if for every € > 0 there is a ¢ € [a, b) such that }faﬁ f} <efora,f € [c,b).
5 Show that the integral fo Vt cos(t?) dt converges.?
6 Suppose —oco < a < b<oo,and f: [a,b) — R is admissible.
(i) If f >0, show f: f(z)dz if and only if K := supce[am}f:ﬂ < o0.
(ii) Suppose f € C([a,b),R) and g € C"([a,b),R). Show that if K < co and g(z) tends
monotonically to 0 as ¢ — b — 0, then f‘f fg converges.

7 Suppose that f € Cl([a,oo),]R) with a € R, and suppose that f’ is increasing with
lim; oo f'(2) = co. Prove that [ sin(f(z)) dz converges.
(Hint: Substitute y = f(x) and recall Theorem II1.5.7.)

8 The function f € C([0,00),R) satisfies sup0<a<b<m}f; f| < oo. Show then that
/ fcwc ba:) f(O)log(%) for0<a<b.

(Hint: Let ¢ > 0. The existence of £(c¢) € [ac, be] such that

/Oo flaz) = f(bz) ; /(bz) dr = " %x) da = f(£(0)) 105(%)

ac

follows from Theorem 4.16.)
9 Suppose —00 < a < 0<b<oo,and f: [a,0)U(0,b] — R is admissible. If

lim( ‘;S f(z)dx + Ebf(ac) dw)

e—0

exists in R, then this limit is called the Cauchy principal value of f; f, and we write®
PV f: f. Compute

1 /2 1
pv [ % pv dr_ PV/ S —
_ z(6+x —x?)

L x —n/2 ST

4This exercise shows in particular that the convergence of fooo f does not allow one to conclude
that f(z) — 0 for x — oco. Compare this result to Theorem II.7.2.
5PV stands for “principal value”.
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9 The gamma function

In this section, which closes for the time being the theory of integration, we will
study one of the most important nonelementary functions of mathematics, namely,
the gamma function. We will derive its essential properties and, in particular, show
that it interpolates the factorial n — n!, that is, it allows this function to take
arguments that are not whole numbers. In addition, we will prove a refinement
of the de Moivre-Stirling asymptotic form of n! and—as a by-product of the
general theory — calculate the value of an important improper integral, namely,
the Gaussian error integral.

Euler’s integral representation

We introduce the gamma function for z € C with Rez > 0 by considering a
parameter-dependent improper integral.

9.1 Lemma For z € C such that Re z > 0, the integral
/ t*le7tdt
0

Proof First, we remark that the function ¢ — t*~

converges absolutely.

le=t on (0, 00) is admissible.
(i) We consider the integral on its lower limit. For ¢ € (0, 1], we have

|t27167t| _ tRezfl —t S tRezfl )

e

From Example 8.9(b), it then follows that fol t*~le~t dt is absolutely convergent.

(ii) For m € N, we have the estimate
tm e t*
— < —=e¢t fort>0.

After multiplying by t®¢*~1, we find

m'

z—1_—t| _ ;Rez—1_—t :
|t € |*t S tm—Rez+1 !

e

We choose m € N* such that m > Re z and get from Example 8.9(b) the absolute
convergence of [~ t* " te~tdt. m

For z € C with Re z > 0, the integral

I'(z) = /000 t*"le~tat (9.1)

is called the second Euler integral or Euler’s gamma integral, and (9.1) defines the
gamma function for [Rez > 0]:={z€ C; Rez >0}.
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9.2 Theorem The gamma function satisfies the functional equation
I(z+1) =2I'(z) for Rez >0.

In particular,
'n+1)=n! forneN.

Proof Integrating by parts with u(¢) := ¢* and v'(t) := e~ gives

B B
/ tPe tdt = —tze*t‘i + z/ t#7le7tdt for0<a<fB<oo.
«

[

From Proposition I11.6.5(iii) and the continuity of the power function on [0, c0),
we get t°e”t — 0 ast — 0 and as t — oco. Consequently, we have

a—0+
B—00

I¢] (')
I'(z+1)= lim tYetdt = z/ t*"le7tdt = 2T(2)
le' 0

and therefore the stated functional equation.

Finally, completing the induction, we have
F'n+1)=nl'(n)=n(n—-1)---- -1-T(1)=n!l(1) forneN.

Because I'(1) = [;“e ' dt = fe_t|;o =1, we are done.! m

The gamma function on C\ (—N)

For Rez > 0 and n € N*, it follows from Theorem 9.2 that

Fz+n)=(C+n—-1(Ez4+n-2) - - (z+1)zI'(2) ,
o B I(z+n)
F(z)iz(z—&—l)-----(z—&—n—l)' (92)

The right side of (9.2) is defined for every z € C\ (—N) with Rez > —n. This
formula suggests an extension of the function z — I'(z) onto C\ (—N).

9.3 Theorem (and Definition) For z € C\(—N)

I'(z+mn)
(z+1):---(24n-1)

Tn(z):= .

is independent of n € N* if n > — Re z. Therefore we can define through

I'(z) :=Ty(z) for ze C\(-N) andn > —Rez

I'Naturall ° is an abbreviation for limp_, o, b
y a a
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an extension to C\(—N) of the function given in (9.1). This extension is called the
gamma function. It satisfies the functional equation

I'(z+1) =2I'(z) for z€ C\(-N).

Proof Due to (9.2), ', agrees on [Rez > 0] with the function defined in (9.1).
Also, for m,n € N such that n > m > — Re z, we have

Pz+n)=(+n—-1-- - (z+m)(z+m) .
Therefore
_ I'(z+mn)
Tn(z) = z(z+1)- - - (z4+4n-1)
_ (z+n-=1) - - (z+m)'(z+m)
2(z4+1) - (z+m=1)(z+m)- - - (z4+n—-1)
_ I'(z+m) B
Cz(z41) - (z4+m—1) =Dm(2) -

Thus the functions I';, and T, agree where they are both defined. This shows
that the gamma function is well defined and agrees with the Euler gamma integral
when [Re z > 0].

For z € C\(—N) and n € N* such Rez > —n, we have

F(z+n+1) ~ z2(z4+n)l(z+n)

I'z+1) = (z+1)- - (z+n)  2(z+1)- - -(2+n)

= zI'(2)
since (z4+n)'(z4+n)=T(z+n+1). =

Gauss’s representation formula

The gamma function has another representation, with important applications, due
to Gauss.

9.4 Theorem For z € C\(—N), we have

n*n!
I'(z) = 1 .

Proof (i) We consider first the case Re z > 0. Because

I(z) = lim t*~letdt

n—oo 0
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and, according to Theorem II1.6.23,

e = lim (1 - E) fort >0, (9.3)
n

n—o0

we can guess the formula

n t n
I'(z) = lim t2—1(1 _ —) dt for Rez >0 . (9.4)
0 n

n—o0

We prove it below.

(ii) Suppose Re z > 0. We integrate (9.4) by parts using u(t) := (1 — t/n)"
and v'(t) == t*~ L

/Ontz_l(l—%)ndt:%/Ontz(l—%)nldt.

Another integration by parts gives

" t\n 1 —1 " t\n—2
/tz’l(l——) dt:—~n7/ t2+1(1——) dt
0 n z n(z+1) Jo n

and, completing the induction, we find

/ntzfl(lfi)ndtzl. n-1 n-2 1 /ntZJr”*ldt
0 n z n(z+1) n(z+2) n(z+n-1) J,

1 n-1 n—2 1 n*tn

T2 n(z+1) n(z+2) niz+n-1 z+n

B nln?

Cz(z4+1) - (24n)

The claim then follows in this case from (9.4).
(iil) We set

n!n?

z_|_1). (z_|_n)

Yn(2) 1= o for z € C\(-N) . (9.5)

Then we have
1 z+1
() z(z+1)~~~~(z+kfl)( + n )( *

. (1 + %)%(z +k)

z+2)
n

for every k € N*. We now choose k > — Re z, and so, from (ii) and Theorem 9.3,
we get

I(z+ k)
zZ(z+1)- - - (z4+k-1)

117ILIIVn(Z) = =T(z).
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Then it only remains to show (9.4).

(iv) To prove (9.4) for constant z, we can set f(t) :=t*~te~t and

£ __{ =11 —t/n)", 0<t<n,

N 0, t>n.
Then it follows from (9.3) that

lim f,(t) = f(t) fort>0. (9.6)

n—oo

Because the sequence ((1 — t/n)”)n converges monotonically to e~ for ¢t > 0

(see (v)), we also have

€N

[fn®)] <g(t) fort>0andneN, (9.7)

where we define the integrable function ¢ +— g(t) := t®¢*~le~* on (0,00). Now

it follows from (9.6), (9.7), and the convergence theorem of Lebesgue (proved in
Volume IIT) that

lim ntz_l(l—t/n)”dt: lim fn t)dt = / f(t) I'(z) ,

n—oo 0 n—oo 0

and therefore (9.4).

To avoid looking ahead to the theorem of Lebesgue, we will directly verify
(9.4). But first, we must prove that the convergence in (9.3) is monotonic and
locally uniform.

(v) From the Taylor expansion of the logarithm (Application IV.3.9(d) or
Theorem V.3.9), we have

log(1 — s) 1 o= s — "
7:7EZ?:71721@‘ for s € (0,1)
k=1 k=1
and we find log(1
Og( 87 S) Til (SHO‘F) . (98)

We now set in (9.8) an s := t/n such that ¢ > 0, and therefore

nlog(l — %) :t{%log(l — %)} T —t (n—o00).

The monotonicity and the continuity of the exponential function then shows that

the sequence ([1 — t/n]”)neN converges to e for every t > 0.

The uniform convergence of this sequence on compact subintervals of R
follows from the uniform continuity of the map s — [log(l — s)] / s on such intervals



VI.9 The gamma function 103

(see Exercise I11.3.11). Namely, suppose T' > 0 and € > 0. Then there is a
6 > 0 such that

log(1 —
‘M+1‘<5 for0<s<d. (9.9)

Now, we indeed have t/n < § for. n > T/§ and t € [0,T]. Defining s := t/n, it
therefore follows from (9.9) that

t t
‘nlog(lf—)+t‘ §T’%10g(17—)+1‘<Ts for0<t<T.
n n

Thus the series (nlog(1 ft/n))neN converges uniformly to —¢ on [0, T']. Because the

exponential function is uniformly continuous on [0, 7], the series ((1 —t/n)") N

converges uniformly in ¢ € [0,7] to e™*.

(vi) Finally, we prove (9.4). Suppose then £ > 0. The proof of Lemma 9.1
shows that there is an Ny € N such that

oo
/ tRe==le=tdt < ¢/3 .
No

Therefore, from (v), we have

n N n oo c
/ tRezfl (1 o _) dt S / tRezfleft dt S / tRezfleft dt < =
N, n No No 3

0

for n > Ny. Finally, there is, for the same reasons as in (v), an N € N such that

No t\" 5
/ tReZ_l(e_t—(l——) )dtﬁ— forn> N .
0 n 3
For n > Ny V N, we now get
" z—1 t\"
’F(z)— e (1-2) dt‘
0 n
No N() n t n
< ‘I‘(z)f/ tzfle*tdt‘w/ tzfle*tdtf/ tzfl(lf—) dt‘
0 0 0 n
o No t\ "
< / tRez_le_th/ tRez_l(e_t _ (1 _ _) )dt
No 0 n
n t n
+/ tRez—l(l— —) dt < e,
No n

which shows (9.4). m
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The reflection formula

As an application of the Gauss product representation, we will deduce an impor-
tant relationship between the gamma function and the sine. To that end, we first
prove a product form of 1/, which is due to Weierstrass.

9.5 Proposition For z € C\(—N), we have

1 . s Z\ _,
) = ze® kli[l(1+E)e Ik (9.10)

where C is the Euler—Mascheroni constant. The infinite product converges ab-
solutely and is locally uniform. In particular, the gamma function has no zeros.
Proof Obviously

7

1 =zZexXp|z
NE Rl (kzl

N

Stk
~tosn)| T (=)
k=1
for z € C\ (~N). Defining ay(z) := (1 + z/k)e~*/*, we have for |z| < R

(-1
!

z

(Eﬂ - 1‘ <c/k?, (911

lax(z) — 1] = ](1 +2/k) [1 —2/k+ Y
j=2

with an appropriate constant ¢ := ¢(R). Hence there is a constant K € N* such
that |ax(z) — 1] <1/2 for k > K and |z| < R. From this, it follows that

f[ z —]L— k ek — (ﬁ ak(z)) eXp( z”: logak(z)) (9.12)
k=1 k=1 k

=K+1

for n > K and |z| < R. From the power series representation of the logarithm, we
get the existence of a constant M > 1 such that |log(1+¢)| < M (]| for |¢| < 1/2.
Thus we find using (9.11) (which changes everything) the estimate

Z |logar(z)| < M Z lak(z) — 1| < cMz:kf2

k>K k>K

for |z| < R. Theseries ), . ; log ax(z) then converges absolutely and uniformly for
|z| < R due to the Weierstrass majorant criterion. From (9.12) and the properties
of the exponential function, this holds also for the infinite product appearing in
(9.10). The claim now follows from Theorem 9.4 and Example 6.13(b). m

We can use this product representation to get the previously mentioned re-
lationship between the sine and the gamma function.
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9.6 Theorem (reflection formula for the I' function?) For z € C\Z, we have

L)1 - 2) = —

sin(nz)

Proof The representation (9.10) implies (see Proposition I1.2.4(ii))

1 1 1 i 22
= = 1- 2
T(z) T(1—2) —20(2)[(~2) Z,E( k2)
for z € C\Z. The claim now follows from Application 7.23(b). m

Using the reflection formula, we can compute the value of some important
improper integrals.

9.7 Application (Gaussian error integral®) The identity says

/OO e de =T(1/2) = /7 .

— 00

Proof Using the substitution = = /¢, we find*

F(l/Q)Z/O e_t%ZQ/O e_xzdx:/_oce_mzdx,

22

because x — e~ * is even. The claim then follows from the reflection formula. m

In Volume III, we will learn an easier method for calculating the Gaussian
error integral, which uses a multivariable integration.

The logarithmic convexity of the gamma function

Using

on(z) == zlogn — Zlog(z +k) +log(n!) forneN*  2zeC\(-N),
k=0

we get from (9.5) the representation ~y, = e®". Then, by taking the logarithmic
derivative v,, /vn of v, we find the simple form

n

/
Tn(2) 1
z) = =logn — _, 9.13
Yn(2) =70 = log 1§=0 Py (9-13)
2So0 called because its left side is even about z = —1/2.

3The name “error integral” comes from the theory of probability, in which the function x +—

w? plays a fundamental role.

o
4This substitution is carried out in the proper integral faﬁ, and then the limits a — 04 and
B — oo are taken.
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and, further,

(9.14)

for n € N* and 2z € C\ (—N).

We can now prove the following forms of the first two logarithmic derivatives
of the gamma function.

9.8 Proposition I' € C?(C\(—N)). Then we have

oo

r'(z) 1 11
I'(2) __C_;_kzzl(erk_E) (9.15)
and
(F—/)'(z) _ i _ (9.16)
r = (24 k)?

for z € C\(—N), where C is the Euler-Mascheroni constant.

Proof We first must show that the sequence (¢,,) and (¢],) on C\(—N) is locally
uniformly convergent. So we consider

SRR S )

Thus, we must show the local uniform convergence of the series

1 1 . ,
zk:(zwcﬁ)%:m and %:(Zﬂf) (9.17)

on C\ (—N).
Suppose zg € C\(—=N) and 0 < r < dist(zg, —N). Then, for z € B(zg,r), we
have the estimate

|z + k| >|z0+ k| —|z2— 20| > k—|20| —r>Fk/2
for k € N* such that k > kg := 2(|z0| + ). Consequently, we find

‘ z <k_0 1 <i
k(z+k)| — k27 |2+k]2 — k2

for z € B(zo,r) and k > ko. Thus follows the uniformly convergence on B(zg,r) —
and accordingly the local uniform convergence on C\ (—N)—of the series (9.17)
from the Weierstrass majorant criterion (Theorem V.1.6). Therefore we have

o0

Y(z) = lim gn(z) = ~C — % - kz(z Jlr T %) for € C\(=N) . (9.18)
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From the theorem of the differentiability of the limits of series of functions (The-
orem V.2.8), it further follows that v is continuously differentiable on C\ (—N),
with

Y (z) = nhi& W (z) = Z B —:k)Q for z € C\(—-N) . (9.19)
k=0

For z € C\ (—N), we can also write ¢, (z) in the form
on(z) = —logz + z(logn - Z %) + Z(% — log(l + %)) .
k=1 k=1

Then
log(1 + z/k) = z/k + O((2/k)?) (k — o)

and Example 6.13(b) imply that ¢, (z) converges to

p(z) = —logz—03+i(£ —log(1+ %))

as n — oco. Thus we get from v, = e¥" and Theorem 9.4 that
[(z) = e?®)  for z € C\(-N) . (9.20)

Because ¢, = 1, and the sequence (1)) is locally uniformly convergent, Theo-
rem V.2.8 then guarantees that ¢ is continuously differentiable with ¢’ = ¢. Now
it follows from (9.20) that I" is also continuously differentiable with

IM=¢'e? =4I . (9.21)

Then (9.15) follows from (9.18), and (9.16) is a consequence of (9.19). Finally, that
I' € C?(C\(—-N)) follows from (9.21) and the continuous differentiability of ¢. m

9.9 Remarks (a) The above theorem and Theorem VIIL.5.11 imply that T is
analytic on C\ (—N).

(b) Because (I"/T)' = (I'"'T — (I")?) /T2, we get from (9.16) that
I(@)l(z) > (I(2))? > 0 for z € R\(=N) .

Therefore sign(I"(z)) = sign(I'(z)) for z € R\ (~N). From Gauss’s formula of
Theorem 9.4, we read off that

1 x>0
. F — ? ?
51gn( (:ﬂ)) { (71)1@’ —k<zrx<-k+1, keN.

Therefore T is convex on (0, 00) and the intervals (—2k, —2k + 1) but concave on
the intervals (—2k — 1, —2k), where k € N.
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v

3
—4 ‘ —2 1 0o 1

/)

(c) A function f that is everywhere strictly positive on a perfect interval is said
to be log convex if log f is convex. If f is twice differentiable, then, according
to Corollary IV.2.13, f is log convex if and only if f”f — (f')> > 0. Therefore
the gamma function is log convex on (0,00). One can show that I'|(0,00) is the
unique function f: (0,00) — (0, 00) that satisfies the conditions

(i) f is log convex,

(ii) f(z+1) ==zf(x) and for z > 0, and

(iii) f(1) =1.
For a proof and a construction of the theory of the gamma function on the basis
of these properties, we refer to [Art31] (see also [K6n92] and Exercise 6). m

Stirling’s formula

The de Moivre-Stirling formula describes the asymptotic behavior of the factorial
n—n! as n — co. Example 6.13(a) says

T(n)=(n—1) ~ V210" 2™ (9.22)
The following theorem refines and amplifies this statement.
9.10 Theorem (Stirling’s formula) For every « > 0, there is a 6(z) € (0,1) such
that

F(Z‘) — mxzfl/2efxe(9(z)/12z ]

Proof For ~,, we get from (9.5) that

logyn(z) = logn! 4+ xlogn — Zlog(m +k) forx>0.
k=0
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To the sum, we apply the Euler—-Maclaurin formula (Theorem 6.9) with a := 0,
b:=n and m := 0 and find

n
Z log(z + k) = / log(x +t) dt + = [logm +log(z + n)] + Ry (x) ,
where _
" Bi(t)
0o T+t
Integrating by parts with u(¢) := log(z + t) and v/ = 1 then gives

/" log(z +t)dt = (z +t)[log(z + t) — 1] to
0 0

R, (z) := dt .

(x+n)log(zx+n) —n—zlogx

and thus
log vn(x) = (x—§) logz +logn!+mn+xlogn — (Jc—l—n—l— )10g(x—|—n) R, (z) .

Because log(z + n) = logn + log(1 + z/n), it follows that
(x+n+ )log(ern)fxlognJrlog( )+(x+§)10g(1+—)
n

n
and we ge(

log yn () = (x — %) logxz — log((l + %)n) — (x + %) log(l + g)

| (9.23)
—Hog[#} — Ry (x) .
To estimate R, (z), we consider
k+1 B1 n—1
RM@;}/,C x+t Z/ x+t+k ;}g(swk)
with
g(x):/Oltxifdt(x+%)log(le)l 2y1 1jz—1,

where we have set y := 1/(2x+1). For 2 > 0 we have 0 < y < 1. Therefore, from
log((1+y)/(1—y)) =log(1+y) —log(1 —y)

and the power series expansion of the logarithm

_1 L
2 %1y
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we have

0<9<%>=Z TEu R DB A Sy
1 1
=—=——-——=h(z) forz>0.

122(z+1) 12z 12(z+1)

Thus ), h(z + k) represents a convergent majorant of the series ), g(x + k).
Therefore

R(z) := lim R,( ngJrk

exists, and we have

1
-R —  fi
0< (ﬂc)<12 orxz >0,

since 1/12x is the value of the series >, h(z + k) and g(x) < h(z) for z > 0.
Now we pass the limit n — oo in (9.23) and find from Theorem 9.4 that

logT(x) = (x — %) logx — x +log V27w — R(x) ,

where we have reused the de Moivre-Stirling formula (9.22). The theorem now
follows with (z) := —12zR(x). m

Stirling’s formula allows the approximate calculation of the gamma function,
and, in particular, it approximates large arguments of the factorial n!. If one
approximates I'(z) as /27 2~ 1/2¢=7the relative error is smaller than e!/12¢ — 1.
This error diminishes rapidly as x grows large.

The Euler beta integral
The integral
1
/ (1 -t dt (9.24)
0

called the first Euler integral, plays an important role in the context of the gamma
function.

9.11 Proposition The integral (9.24) converges absolutely for p,q € [Rez > 0].

Proof Because

1
/ |tp 1 q 1|dt / tRep71<17t)Req71 dt,
0

it suffices to consider the case p,q € R.
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(i) Suppose ¢ € R. Then there are numbers 0 < m < M such that
m< (11— <M for0<t<1/2.

Consequently, it follows from Example 8.9(b) that
1/2
/ tP71(1 — )77 dt exists <= p >0 .
0

(ii) Suppose now p > 0. Then there are numbers 0 < m’ < M’ such that
m <Pl <M for1/2<t<1.

Therefore f11/2 tP=1(1 —¢)971 dt exists if and only if f11/2(1 —t)97 1 dt exists. Using
the substitution s := 1 — ¢, it follows® from Example 8.9(b) that

1 1/2
/ (1-t)rtat= / 5771 ds exists <= ¢ > 0,
1/2 0

as claimed. m

Using these theorems, the Euler beta function B is well defined through

1
B: [Rez> 0] x [Rez > 0] — C, (p,q)H/ L1 = ) gt
0

9.12 Remarks (a) The gamma function and the beta function are connected by
the functional equation

I'(p)I'(q)
I'(p+aq)

A proof of this statement for p,q € (0, 00) is outlined in Exercises 12 and 13. We
treat the general case in Volume III.

=B(p,q) for p,qge[Rez>0]. (9.25)

(b) For p,q € [Rez > 0], we have

B(p,q) = B(g,p) and B(p+1,q) = gB(;mq +1).
Proof The first statement follows immediately from (9.25). Likewise (9.25) and Theo-
rem 9.2 imply

PP _ p
P+al(p+q) p+ta
and then also, by symmetry, B(p,q+ 1) = (q/(p + q)) B(p,q). m

Blp+1,q9) = B(p,q) ,

5As already noted for improper integrals, we make these substitutions before passing any
limits to infinity.
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(c) Using the functional equation (9.25) and the properties of the gamma function,
the beta function can be defined for all p, ¢ € C such that p,q,(p+¢q) ¢ —N. m

Exercises

1 Prove that

1 ok —1
F<n+§):ﬁH - =1~3~---~(2n—1)g for n € N* .
k=1

2 Show that I' belongs to C*°(C\(—-N),C) with
r™(z) = / t* '(logt)"e "dt forn e Nand Rez > 0.
0

(Hint: Consider (9.4).)
3 Let C be the Euler—-Mascheroni constant. Verify these statements:
(i) [y e tlogtdt =—C.
(ii) [T e 'tlogtdt=1—C.
(iii) ;% e " ogtdt = (n—1)! 2721 (1/k — C) for n € N and n > 2.
(iv) [7°(logt)?e " dt = C* + 7% /6.
(Hint: To compute the integrals in (iv), consider Application 7.23(a).)

4 Show that the gamma function has the representation

F(z):/o (—logt)* tdt

for z € C such that Rez > 0.

5 Suppose f and g are log convex. Show that fg is also log convex.

6 Suppose the function f: (0,00) — (0, 00) is differentiable® and satisfies
(i) f is log convex;
(i) f(z+1)==zf(x) for x > 0;

(iii) f(1) = 1.

Show then that f =T'|(0, c0).

(Hints: («) Define h := log(T'/f). Using (iii), it suffices to verify A’ = 0.

(8) From (ii) and Theorem 9.2, it follows that h is 1-periodic.
() From (i) it follows that (log f) is increasing (see Theorem IV.2.12). This implies

0 < (log f)'(z +y) — (log f)'(z) < (log f)'(z + 1) — (log f)'(z) = 1/

for 0 < y < 1, where the last step follows from reusing (ii). An analogous estimate holds
also for (logT')". Therefore

—1/x <h(x+y)—h(z)<1/z foryc (0,1 and x € (0,00) .

60ne can do without the differentiability of f (see [Art31], [Kon92]).
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Then that h, k', and h'(- 4+ y) are 1-periodic implies that
—1/(z+n) <h(z+y)—h(x)<1/(x+n) forz,yc (0,1] and n € N* .
For n — oo, it now follows that A’ = 0.)

7 Prove the Legendre duplication formula

r(%)r(xgl) - Q‘flr(m) for 2 € (0, 00) .

(Hint: Consider h(z) := 2*T'(z/2) F((m + 1)/2) and apply Exercise 6.)

8 For z € (—1,1), verify the power series expansion
(log F)(l + ;Ij) =—-Cr+ Z(_l)k C(kk) zF
k=2

(Hint: Expand log(1 4 z/n) as a power series for n € N* | and look to Proposition 9.5.)
9 Show fol logI'(z) do = log v/2m. (Hint: Exercise 8.4 and Theorem 9.6).
10 Verify that for 0 < a < b, we have

.

/b dx _
. VE-—ab-2)
11 For fixed g € (0, 0), show the function (0, c0) — (0,00), p — B(p, ¢) is differentiable
and log convex. (Hint: Show 8; (log(t*~'(1—t)?"')) = 0 for p,q € (0,00) and ¢ € (0, 1).)
12 Prove (without using (9.25)) that for p,q € (0, 00), we have

B(p+1,9) =pB(p,q)/(p+4q) .

13  For p,q € (0,00), show
P(p)T'(e) _
W =B(p,q) -
(Hints: Fix g € (0, 00) and let
f:(0,00) = (0,00) , p+B(p,q)T(p+4q)/T(q) -

According to Exercise 11 and Proposition 9.8, f is differentiable, and Exercises 5 and 11
show that f is log convex. Further, it follows from Exercise 12 that f satisfies the
functional equation f(p+ 1) = pf(p). Then f(1) = 1 and Exercise 6 implies the claim.)



Chapter VII

Multivariable differential
calculus

In Volume I, we used the differential calculus to extract deep insight about the
“fine structure” of functions. In that process, the idea of linear approximations
proved to be extremely effective. However, we have until now concentrated on
functions of one variable.

This chapter is mainly devoted to extending the differential calculus to func-
tions of multiple variables, but we will also further explore the simple idea of
linear approximations. Indeed —in contrast to the one-dimensional case—the
issues here are intrinsically more complicated, because linear maps in the multidi-
mensional case show a considerably richer structure than those in one dimension.

As before, we prefer to work in a coordinate-free representation. In other
words, we develop the differential calculus for maps between Banach spaces. This
representation is conceptually simple and actually makes many expressions look
much simpler. The classical formulas for the derivatives in the usual coordinate
representation follow easily from the general results using the product structure
of finite-dimensional Euclidean spaces.

Because linear maps between Banach spaces underlie the linear approxima-
tion and therefore also differentiability, the first section is devoted to studying
spaces of linear operators. Special interest falls naturally on the finite-dimensional
case, which we develop using basic rules for matrices from linear algebra.

As an application of these results, we will study the exponential function in
the algebra of endomorphisms of Banach spaces and derive from it the basic facts
about systems of ordinary differential equations and then second order differential
equations with constant coefficients.

Section 2 establishes another central concept, the Fréchet derivative. Beyond
this, we consider directional derivatives, which arise naturally from partial deriv-
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atives and the representation of the Fréchet derivative by means of the Jacobi
matrix. Finally, we examine the connection between the differentiability of func-
tions of a complex variable and the total differentiability of the corresponding real
representation. We characterize complex differentiability by the Cauchy—Riemann
equations.

In Section 3, we put together the rules for differentiation and derive the
important mean value theorem through a simple generalization of the one variable
case.

Before we can turn to higher derivatives, we must clarify the connection
between multilinear maps and linear-map-valued linear operators. The simple
results developed in Section 4 will build the foundation for a clear representation
of higher derivatives in multiple variables.

In Section 5, we explain the concept of higher order derivatives. In particu-
lar, we prove the fundamental Taylor’s formula— both for maps between Banach
spaces and for functions of finitely many variables. Generalizing the criterion in
the one-dimensional case, we will specify sufficient conditions for the presence of
local extrema of functions of multiple variables.

Section 6 plays a special role. Here, we shall see the first reward for developing
the differential calculus on Banach spaces. Using it, we will explain the calculus
of variations and derive the important Euler-Lagrange differential equations. In
the process, we hope you will appreciate the power of abstract approach, in which
functions are regarded as points in an infinite-dimensional Banach space. This
simple geometrical idea of “functions of functions” proves to have wide-ranging
consequences. Here, in the calculus of variations, we seek to minimize a certain
function of a function, whose form is usually determined by a physical principle,
such as “least action”. The minima, if present, occur at critical points, and this
criterion leads to the Euler-Lagrange differential equation(s), whose importance
for mathematics and physics cannot be overstated.

After this excursion into “higher analysis”, we prove in Section 7 perhaps
the most important theorem of differential calculus, namely, the inverse function
theorem. Equivalent to this result is the implicit function theorem, which we derive
in the subsequent sections. Without extra trouble, we can also prove this theorem
for maps between Banach spaces. And again, the coordinate-free representation
yields significant gains in clarity and elegance.

In Section 8, we give a glimpse of the theory of nonlinear ordinary differen-
tial equations. Using the implicit function theorem, we discuss first order scalar
differential equations. We also prove the Picard-Lindelof theorem, which is the
fundamental existence and uniqueness theorem for ordinary differential equations.

In the balance of this chapter, we will illustrate the importance of the implicit
function theorem in the finite-dimensional case. With its help, we will character-
ize submanifolds of R"; these are subsets of R™ that locally “look like” R™ for
m < n. Through numerous examples of curves, surfaces, and higher-dimensional
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submanifolds, we will see that this resemblance can be better visualized and more
precisely described through their tangential spaces. Here, we will concentrate on
submanifolds of Euclidean vector spaces, as they are conceptually simpler than
abstract manifolds (which are not defined as subsets of R™). However, we will
lay the groundwork for analysis on general manifolds, which we will then tackle
in Volume III. As a practical application of these geometric ideas, we will study
constrained minimization problems and their solution by the method of Lagrange
multipliers. After deriving the relevant rules, we will treat two nontrivial examples.
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1 Continuous linear maps

As we just said, differentiation in the multivariable case depends on the idea of
local approximations by affine functions. Of course, from Proposition 1.12.8, the
nontrivial part of an affine function between vectors spaces is just its linear map.
Thus we will concentrate next on linear maps between normed vector spaces.
After deducing a few of their fundamental properties, we will use them to study
the exponential map and the theory of linear differential equations with constant
coefficients.

In the following, suppose
e E=(E,|]) and F = (F, ||-||) are normed vector spaces® over the field K.

The completeness of L(E, F)

From Section VI.2, we know already that L(E, F'), the space of all bounded linear
maps from E to F, is a normed vector space. Now we explore the completeness of
this space.

1.1 Theorem If F is a Banach space, then so is L(E, F).

Proof (i) Suppose (A,) is a Cauchy sequence in L(E, F). Then for every € > 0,
there is an N(e) € N such that ||A, — A || < € for m,n > N(e). In particular, for
every x € E, we have

[Anz — Amz|| < [[An — Aml| |[z]] < e llzl]  for m,n > N(e) . (L.1)

Therefore (A,z) is a Cauchy sequence in F. Because F' is complete, there is a
unique y € F such that lim A,z = y. We can then define a map A: F — F by
x +— lim A,x. From the linearity of limits it follows at once that A is linear.

(ii) Because it is a Cauchy sequence, (A,,) is bounded in L(E, F') (see Propo-
sition I1.6.3). Thus there is an o > 0 such that ||4,| < « for all n € N. From
this, it follows that

lAnz|| < |An] |z]| < aljz|| forneNandz € E .

Leaving out the middle term, the limit n — oo implies the estimate ||Az| < a||z]]
for every x € E. Therefore A belongs to L(E, F).

(iii) Finally we prove that the sequence (4,) in L(E,F) converges to A.
From (1.1), it follows that

|Anz — Azl <e for n,m > N(e) and x € Bg .

1When necessary, we distinguish the norms in E and F by corresponding indices.
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For m — oo this implies
|Apz — Az|| <e forn > N(e) and z € By ,
and, as claimed, we get the inequality

|An — Al = sup ||Anx — Az|| <e forn > N(e)
lzll<1

by forming the supremum over Bg. m

1.2 Corollary

(i) L(E,K) is a Banach space.

(ii) If E is Banach space, then L(E) is a Banach algebra with unity.
Proof (i) is clear, and (ii) follows from Remark VI.2.4(g). m

Finite-dimensional Banach spaces

The normed vector spaces FE and F are called (topologically) isomorphic if there is
a continuous linear isomorphism A from E to F such that A~! is also continuous,
that is, if A belongs to L(F,E). Then A is a topological isomorphism from E
to F. We denote by

Lis(E, F)

the set of all topological isomorphisms from E to F, and we write £ = F if
Lis(E, F) is not empty.2 Also, we set

Laut(E) := Lis(E, E) .
Thus Laut(FE) is the set of all topological automorphisms of E.

1.3 Remarks (a) The spaces £(K, F') and F are isometrically® isomorphic. More
precisely, using the isometric isomorphism

LEKF)—F, A~ Al, (1.2)

we canonically identify £(K, F) and F' as L(K, F) = F.

Proof It is clear that the map (1.2) is linear and injective. For v € F, consider
A, € LK, F) with A,z := zv. Then A,1 = v. Therefore A — Al is a vector space
isomorphism. Furthermore,

|Az||p = |z| |AL||p < |AL|lr for = € B and A € L(K, F) .

2Note that in normed vector spaces & always means “topologically isomorphic” and not just
that there exists a vector space isomorphism.
3See Example II1.1.3(0).
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This implies [|Al|zx,r) = ||Al||r. Therefore (1.2) is an isometry. m

(b) Laut(E) is a group, the group of topological automorphisms of E, where the
multiplication is defined through the composition of the two linear maps.

Proof This follows from Remark VI.2.4(g). m
(c) If E and F are isomorphic, then F is a Banach space if and only if F' is.

Proof It is easy to see that a topological isomorphism maps Cauchy sequences to Cauchy
sequence and maps convergent sequences to convergent sequences. ®

(d) Suppose E and F are Banach spaces, and A € L(E, F) is bijective. Then A
is a topological isomorphism, that is, A € Lis(E, F).

Proof This theorem is a standard part of functional analysis (see the Banach homo-
morphism theorem, also known as the open mapping theorem). m

1.4 Theorem Suppose {b1,...,b,} is a basis of E. Then

T: F—K", e:ijij(xl,...,xn) (1.3)
j=1

is a topological isomorphism, that is, every finite-dimensional normed vector space
is topologically isomorphic to a Euclidean vector space.

Proof Obviously, T is well defined, linear, and bijective, and
n )
T 'z = ijbj for z = (2!,...,2") € K",
j=1

(see Remark 1.12.5). From the Cauchy—Schwarz inequality of Corollary 11.3.9, we
have

3 n ) n o N1/2 ™ 1/2
I~ < 3 e gl < (32 172) (3o esl?) = Bl
Jj=1 j=1 j=1

with 3 := (37, [[b;]1%) "2 Therefore T~ belongs to L(K", E).

We set |z|e := ||T~ x| for # € K". Tt is not difficult to see that ||s is a norm
on K" (see Exercise I1.3.1). In Example I11.3.9(a), we have seen that all norms
are equivalent on K". Hence there is an o > 0 such that |z] < a|z|, for z € K".
Thus we have

|Te| < a|Te|l, =alle]| forecE,

that is, T € L(E,K"), and we are done. m
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1.5 Corollary If F is finite-dimensional, these statements hold:
(i) All norms on E are equivalent.

(ii) E is complete and therefore a Banach space.

Proof Let A:=T"! with the T of (1.3).

(i) For j = 1,2, let ||-||; be norms on E. Then x — |z|(;) := [|Az||; are norms
on K". Hence, there is from Example II1.3.9(a) an a > 1 such that

a ! 2|1y < |2l@2) < evfafy, forz e K".
Because |le||; = |[A™ e|(; it follows from this that
a Vel < llellz < allell, foree B

Hence ||-]|; and ||-||2 are equivalent norms on E.
(ii) This follows from Remark 1.3(c) and Theorems 1.4 and I1.6.5. m

1.6 Theorem Let E be finite-dimensional. Then Hom(E,F) = L(E,F). In
other words, every linear operator on a finite-dimensional normed vector space is
continuous.

Proof We define T € Lis(F,K") through (1.3). Then there exists a 7 > 0 such
that |Te|] < 7|le|| for e € E.

Now suppose A € Hom(FE, F'). Then Ae = 2?21 xJ Ab;. Consequently, the
Cauchy—Schwarz inequality (with z. := T'e) says

n 1/2
Jell < (3114b512) | = alwe| forec B,
j=1

1/2
where we have set o := (37 [|Aby[|*) ", Thus we get
| Ae|| < alz.| =a|Te| < ar|e|| foree E.
Finally, according to Theorem VI.2.5, A is continuous. m

1.7 Remarks (a) The statements of Corollary 1.5 and Theorem 1.6 do not hold
for infinite-dimensional normed vector spaces.
Proof (i) We set E := BC'((—1,1),R). In the normed vector space (E, | -|ls), we
consider the sequence (uy,) with u, (t) ;= \/t2 + 1/n for t € [~1,1] and n € N*.

It is easy to see that (u,) is a Cauchy sequence in (E,||-||cc). We now assume

(E,|I'llsc) is complete. Then there is a u € E such that lim ||un — u||ec = 0. In particular,
(un) converges pointwise to w.
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Obviously, un(t) = /t2 4+ 1/n — |t| as n — oo for ¢t € [—1, 1]. Therefore, it follows
from the uniqueness of limits (with pointwise convergence) that

(t— [t|) =u € BC'((~1,1),R) ,

which is false. The contradiction shows (E, ||-||lec) is not complete

Finally, we know from Exercise V.2.10 that (BC"((—1,1),R),||-||s) with the norm
llw]le := |Jut]loo + ||2]|oo is @ Banach space. Thus, due to Remark I1.6.7(a), ||-]| and |||
cannot be equivalent.

(if) We set

E:= (C'([0,1,R),[||lc) and F:=(C([0,1],R),]|"]l)

and consider A: E — F, w+— u'. Then E and F are normed vector spaces, and A is
linear. We assume that A is bounded and therefore continuous. Because (u,) with

un(t) := (1/n)sin(n’t) for n € N* and t € [0,1]

converges to zero in F, we have Au, — 0 in F.

From (Au,)(t) = ncos(n’t), we have (Au,)(0) = n. But, since (Au,) converges to
0 in F and since uniformity implies pointwise convergence, this is not possible. Thus A
does not belong to L(E, F), that is, Hom(E, F)\L(E,F) # 0. m

(b) Every finite-dimensional inner product space is a Hilbert space.

(c) Suppose E is a finite-dimensional Banach space. Then there is an equivalent
Hilbert norm on F, that is, a norm induced by a scalar product. In other words,
every finite-dimensional Banach space can be renormed into a Hilbert space.*

Proof Suppose n:=dimF and T € Lis(E,K"). Then
(z|ly)g == (Tz|Ty) forz,y€FE

defines a scalar product on E. The claim then follows from Corollary 1.5(i). m

Matrix representations

Let m,n € N*. We denote by K™*" the set of all (m x n) matrices

al - al
o] =1 E
al an

with entries ai in K. Here the upper index is the row number, and the lower index
is the column number.> When required for clarity, we will write [a]] as

4 Assuming a finite dimension is important here.
5Instead of a{g, we will occasionally write ajj or a’%, where the first index is always the row
number and the second is always the column number.
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Finally, we set

m n

ZZ lal|? and M :=[a]] € K™*" . (1.4)

j=1k=1

|M] =

We will assume you are familiar with the basic ideas of matrices in linear algebra
and, in particular, you know that K™*™ is a K-vector space of dimension mn with
respect to the usual matrix addition and multiplication by scalars.

1.8 Proposition
(i) By (1.4), we define a norm |-| on K"™*", called the Hilbert-Schmidt norm.
Therefore

is a Banach space.
(ii) The map
mxn mn J 1 1 2 2 m m
K — K™ ag] = (ay,...,a,,01,...,a5,...,a7", ... ap)
is an isometric isomorphism.

Proof We leave the simple proof to you.® m

In the following, we will always implicitly endow K™*" with Hilbert—Schmidt
norm.

Suppose E and F' are finite-dimensional, and suppose

E={er,...,en} and F={f1,...,fm}

are (ordered) bases of E' and F'. According to Theorem 1.6, Hom(E, F') = L(E, F).
We will represent the action of A € L(FE,F) on vectors in E using the bases
& and F. First, for k = 1,...,n, there are unique numbers a},...,a" such
that Ae, = Z;nzl ai fj- Thus from the linearity of A, we have for every z =

>, z"e € E that
Ar = ZxkAek _ Z(Z aixk)fj _ Z(Ax)jfj
k=1 j=1 k=1 j=1
with .
(A:U)j = Zaixk forj=1,....,m.
k=1

6See also Exercise I1.3.14.
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We set
[Ale.F = [a}] € K™
and call [A]g 7 the representation matrix of A in the bases £ of E and F of F.
(If E = F, we simply write [A]¢ for [A]g¢.)
Now let [a]] € K™*™. For z = Y p_, 2ex € E we set

m

n
Ax = Z(Z aixk)fj .
j=1 k=1
Then A := (z — Ax) is a linear map from E to F whose representation matrix
is [Ale. 7 = [az]-
The next theorem summarizes the most important properties of the repre-
sentation matrices of linear maps between finite-dimensional vector spaces.

1.9 Theorem
(i) We set n:=dim FE and m := dim F, and let £ and F be respective bases of
FE and F. Then the matrix representation

L(E,F) = K™ | A [Aler (1.5)

is a topological isomorphism.

(ii) Suppose G is a finite-dimensional normed vector space and G is a basis of G.
Then,”

[ABleg = [Alr g[Ble,r for Ae L(F,G) and B € L(E,F) .

Proof (i) The map (1.5) is clearly linear. The above considerations show that it
is bijective also (see also [Gab96, Chapter D.5.5]). In particular, dim L(E, F) =
dim K"™*". Because K™*"™ = K™", the space L(E, F') has dimension mn. Hence
we can apply Theorem 1.6, and we find

(A [Ale F) € L(L(E,F),K™") and ([A]le.r — A) € LK™*", L(E, F)) .

Therefore A — [A]g 7 is a topological isomorphism.

(ii) This fact is well known in linear algebra (for example, [Gab96, Chap-
ter D.5.5]). m

In analysis, we will consider all maps of metric spaces in the space of con-
tinuous linear maps between two Banach spaces F and F. If these are finite-
dimensional, then, according to Theorem 1.9, we can consider the maps to be
matrices. In this case, it is easy to prove from the above results that the maps are
continuous. As the next important corollary shows, it suffices to verify that the
entries in the representation matrix are continuous.

"For two composed linear maps, we usually write AB instead of A o B.
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1.10 Corollary Suppose X is a metric space and E and F are finite-dimensional
Banach spaces with respective dimensions n and m and ordered bases £ and F.
Let A(-): X — L(E,F), and let [a),(z)] be the representation matrix [A(x)]
of A(x) for x € X. Then

£F
A() € C(X,L(E, F)) < (ai(-) COX,K), 1<j<m, 1<k< n) .

Proof This follows immediately from Theorems 1.9, Proposition 1.8(ii), and
Proposition I11.1.10. m

Convention In K" we use the standard basis {e1,...,e,} defined in Exam-
ple 1.12.4(a) unless we say otherwise. Also, we denote by [A] the representa-
tion matrix of A € L(K",K™).

The exponential map

Suppose E is a Banach space and A € L(E). From Corollary 1.2(ii), we know that
L(E) is a Banach algebra. Thus A* belongs to L(E) for k € N, and

|AF|| < ||A|F forkeN.

Therefore the exponential series Y, o /k! is for every a > || A|| a majorant of the
exponential series

> ARk (1.6)
k

in £(F). Hence from the majorant criterion (Theorem II.8.3), the series (1.6)
converges absolutely in £(E). We call its value

0 k
A A

N
k=0

e

the exponential of A, and
L(E)— LE), Aw—el

is the exponential map in L(E).
If A and t € K, then tA also belongs to L(E). Therefore the map

U:=Us:K— LE), tre? (1.7)

is well defined. In the next theorem, we gather the most important properties of
the function U.
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1.11 Theorem Suppose E is a Banach space and A € L(E). Then
(i) U e C=(K,L(E)) and U = AU;
(ii) U is a group homomorphism from the additive group (K,+) to the multi-
plicative group Laut(FE).
Proof (i) It is enough to show that for every r > 1, we have
UeC'(rBe,L(E)) and U(t) = AU(t) for [t| < r .
The conclusion then follows by induction.
For n € N and [t| < r, define f,(t) := (tA)"/n!. Then f, € C*(rBc, L(E)),
and 3 f,, converges pointwise to U |rBec. Also fn, = Af,_1, and thus

1£2 @) < AN fa-1 @)l < (A" /(n — 1) for ¢ € rBc and n € N* .

Therefore a scalar exponential series is a majorant series for > fn Hence > fn
converges normally to AU [rB¢ on rBc, and the theorem then follows from Corol-
lary V.2.9.

(ii) For s,t € K, sA and tA commute in £(FE). The binomial theorem implies
(Theorem 1.8.4)

n
(sA+tA)" = ];)(Z) (sA)F (A" .
Using the absolute convergence of the exponential series, we get, as in the proof
of Example I1.8.12(a),

U(s+1t) = e(sTDA = osAHtA _ osAptd _ [1(5)U(t) for s,t €K . m

1.12 Remarks Suppose A € L(E) and s,t € K.

(a) The exponentials e*4 and e' commute: es4e!4 = et4es4,

(B) [l < el 141

Proof This follows from Remark I1.8.2(c). m
() (et4)! = 1A,

(d) Opett = AmetA = etAA™ for n € N.

Proof By induction, this follows immediately from Theorem 1.11(i). m

1.13 Examples (a) If £ = K, the exponential map agrees with the exponential
function.

(b) Suppose N € L(FE) is nilpotent, that is, there is an m € N such that N™*! = 0.
Then
Nk N2 N™
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where 1 denotes the unit element of L(E).
(c) Suppose E and F are Banach spaces, A € L(E), and B € L(F). Also suppose
A@B: ExF —>EXF, (z,y)— (Az,By) .

Then

€A®B = eA ® eB .

Proof This follows easily from (A® B)" = A" @ B". m
(d) For A e £L(K™) and B € L(K"), we have the relation

[e4] 0
GABB] _
o lo [eB]]

Proof This follows from (c). m

(e) Suppose A1, ..., Ay € K, and define diag(\,..., A\y) € L(K™) by

A1 0
[diag()\l,...,)\m)] = =:diag[A1,..., A\m] -
0 Ao
Then
edia8(Asdm) — diag(e, ..., e*m) .

Proof This follows by induction using (a) and (d). m
(f) For A € £(R?) such that

we have
t —sint
[e!] = o8 S forteR .
sint cost
Proof Exercise 1.11.10 implies easily that
(A>T = (=)™ A (A" = (=1)"t" g2 fort€Randn €N .

Because an absolutely convergent series can be rearranged arbitrarily, we get

(A N (A o (AP
> _nz::o (2n)! +nzo(2n+1)!

k=0

which proves the claim. m
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Linear differential equations

For a € E, the map u(-,a): R — E, t +— e'4a is smooth and satisfies the
“differential equation” & = Az, which follows at once from Theorem 1.11(i). We
will now study such differential equations more thoroughly.

Suppose A € L(E) and f € C(R, E). Then
t=Ax+ f(t) forteR, (1.8)

is called a first order linear differential equation in E. If f = 0, (1.8) is homoge-
neous; otherwise, it is inhomogeneous. Should A be independent of the “time” t,
we say that © = Ax is a linear homogeneous differential equation with constant
coefficients. By a solution to (1.8), we mean a function z € C1(R, E) that satisfies
(1.8) pointwise, that is, @(t) = A(z(t)) + f(t) for t € R.

Let a € E. Then

z=Ax+ f(t)fort e R, with z(0)=a (1.9),

is an initial value problem for the differential equation (1.8), and « is an initial
value. A solution to this initial value problem is a function z € C*(R, E) that
satisfies (1.9), pointwise.

1.14 Remarks (a) By specifying the argument ¢ of f in (1.8) and (1.9), (but not
of x), we are adopting a less precise, symbolic notation, which we do because it
emphasizes that f generally depends on ¢. For a full description of (1.8) or (1.9),,
one must always specify what is meant by a solution to such a differential equation.

(b) For simplicity, we consider here only the case that f is defined on all of R. We
leave to you the obvious modifications needed when f is defined and continuous
only on a perfect subinterval. m

(¢) Because C(R,E) C C(R,E) and the derivative operator 9 is linear (see
Theorem IV.1.12), the map

0—A:C'R,E) - C(R,E), uwu— Au
is linear. Defining
ker(d — A) ={z € C'(R,E) ; z is a solution of & = Az } =: V

shows the solution space V' of homogeneous differential equations & = Ax to be a
vector subspace of C1(R, E).

(d) The collective solutions to (1.8) form an affine subspace u + V of C1(R, E),
where w is (any) solution to (1.8).
Proof For w:=u+v €u+V, we have (0 — A)w = (0 — A)u+ (0 — A)v = f. Therefore

w is a solution to (1.8). If, conversely, w is a solution to (1.8), then v := u — w belongs
to V because (0 —A)v=(0—-A)u—(0—-Aw=f—-f=0m
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(e) Fora € E and z € C(R, E), let

t
D, (z)(t) := a+/ (Az(s) + f(s)) ds .
0
Obviously, ®, is an affine map from C(R, E) to C*(R, E), and z is a solution
)

of (1.9), if and only if z is a fixed point of ®, in® C(R, that is, when z solves
the linear integral equation

x(t):a+/o(Ax(s)+f(s))ds fortcR.m

Gronwall’s lemma

An important aid to exploring differential equations is the following estimate,
known as Gronwall’s lemma.

1.15 Lemma (Gronwall) Suppose J is an interval, to € J, and «, 8 € [0,00).
Further, suppose y: J — [0,00) is continuous and satisfies

y(t) <a+p

/ty(T) dT‘ forteJ. (1.10)

to

Then
y(t) < aellt=tl forte J.

Proof (i) We consider first the case t > to and set
h:[to,t] = RT, s geflto=s) /Sy(T) dr forteJ.
to
From Theorem VI.4.12 and (1.10), it follows that
W (s) = —Bh(s) + Bty (s) < afelto=) = %(—aeﬁ(t"_s)) for s € [to,t] .

Integrating this inequality from to ty to ¢ gives

t
h(t) = ﬂeﬁ(t"_t)/ y(r)dr < a— aellto=t)

to

where we have used h(ty) = 0. Thus we have

t
5 [ i <o e
to

80f course, we identify ®, with i o ®,, where i denotes the inclusion of C1(R, E) in C(R, E).



130 VII Multivariable differential calculus

and (1.10) finishes the case.
(ii) When t < g, we set

to
h(s) := 7565(540)/ y(r)dr for s € [t,to] ,
and proceed as in (i). m

Using Gronwall’s lemma, we can easily prove the next statement about the
solution space of equation (1.8).

1.16 Proposition
(i) Suppose x € C1(R, E) solves & = Ax. Then

x =0« x(tp) =0 for some tyg € R .

(ii) The initial value problem (1.9), has at most one solution.

(iii) The initial value problem @ = Az, x(0) = a has the unique solution t — e*“a
for every a € E.

(iv) The solution space V. C C}(R,E) of & = Az is a vector space isomorphic
to E. An isomorphism is given by

E—V, ar (t—ea).

(v) Suppose 1, ..., Ty, solves & = Ax. Then these statements are equivalent:
(a) x1,...,7, are linearly independent in C*(R, E).
(B8) The x1(t),...,xm(t) are linearly independent in E for every t € R.
(v) There is a tg € R such that x1(to),. .., xm(tg) are linearly independent
in F.

Proof (i) It suffices to check the implication “<=". So let to € R with z(¢g) = 0.
Then

x(t)_A/tx(T)dT forte R

to

(see Remark 1.14(e) and Exercise V1.3.3). Then y := ||z| satisfies the inequality

<||A||H/ nyar| < i | ||x ||d7'—||A||’/ rydr| forteR,

and the claim follows from Gronwall’s lemma.

(ii) If w and v solve (1.9),, then w = u — v also solves & = Az with w(0) = 0.
From (i), it follows that w = 0.
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(iii) This follows from Theorem 1.11 and (ii).
(iv) This is a consequence of (iii).
(

v) Due to (iv) and Theorem 1.11(ii), it suffices to prove the implication
“(04)=>(5)”. Hence suppose for {5 € R that \; € K satisfy Z;n=1 Ajz;(to) =0

for 5 = 1,...,m. Because Zm Ajz; solves & = Az, it follows from (i) that

ZJ LT = 0 By assumption, x1,...,Z,, in C*(R, E) are linearly independent.

Therefore, by the linear independence of z1(tp), ..., zm(to) in E, we have A\ =
=X, =0. m

The variation of constants formula

From Proposition 1.16(iii), the initial value problem for the homogeneous equation
# = Ax has a unique solution for every initial value. To solve the inhomogeneous
equation (1.8), we refer to Remark 1.14(d): If the solution space V of the homo-
geneous equation & = Az is known, any solution to (1.8) in fact gives rise to all
the solutions.

To construct such a particular solution, suppose € C*(R, E) solves (1.8)
and
T € C'(R,L(E)) such that T(t) € Laut(E) (1.11)

for t € R. Further define
y(t) =T (t)x(t) , where T71(t) := [T(t)]_1 andteR .

The freedom to choose the “transformation” T can be used to find the “simplest
possible” differential equation for . First, the product rule? and that z solves (1.8)
give
() = (T Wa(t) + T (1))
=T 1) @)x@t) + T )Ax( )+ T L) F(t) (1.12)
T )y() + T AT (y(t) + T ) f(T) -

Next, by differentiating the identity

T
T

[
~

T-Y$)T(t) =idg fortcR,
(using the product rule), we have
(T~ OTH) +T (®)T() =0 forteR,

and thus
(TN (t) = -TY®)Tt)T(t) forteR.

91t is easy to verify that the proof of the product rule in Theorem IV.1.6(ii) is also valid in
the current, more general, situation. See also Example 4.8(b).
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Together with (1.12), this becomes

() =T O[AT(t) = T(0)]y(t) + T} () f(t) forteR. (1.13)

According to Theorem 1.11, t — T'(t) := e* satisfies AT — T = 0 and (1.11).
With this choice of T, it follows from (1.13) that
)

y(t) = ( f(t) forteR.
Therefore

y(t)=y(0)+/O e TAf(r)dr forteR.

Because y(0) = z(0), we have
t
z(t) = e"z(0) + / ALY dr forteR. (1.14)
0
Now we can easily prove an existence and uniqueness result for (1.9),.

1.17 Theorem For every a € E and f € C(R,E), there is a unique solution
u(-;a) to
&= Az + f(t) and z(0) = a

which is given through the variation of constants formula

¢
u(t;a) = eta +/ eDAf(r)dr forteR. (1.15)
0

Proof Due to Proposition 1.16(ii), we need only show that (1.15) solves (1.9),.
This, however, follows immediately from Theorems 1.11 and VI1.4.12. m

1.18 Remark To clarify the name “variation of constants formula”, we consider
the simplest case, namely, the R-valued equation

t=ax+ f(t) forteR. (1.16)

If a € R, the homogeneous equation # = ax has a solution v(t) := e'®*. Thus
the general solution of the homogeneous equation is given by cv, where ¢ € R
is a constant. That is, {cv ; ¢ € R} is the solution space of the homogeneous
equation.

[43

To specify a particular solution to (1.16), we “vary the constant”, that is, we
make the ansatz x(t) := ¢(t)v(t) with a to-be-determined function ¢. Because x
must satisfy the equation (1.16), we have

Cv+cv=acv+ [,

and thus, from ¢t = ¢(av), we have ¢ = f/v. Then (1.14) follows by integration. m
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Determinants and eigenvalues

We next assemble some important results from linear algebra.

1.19 Remarks (a) The determinant det[a]] of [a]] € K™ ™ is defined through
the signature formula

det[a]] := Z sign(a)aclr(l) S g
0ES,

(see [Gab96, Chapter A3]), where sign is the sign function from Exercise 1.9.6.1°

(b) Let E be a finite-dimensional Banach space. The determinant function
det: L(E) - K

can be expressed for A € L(E) as det(A) := det([A]¢), where € is a basis of E.
Then det is well defined, that is, independent of the particular basis £, and we
have

det(1g) =1 and det(AB) = det(A) det(B) for A,B € L(E) (1.17)
and
det(A) #0 < A€ Laut(E) . (1.18)
Letting A — A := A1 — A and m := dim(E), we have
det(A = A) = > " (=DFay, A™F for xeC, (1.19)
k=0
with «p € C and
am =1, am_1=1tr(Ad), ap=det(A4). (1.20)

The zeros of the characteristic polynomial (1.19) are the eigenvalues of A, and the
set of all eigenvalues is the spectrum o(A) of A.

The number A € K is an eigenvalue of A if and only if the eigenvalue equation
Az = Az (1.21)

has a nontrivial solution = € E\ {0}, that is, if ker(A\ — A) # {0}. For!l X €
o(A) NK, the geometric multiplicity of A is given by dim(ker(/\ — A)), and every

0sign (o) is also called the signature of the permutation o.

1 Note that the spectrum of A is also a subset of C if E is a real Banach space. If K = R and
A belongs to o(A)\R, then the equation (1.21) is not meaningful. In this case, we must allow for
the complexification of ¥ and A, so that A can be allowed as a solution to the eigenvalue equation
(see, for example, [Ama95, § 12]). Then the geometric multiplicity of A € o(A) is defined in
every case.
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z € ker(A—A)\{0} is an eigenvector of A with eigenvalue A. The number of times A
appears as a zero of the characteristic polynomial is the algebraic multiplicity of \.
The geometric multiplicity is no greater than the algebraic multiplicity. Finally, A
is a simple eigenvalue of A if its algebraic multiplicity is 1 and, therefore, if X is
a simple zero of the characteristic polynomial. If the geometric and the algebraic
multiplicity are equal, then X is semisimple.

Every A € L(F) has exactly m eigenvalues Ay,..., A\, if they are counted
according to their (algebraic) multiplicity. The coefficients oy of the character-
istic polynomial of A are the elementary symmetric functions of A1,..., A, In
particular,

tr(A) =M+ -+ Ay and det(A) = A+ -+ - Ay (1.22)

If € is a basis of E such that [A]¢ is an (upper) triangular matrix,

al a3 m
a3 ™
[Ale = " (1.23)
0 m
am

that is, ai, = 0 for k < j, then the eigenvalues of A appear with their algebraic
multiplicity along the diagonal.

Proof The properties (1.17)—(1.20) of the determinants of square matrices are standard
in linear algebra, and we assume you know them.

If F is another basis of E, there is an invertible matrix 7 € K™*™ such that
[AlF = T[AleT ™!

(for example, [Koe83, Chapter 9.3.2]). Therefore det([A]#) = det([A]¢) follows from the
matrix rules (1.17). This shows that det(A) is well defined for A € L(E). Now it is
obvious that (1.17)—(1.20) hold for A € L(E).

The existence of eigenvalues of A and the statement that A has exactly m eigenval-
ues if they are counted by their algebraic multiplicity both follow from the fundamental
theorem of algebra (see Example I11.3.9(b)). m

(c) Suppose p € K[X] is a polynomial of degree n > 1 over the field K. Then p
splits in K if there are k,v1,...,v; € NS and a, \1,..., \x € K such that

k
p=al[(X=X)".
j=1

The fundamental theorem of algebra implies that every nonconstant polynomial
p € C[X] splits in C (see Example I11.3.9(b)). In general, a polynomial need not
split. For example, if K is an ordered field, then X2 + 1 does not split in K.
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(d) Suppose A € K and p € N*. Then the J()\, p) € KP*? defined by
Al

J(A1) == [\ and J(\,p) ==

for p > 2 is called the elementary Jordan matrix of size p for A.
For = a+iw € C such that « € R and w > 0, let

o —w
AQ(M) = |: w o :| GRQXQ s

and let 15 denote the unity element in R>*2. Then we call the J(u,p) € R?*?
defined by

Ao(p) 1z

J(p,1) := Ag(p) and J(p, p) :=
0 12
Az ()

for p > 2 the extended Jordan matrix of size 2p for u.

(e) Suppose FE is a finite-dimensional Banach space over K and A € L(E). Also
suppose the characteristic polynomial of A splits in K. In linear algebra, one shows
that there is then a basis £ of E and p1,...,p, € N* such that

J(Ahpl)
[Ale = .0 e K™ (1.24)
0 T )

where {\1,..., A} = 0(A). One calls (1.24) the Jordan normal form of A. It is
unique up to ordering of the blocks J(A;,p;). The basis £ is called the Jordan
basis of E for A. If A has only semisimple eigenvalues, then r = dim(E) and
p;j =1for j=1,...,7. Such an A is said to be diagonalizable.

(f) The characteristic polynomial of
0 1 0 (
A=| -1 0 0 [ eR¥
0 0 1

reads
p=X]-X’4+X-1=(X-1)(X*+1).
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Therefore p does not split in R, and o(A) = {1,i,—i }.
In this case, A cannot be put into the form (1.24). However, it can be put
into an extended Jordan normal form.

(g) Suppose FE is a finite-dimensional real Banach space and the characteristic
polynomial p of A € L(E) does not split in R. Then there is a nonreal eigen-
value p of A. Because the characteristic polynomial p = Y_ ar X * has only real
coefficients, it follows from

0= 0= = an = > aut* = p(a)
k=0 k=0

that 7 is also an eigenvalue of A.

Suppose now

0-::{#17[717"';#%7[7[}CU(A) fOI'EZl,

is the set of all nonreal eigenvalues of A, where, without loss of generality, we may
assume that p1; = o; +iw; with a; € R and w; > 0. If A also has real eigenvalues,
we denote them by Ay, ..., .

Then there is a basis € of E and p1,...,pr,q1,-..,qs € N* such that

[J(A1,p1) 1

J(Ar, pr n
[Ale = (e r) o) eR™™ . (1.25)

L J (s, qs)

Here, \; € 0(A)\o for j =1,...,7 and pup € o for k =1,...,s. We call (1.25)
the extended Jordan normal form of A. It is unique up to the ordering of the
constituent matrices. (see [Gab96, Chapter A5]). m

Fundamental matrices

Suppose E is a vector space of dimension n over K and A € L(F). Also denote
by V C CY(R, E) the solution space of homogeneous linear differential equations
& = Az. By Proposition 1.16(iv), V and E are isomorphic and, in particular, have
the same dimension. We call every basis of V' a fundamental system for & = Ax.

1.20 Examples (a) Let
A::{a b}GKZXQ.
0 ¢
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To get a fundamental system for & = Ax, we solve first the initial value problem
it =azx' +02?, 2'(0)=1,

22 2 2 (126)

4 =cx* z“(0)=0.

From Application IV.3.9(b), it follows that 22 = 0 and z!(t) = e for t € R.
Therefore z; := (t — (e*,0)) is the solution of (1.26). We get a second solution
29 linearly independent of x1 by solving

it =axt +02?, 21(0)=0,

i% = cx? | 22(0)=1.
In this case, we have 23(t) = e for t € R, and the variation of constants formula
gives

t t

x%(t) :/0 M= pelT dr = be“t/o e gr
bt —e®)(c—a), aec,
B btect | a=c.

Thus

n)= @0, aa={ VA7 e

where ¢t € R, is a fundamental system for & = Ax.

(b) Suppose w > 0 and

A:[O _W}GK“Q.
w 0

From

' = —wa? and 7% = wr

it follows that #/ + w2z’ = 0 for j = 0, 1. Exercise IV.3.2(a) shows that

1

z1(t) = (cos(wt), sin(wt)) and z(t) = (—sin(wt),cos(wt)) fort e R,
is fundamental system for & = Ax. m

If Ae K™ and {z1,...,7,} is a fundamental system for i = Az, we call
the map

X:R—>KY™™, ¢t [21(t),...,20(t)] = : :
i (t) oo zn(t)

the fundamental matrix for & = Ax. If X(0) = 1,, we call X the principal
fundamental matrix.
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1.21 Remarks Let A € K™*".

(a) The map
K’nX’n N K’nX’n , X — AX

is linear. Thus, in addition to the linear differential equation 2 = Az in K", we can
consider the linear differential equation X = AX in K™*", which is then solved
by any fundamental matrix for & = Azx.

(b) Suppose X is a fundamental matrix for © = Az and ¢t € R. Then
(i) X(t) € Laut(K");
(i) X(¢) = e X(0).

Proof (i) is a consequence of Proposition 1.16(v).
(ii) follows from (a), Theorem 1.11, and Proposition 1.16(iii). m

(c) The map t +— e is the unique principal fundamental matrix for & = Az.

Proof This follows from (b). m

(d) For s,t € R, we have
=94 = X ()X Y(s) .

Proof This also follows from (b). m

(e) Using the Jordan normal form and Examples 1.13(b)—(e), we can calculate
e!4. We demonstrate this for n = 2.

The characteristic polynomial of
N 2x2
a0 ] cn
gives det(A — A) = A2 — A(a + d) + ad — be and has zeros
Mg = (a+d=+ \/5)/2 , where D :=(a—d)?+ 4bc.
1. Case: K=C, D <0 Here A has two simple, complex conjugate eigen-

values A := \; and \ = Az. According to Remark 1.19(e), there is a basis B of C?
such that [A]g = diag[\, A], and Example 1.13(e) implies

et[A]B = diag[eAt7 EXt] for ¢ ceR.

Denote by T' € Eaut((Cz) the basis change from the standard basis to B. Then,
using Theorem 1.9, we have

[Als = [TAT"] = [T]A[T] " .
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Therefore, from Exercise 11, we get

et[A]B — [T]etA[T]—l

)

and we find

et = [T)7! diag[e, eM][T] fort e R .

2.Case: K=CorK=R, D>0 Then A has two simple, real eigenvalues
A1 and A2, and it follows as in the first case that

et = [T~ diag[eM?, e*Y][T] fort e R .

3.Case: K=Cor K=R, D=0 Now A has the eigenvalue \ := (a+d)/2
with algebraic multiplicity 2. Thus, according to Remark 1.19(e), there is a basis B

of K2 such that
A1
[Alp = [ 0 A } .

o 3] e 5]

commute, it follows from Exercise 11 and Example 1.13(e) that

tAls _ At 0 1]\ _ x 0 1T 1y _ x|l ¢t
e e exp(t[o 0}) e (12—}-7&[0 0 e 0 1 .

Thus we get

Because

et = M) ! [(1) i}[T] forteR.

4. Case: K=R, D <0 A has two complex conjugate eigenvalues \ := a+
iw and A, where a := (a+d)/2 and w := v/=D /2. From Remark 1.19(g), there is
a basis B of R? such that

[Als — [ a —w } .

w (0%

a 0 nd 0 —w
0 « & w 0
commute. Thus from Example 1.13(f) we have
o —w _ _ta 0 —1 _ ta | cos(wt) —sin(wt)
Pl R G Mg R v et

From this we derive

et = o)) [ ZTEEZQ fcs:;ggg } [T] forteR,

The matrices

where T is the basis change from the standard basis to B (see Example 1.13(f)). m
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Second order linear differential equations

Until now, we have considered only first order linear differential equations, in which
there was a linear relationship between the sought-for function and its derivative.
Many applications, however, require differential equations of higher order. Second
order occurs frequently, and we shall now concentrate on that case.'?

In the following, let
e b,ce R and g € C(R,K).

For a second order linear differential equation with constant coefficients given by
U+bi+cu=g(t) forteR, (1.27)

we say u € C%(R,K) is a solution if it satisfies (1.27) pointwise. The results below
show that (1.27) is equivalent to a first order differential equation of the form (1.8)
in the (u, %) plane, called the phase plane.

1.22 Lemma
(i) Ifu € C?(R,K) solves (1.27), then (u, ) € C*(R,K?) solves the equation

@ = Az + f(t) (1.28)
in K2, where
A= { _2 _}) } and f:=(0,9) . (1.29)
(i) If x € O (R, K?) solves (1.28), then u := pr;  solves (1.27).
Proof (i) We set x := (u, %) and get from (1.27) that
= [ i ] - [ —cu — bu + g(t) } =Av+f(0) -
(i) Let 2 = (u,v) € C*(R,K?) solve (1.28). Then
t=v, v=—cu—bv+g(t). (1.30)

The first equation says u belongs to C?(R,K), and together the equations imply
that u solves the differential equation (1.27). m

Lemma 1.22 allows us to apply our knowledge of first order differential equa-
tions to (1.27). We will need the eigenvalues of A. From det(A—A) = AM(A+b)+c,
we find that the eigenvalues A\; and Ay of A are the zeros of the polynomial

12For differential equations of even higher order, consult the literature of ordinary differential
equations, for example [Ama95].
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X2 + bX + ¢, called the characteristic polynomial of i + bt + cu = 0, and we
get
A2 = (—bi \/5)/2 . where D =10b*—4c.

Now we consider the initial value problem
U+bu+cu=g(t)forte R, with w(0)=a1, 40)=az, (1.31)
where (a1,a9) € K2. From the above, we can easily prove a basic theorem.

1.23 Theorem

(i) For every (a1, as) € K2, there is a unique solution u € C?(R,K) to the initial
value problem (1.31).

(ii) The set of solutions to i + bi + cu = 0 span a two-dimensional vector sub-
space V of C*(R,K) through
{eMt ery ifD>0o0r (D<0and K=C),
{e* te*} if D=0,
{e®* cos(wt),e* sin(wt)} if D <0and K=R,

where o := —b/2 and w := /=D /2.

(iii) The set of solutions to (1.27) forms a two-dimensional affine subspace v+ V
of C*(R,K), where v is any solution of (1.27).

(iv) Suppose the equations i + b + cu = 0 and w := uyte — Gyug have linearly
independent solutions ui,us € V. Then

/thTUQ(t)/thT’M@) fort € R
0 0

w(7) w(7)

u(t) :

solves (1.27).

Proof (i) We find this immediately from Lemma 1.22 and Theorem 1.17.

(ii) and (iii) These are implied by Lemma 1.22, Proposition 1.16(iv) and
Remarks 1.14(d) and 1.21(e).

(iv) Let A and f be as in (1.29). Then by Lemma 1.22 and Remark 1.21(a),

X::[%ﬂ }
uUp U

is a fundamental matrix for £ = Axz. Because

A= X()X Y1) fort,7eR
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(see Remark 1.21(d)), it follows from the variation of constants formula of Theo-
rem 1.17 that

y(t):X(t)/O X-Ur)f(r)dr fortcR, (1.32)

solves & = Az + f(t). Because det(X) = w, we have

Y-l 1|t e
7”[1,1 Ul ’

where the function w has no zeros, due to Proposition 1.16(v). Therefore we con-
clude that X ! f = (—uag/w,u1g/w). The theorem then follows from Lemma 1.22
and (1.32). m

1.24 Examples (a) The characteristic polynomial X2 —2X + 10 of
U — 2%+ 10u =0

has zeros 1 + 3i. Thus {ecos(3t),e’sin(3t)} is a fundamental system.'® The
general solution therefore reads

u(t) = e*(ar cos(3t) + azsin(3t)) fort € R,

where a1,a2 € R.

0y

(t,u) plane Phase plane

(b) To solve the initial value problem
i—2utu=e, u0)=0, a0)=1, (1.33)

we first find a fundamental system for the homogeneous equation % — 24 + u = 0.
The associated characteristic polynomial is

X2 2X +1=(X—1)*.

13 As with first order linear differential equations, we call any basis of the solution space a
fundamental system.
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Then, according to Theorem 1.23(iii), uq(t) := €' and uy(t) := te’ for t € R form
a fundamental system. Because

2T

w(T) = ur(7)l2(7) — 41 (T)uz(r) =e*7 forT € R,

the equation
2

t t
t
v(t):/o %d’l’ﬂg(t)f/o %dTUl(t):Eet forteR,

is particular solution of (1.33). Thus the general solution reads
12
z(t) = are’ + agte’ + 56t for t € R and aj,a2 € R .

Because z(0) = a; and ©(0) = a1 + az, we find finally that the unique solution of
(1.33) is
u(t) = (t+1%/2)et forteR.

(c) The differential equation of the harmonic oscillator (or the undamped oscilla-
tor) reads
i +wiu=0,

where wy > 0 is the (angular) frequency. From Theorem 1.23, the general solution
has the form
u(t) = aq cos(wot) + agsin(wpt) fort € R,

where a1, as € R. Obviously, all the solutions are periodic with period 27 /wg, and
they rotate about the center of the phase plane.

(d) The differential equation of the damped oscillator is
i+ 200 + wiu =10 .

Here, a > 0 is the damping constant, and wy > 0 is the frequency of the undamped
oscillator. The zeros of the characteristic polynomial are

A2 =—aty/a?—w?.
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(i) (Strong damping: a > wp) In this case, there are two negative eigenvalues
A1 < A2 < 0, and the general solution reads

At

u(t) = are™M? + age™?! fort € R and a1,a2 € R .

Thus all solutions fade away exponentially. In the phase plane, there is a “stable
node” at the origin.

A A

| -

(ii) (Weak damping: o < wp) In this case, the characteristic polynomial has
two complex conjugate eigenvalues \; 2 = —a & iw, where w := \/w? — o2. Thus
the general solution, according to Theorem 1.22, is

u(t) = e~ (ay cos(wt) + agsin(wt)) fort € R and ar,a2 € R .

In this case, solutions also damp exponentially, and the phase plane’s origin is a
“stable vortex”.

(iii) (Critical damping: o = wg) Here, A = —« is an eigenvalue of the char-
acteristic polynomial with algebraic multiplicity 2. Therefore the general solution
reads

u(t) = e **(ay + agt) fort € R and aj,as €R .
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The phase plane’s origin is now called a “stable virtual node”. m

A A

—20
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Exercises
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1 Suppose E and F}; are Banach spaces and A; € Hom(E, Fj) for j = 1,...,m. Also

let F:=][]_, F;. For A:= (z+— (Aiz,...,Anz)) € Hom(E, F), show that
A€ L(E,F) < (Aj € L(E,Fy), j= 1,...,m) .
2 For a square matrix A := [a]] € K™*™ the trace is defined by
tr(A) = Zai .
j=1

Show
(i) the map tr: K™*™ — K is linear;

(i1) tr(AB) =tr(BA) for A,B € K™*™.

3 Two matrices A, B € K™*™ are similar if there is an invertible matrix S € K™*™
(that is, if S belongs to Laut(K™)) such that A = SBS™'. Show that tr(A) = tr(B) if

A and B are similar.

4 Suppose F is a finite-dimensional normed vector space. Prove that for A € L(E), we

have
tr([A]g) :tr([A]]:) ,
where £ and F are bases of E.
From this it follows that the trace of A € £(F) is well defined through

tr(A) := tr([4]e) ,

where £ is any basis of E.
Show also that
(i) tr € L(L(E),K);
(ii) tr(AB) =tr(BA) for A,B € L(E).
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5 Suppose (B, (-|-)r) and (F, (-|-)r) are finite-dimensional Hilbert spaces. Verify that
to each A € L(E,F) there is a unique A* € L(F, E), called the adjoint operator (or,
simply, adjoint) A* of A, such that

(Az|y)r = (z|A"y)p forz€ Eandy€ F .
Show that the map
L(E,F)— L(F,E), A~ A"
is conjugate linear and satisfies
() (AB)" = B A",
(if) (A")* = A, and
(i) (€)= (C")
for A, B € L(E,F) and C € Lis(E, F). For A = [a]] € K™*", show A* = [a}] € K"™*™.
This matrix is the Hermitian conjugate or Hermitian adjoint of the matrix A.
If A= A", (and therefore E = F), we say A is self adjoint or symmetric. Show that
A*A and AA™ are self adjoint for A € L(E, F).
6 Let E:= (E,(-|)) be a finite-dimensional Hilbert space. Then show for A € L(E)
that
(i) tr(A7) = tr(A);
(ii) tr(A) = > 7, (Ag;ilp;), where {¢1,...,¢n} is an orthonormal basis of E.
7 Suppose F and F are finite-dimensional Hilbert spaces. Prove that
(i) L(E,F) is a Hilbert space with the inner product

(A,B)— A: B:=tr(B*A) ;
(ii) if £ :=K" and F := K™, then

Algpr < VA:A=|A] for A€ L(E,F).

8 Suppose [g;jx] € R™*™ is symmetric and positive definite, that is, g;x = gr; and there
is a 7 > 0 such that

n
> gpn€’e >y e for £ R,
Jok=1
Show that .
(@|y)? ==Y gipa'y" forz,y eR"
Jok=1
defines a scalar product on R"™.
9 Suppose F is a Banach space and A, B € L(FE) commute, that is, AB = BA. Prove
Aef = eP A and eATEF = e4eb.
10 Find A, B € K2%2 such that
(i) AB # BA and 1P # P,
(i) AB # BA and e 8 = 48,
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(Hint for (ii): €**™* =1 for k € Z.)
11 Suppose E is a Banach space, A € L(F) and B € Laut(F). Show

BAB™! Ap—1
e =Be"B .

12 Suppose F is a finite-dimensional Hilbert space and A € L(F). Show
() () = e
(ii) if A is self adjoint, then so is e”;

(iii) if A is anti self adjoint or skew-symmetric, that is A* = —A, then [e?]*e® = 1.

13 Calculate e for A € £(R*) having the representation matrices

1 1 1 1 2 1 0 0 2 1 0 0 2 1 0 0
1 1 1 1 2 1 0 2 1 0 2 0 0
1 1 1 1 ’ 2 1 ’ 2 0 ’ 2 0
1 1 1 1 0 2 0 2 0 2
14 Determine the A € R3*3 that gives
cost —sint 0
et = | sint cost O forteR.
0 0 1

15 Find the general solution to
T=3r—-2y+t,
g=Adz —y+1t>.

16 Solve the initial value problem
t=z-y, z(0)=0
g=z+¢€", y(0)=3/2,
1

7;':,2—1’, Z(O):

17 Suppose A = [ai] € R™*"™ is a Markov matrix, that is, it has ai >0 for all j # k
and >.;_,aj, =1for j=1,...,n. Also suppose

H.:={(',....,2") eR"; 3"

jzlmj:c} forceR.

Show that every solution of © = Az with initial values in H. remains in H. for all time,
that is, e"* H. C H. for t € R.

18 Suppose b,c € R, and z € C*(R, C) solves ii + bis + cu = 0. Show that Re z and Im z
are real solutions of i + bt + cu = 0.

19 Let b,c € R, and suppose u solves i + bt + cu = g(¢). Show that
(i) k € NU{oo} and g € C*(R,K) implies u € C**?(R, K);
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(i) if g € C¥(R), then u € C*(R).
20 The differential equation for the damped driven oscillator is
i + 200 + wiu = csin(wt) fort € R,

where a,wo,w > 0 and ¢ € R. Find its general solution.
21 Find the general solution on (—7n/2,7/2) for

(1) 4+u=1/cost;

(ii) 4+ 4u = 2tant.

22 Suppose FE is a finite-dimensional Banach space and A € L(E). Show these state-
ments are equivalent:

(i) Every solution u of & = Az in E satisfies lim;—.oc u(t) = 0.
(ii) ReA < 0 for A € o(A).
In the remaining exercises, E is a Banach space, and A € L(E).

23 If A € K has Re X > ||A]|, then
A=A~ :/ e Mg
0

(Hint: Set R(X) :== [, e tO=A) dt and calculate (A — A)R(\).)
24 Show the exponential map has the representation
tA . t -n
e = lim <1 - —A) .
n—oo n

(Hint: The proof of Theorem I11.6.23.)

25 Let C be a closed, convex subset of E. Show these are equivalent:
(i) e*C c C for all t € R;
(ii)) (A — A)7'C C C for all \ € K such that Re X > ||A]|.

(Hint: Exercises 23 and 24.)
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2 Differentiability

In this section, we explain the central concepts of “differentiability”, “derivative”,
and “directional derivative” of a function® f: X ¢ E — F. Here E and F are
Banach spaces, and X is a subset of E. After doing so, we will illustrate their
power and flexibility by making specific assumptions about the spaces E and F.

If £ = R", we explain the notion of partial derivatives and investigate the
connection between differentiability and the existence of partial derivatives.

In applications, the case E = R™ and F' = R is particularly important. Here
we introduce the concept of the gradient and clarify with the help of the Riesz
representation theorem the relationship between the derivative and the gradient.

In the case E = F = C, we derive the important Cauchy—Riemann equa-
tions. These connect the complex differentiability of f = u +iv: C — C and the
differentiability of (u,v): R* — R

Finally, we show that these new ideas agree with the well-established F = K
from Section IV.1.

In the following, suppose
e E=(E,||) and F = (F,||-||) are Banach spaces over the field K;

X is an open subset of E.
The definition

A function f: X — F is differentiable at xo € X if there is an A,, € L(E, F)

such that
lim 4 (@) = F(@o) = Ay (2 — 20)

a—o [l = o

=0. (2.1)

The next theorem reformulates this definition and gives the first properties of
differentiable functions.

2.1 Proposition Let f: X — F and 29 € X.
(i) These statements are equivalent:
(o) f is differentiable at x.

(8) There exist Ay, € L(E,F) and 1y, : X — F, where 15, is continuous
at xo and satisfies r4,(zo) = 0, such that

f@) = f(xo) + Apy (& — x0) + 720 (@) || — 20]| forz e X .
() There exists Ay, € L(E, F) such that

f(@) = fwo) + Aso (x — m0) + o([| — moll) (2 — z0) - (2.2)
IThe notation f: X C E — F is a shorthand for X C E and f: X — F.
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(ii) If f is differentiable at xq, then f is continuous at xg.

(iii) Suppose f is differentiable at xo. Then the linear operator A, € L(E,F)
from (2.1) is uniquely defined.

Proof (i) The proof is just like the proof of Theorem IV.1.1 and is left to you.
(ii) If f is differentiable at xg, then its continuity at zo follows directly
from (iB).
(iii) Suppose B € L(E, F'), and
f(@) = f(wo) + B(z — x0) + of[|x — z0]) (2 — x0) - (2.3)

Subtracting (2.3) from (2.2) and dividing the result by ||z — zo||, we find

lim (Az, — B)(ﬂ) =0.

@y [l = ol
Suppose y € F has ||y|| = 1 and =z, := zo + y/n for n € N*. Then because

limz,, = ¢ and (x,, — x0)/||zn — ol = y, we find

. B R U W
(s = Bly = lim(dey = B (=7 07) =0

Since this holds for every y € 0Bg, it follows that A,, = B. =

The derivative

Suppose f: X — F is differentiable at g € X. Then we denote by Jf(z¢) the
linear operator A,, € L(E,F) uniquely determined by Proposition 2.1. This is
called the derivative of f at zy and will also be written

Df(xg) or f'(zo) .
Therefore 0f(x¢) € L(E, F), and
ey 1) = f(x0) = O (o) (x — o)

a—y [l = ol

=0.

If f: X — F is differentiable at every point x € X, we say f is differentiable
and call the map?
of : X = L(E,F), x~ 0f(x)
the derivative of f.

When L(E, F) is a Banach space, we can meaningfully speak of the continuity
of the derivative. If Of is continuous, that is, df € C(X,E(E, F)), we call f
continuously differentiable. We set

CYX,F):={f: X - F; fis continuously differentiable } .

2To clearly distinguish the derivative df(xo) € L(E,F) at a point x¢ from the derivative
of : X — L(E, F), we may also speak of the derivative function 0f : X — L(E, F).
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2.2 Remarks (a) These statements are equivalent:
(i) f: X — F is differentiable at xg € X.
(ii) There is a Of(xo) € L(E, F') such that

f(x) = f(xo) + 0f (wo)(z — o) + o[z — wol|) (2 — o) -

(iii) There is a 9f(xo)

€ E(E F) and an 7, : X — F that is continuous at xg
and satisfies 4, (xg) =
)

0, such that

f(x) = f(zo) + 0f (xo)(x — x0) + 1oy (@) ||z — xo]| forz e X .

(b) From (a), it follows that f is differentiable at g if and only if f is approximated
at zo by the affine map

g:E—=F, xw— f(xg)+0f(x0)(x —x0)
such that the error goes to zero faster than = goes to xg, that is,

i @) = 9@ _

e=zo ||z — o]

Therefore, the map f is differentiable at xq if and only if it is approximately linear
at zo (see Corollary IV.1.3).

(c) The concepts of “differentiability” and “derivative” are independent of the
choice of equivalent norms in F and F.

Proof This follows, for example, from Remark I11.3.13(d). m

(d) Instead of saying “differentiable” we sometimes say “totally differentiable” or
“Fréchet differentiable”.

(e) (the case E =K) In Remark 1.3(a), we saw that the map L(K, F) — F, A —
Al is an isometric isomorphism, with which we canonically identify £(K, F') and F'.
This identification shows that if £ = K, the new definitions of differentiability and
derivative agree with those of Section IV.1.

(f) CY(X,F) C C(X, F), that is, every continuously differentiable function is also
continuous. m

2.3 Examples (a) For A € L(E, F), the function A = (x — Az) is continuously
differentiable, and 0A(x) = A for x € E.

Proof Because Az = Az + A(x — xo), the claim follows from Remark 2.2(a). m

(b) Suppose yo € F. Then the constant map k,, : E — F, = — yp is continuously
differentiable, and 0k,, = 0.

Proof This is obvious because ky,(z) = ky,(z0) for z,z0 € E. m
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(c) Suppose H is a Hilbert space, and define b: H — K, x + [|z[|>. Then b is
continuously differentiable, and

Ob(x) = 2Re(x|-) forx e H .

Proof For every choice of z,x9 € H such that z # xo, we have
llll* = llzol|* = |z — zo +zo||* — ||lzo||* = [|lz — zo||* + 2Re(zo | & — o)

and therefore
b(z) — b(zo) — 2Re(zo |z — x0)
[l — ol
This implies 0b(xzo)h = 2Re(zo|h) for h€ H. m

= [lz = zol| -

Directional derivatives

Suppose f: X — F, zp € X and v € E\{0}. Because X is open, there is an
€ > 0 such that 2o + tv € X for |t| < . Therefore the function

(—g,6) = F, tw f(zo+tv)

is well defined. When this function is differentiable at the point 0, we call its
derivative the directional derivative of f at the point xy in the direction v and
denote it by D, f(xg). Thus

f(xo +tv) — f(xo) .

va(xo) = tlg%

t

2.4 Remark The function
foae: (—g,6) = F, t— f(zo+tv)

can be viewed as a “curve” in E x F|
which lies “on the graph of f”. Then
D, f(xg) represents for ||v|| = 1 the slope
of the tangent to this curve at the point
(z0, f(x0)) (see Remark IV.1.4(a)). m

The next result says that f has a directional derivative at zq in every direction
if f is differentiable there.

2.5 Proposition Suppose f: X — F is differentiable at xg € X. Then D, f(xg)
exists for every v € E\{0}, and D, f(x¢) = 0f(zo)v.

Proof For v € E\{0}, it follows from Remark 2.2(a) that
f(xo +tv) = f(@o) + 9f (x0)(tv) + o([[tvl]) = f(wo) + tdf (wo)v + o([¢])

as t — 0. The theorem now follows from Remark IV.3.1(c). m
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2.6 Remark The converse of Proposition 2.5 is false, that is, a function having a
directional derivative in every direction need not be differentiable.

Proof We consider a function f: R? — R defined by

2

S T @00,

0, (z,y) = (0,0) .

For every v = (§,n) € RQ\{(O, 0)}, we have

32
flt0) = s = tf(0)

(& +n?)
Thus
D f(0) = lim f(t)/t = f(v) -
If f were differentiable at 0, Proposition 2.5 would imply that df(0)v = D, f(0) = f(v)

for every v € R*\{(0,0)}. Because v — 8 f(0)v is linear, but f is not, this is not possible.
Therefore f is not differentiable at 0. m

Partial derivatives

If E = R", the derivatives in the direction of the coordinate axes are particularly
important, for practical and historical reasons. It is convenient to introduce a
specific notation for them. We thus write dy or 9/0z* for the derivatives in the

direction of the standard basis vectors® ey, for k =1,...,n. Thus
: . _ fzo +tex) — f(xo)
Ok f(x0) := W@O) = D¢, f(zo) = }g}(l) ; for1<k<n,

and Oy f (7o) is called the partial derivative with respect to z* of f at zo. The func-
tion f is said to be partially differentiable at x¢ if all 1 f(zo), ..., nf(x0) exist,
and it is called [continuously] partially differentiable if it is partially differentiable
at every point of X [if O f: X — F is continuous for 1 < k < n].

2.7 Remarks (a) When the k-th partial derivative exists at zg € X, we have

f(x(l),...,a:g_l,xg —I—h,xé“,...,mﬁ) — f(z0)

h for1<k<n.

O f(z0) = }ngb

Therefore f is partially differentiable at z¢ in the k-th coordinate if and only if the
function ¢t — f(xd,... ,x’g*l, t, x(’jﬂ, ..., zf) of one real variable is differentiable

at k.

3Qccasionally, we also write Ok for a/axk.
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(b) The partial derivative dy f (o) can be defined if zf is a cluster point of the set
{€eR; (x),...,a5 L&, ap)eX } .

In particular, X must not be open.
(c) If f is differentiable at xq, then f is partially differentiable at xg.
Proof This is a special case of Proposition 2.5. m

(d) If f is partially differentiable at xg, it does not follow that f is differentiable
at xg.

Proof Remark 2.6. m

(e) That f is partially differentiable at xg does not imply it is continuous there.
Proof We consider f: R? — R with

o) { gy @9A00),
T,Y) =
0, (w,9) = (0,0) .

Then f(h,0) = f(0,h) =0 for all h € R. Therefore 9: f(0,0) = d2f(0,0) = 0. Then f is
partially differentiable at (0, 0).
Because f(0,0) = 0 and f(1/n,1/n) = n?/4 for n € NX, we see that f is not

continuous at (0,0). m

(f) To clearly distinguish “differentiability” from “partial differentiability”, we
sometimes also say f is totally differentiable [at x¢] if f is differentiable [at z(]. m

Next, we seek concrete representations for df(xg) when E = R" or F = R™.
These will allow us explicitly calculate partial derivatives.

2.8 Theorem
(i) Suppose E =R" and f: X — F is differentiable at xo. Then

Of (wo)h = Ok f(xo)h* for h=(h',... ,h") €R" .
k=1

(ii) Suppose E is a Banach space and f = (f',...,f™): X — K™. Then f
is differentiable at x if and only if all of the coordinate functions f? for
1 < 5 < m are differentiable at xq. Then

df (o) = (0f"(w0),-..,0f™(x0))

that is, vectors are differentiated componentwise.
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Proof (i) Because h = Y, h¥ej, for h = (h',...,h") € R", it follows from the
linearity of 0f(zo) and Proposition 2.5 that

Of (wo)h = > hFof(zo)er = Y Onf(zo)hF .

k=1 k=1

(ii) For A = (A',..., A™) € Hom(E,K™), we have
A€ L(B,K") < A € LIE,K) for 1 <j<m,

(see Exercise 1.1). Now it follows from Proposition I1.3.14 and Proposition 2.1(iii)
that
lim f(z) — fzo) — 0f (wo)(z — x0)

=0
=0 [l = o

is equivalent to

i £7(@) = £ (@0) = 0f (@)@ = 20)

=0 [l = o

=0for1<j<m,
as the theorem requires. m

The Jacobi matrix

Suppose X isopenin R” and f = (f1,..., f™): X — R™ is partially differentiable
at xg. We then call

O f (o) - Onfl(wmo)
[0k f (x0)] = : :
O f™(xo) -+ Onf™(x0)

the Jacobi matrix of f at zo.

2.9 Corollary If f is differentiable at o, every coordinate function f7 is partially
differentiable at x¢ and

01 f (o) -+ Onf(zo)
[0f (w0)] = [Orf (w0)] = : : 7
81f77l(x0) . anf’!n(xo)

that is, the representation matrix (in the standard basis) of the derivative of f is
the Jacobi matrix of f.
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Proof Fork=1,...,n, wehave df(zo)er = >/, ajle; for unique a], € R. From
the linearity of 0f (xo) and Proposition 2.8, it follows that

Of (wo)ex = (Of (zo)e, ..., 0f ™(xo)ex) = (O f (20), ..., Okf™(20))
Z A f? (xo)e

Therefore a, = dy.f7. m

A differentiability criterion

Remark 2.6 shows that the existence of all partial derivatives of a function does not
imply its total differentiability. To guarantee differentiability, extra assumptions
are required. One such assumption is that the partial derivatives are continuous.
As the next theorem—the fundamental differentiability criterion—shows, this
means the map is actually continuously differentiable.

2.10 Theorem Suppose X is open in R™ and F is a Banach space. Then f: X — F
is continuously differentiable if and only if f has continuous partial derivatives.

Proof “=" follows easily from Proposition 2.5.
“<=” Let z € X. We define a linear map A(x

): R" — F through
h:=(h',... ") Zakf
=1

Theorem 1.6 says A(z) belongs to L(R",F). Our goal is to show 9f(xz) =
A(z), that is,

o S+ ) — f(@) = A

=0.
h—0 ||

We choose € > 0 with B(x,e) C X and set zg := x and zy, 1=z + Z§=1 hie; for
1<k<mnandh=(hl,...,h") € B(x,e). Then we get

fl@+h)— Z flaw) = flzp-1))

k=1

and the fundamental theorem of calculus implies
f(z+h) - th/ O f(xr_1 +thPey)dt .
With this, we find the representation

flx+h)— f(x) x)h = th/ Ocf(vp—1 + thhey) — O f(x)) dt
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which gives the bound

If(+h) = f(@) = A@)hllp < |l Y swp [0kf(y) = Ouf(@)llr -
The continuity of Jy f implies
i (Y- s 0uf) - 0@l ) =0

h=0\; 27 ly—2loe<|h|oo

Therefore

f(@+h) = f(z) = A(x)h = o(|hle) (h—0) .

Thus, from Remarks 2.2(a) and 2.2(c), f is differentiable at x, and 0f(z) = A(z).
Using

1(0f () — 0f )| < 3 10 f (@) — O f(w)llp 11" |
k=1

< (Z |0k f(2) — akf(y)”F) 7o
k=1

and the equivalence of the norms of R", the continuity of df follows from that of
Offorl1<k<n.m

2.11 Corollary Let X be open in R". Then f: X — R™ is continuously differen-
tiable if and only if every coordinate function f7: X — R has continuous partial
derivatives, and then

[0f ()] = [0k f(z)] e R .

2.12 Example The function
f:R* > R?, (x,y,2) — (e“" cosy,sin(mz))
is continuously differentiable, and

| ecosy —e®siny 0
[8f(x,y,z)] ~ | zcos(zz) 0 x cos(xz)
fOI‘ (x,y,z) € RS' n

The derivative of a real-valued function of several real variables has an im-
portant geometric interpretation, which we prepare for next.
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The Riesz representation theorem

Let E be a normed vector space on K. We call E' := L(F,K) the (continuous)
dual space of E. The elements of E’ are the continuous linear forms on F.

2.13 Remarks (a) By convention, we give E’ the operator norm on L(FE,K), that
is,

|fll := sup |f(z)| for feE .

llzll<1

Then Corollary 1.2 guarantees that E’ := (E’,||-||) is a Banach space. We also
say that the norm for E’ is the norm dual to the norm for E (or simply the dual
norm).

(b) Let (E,(-])) be an inner product space. For y € E, we set
fy(x) = (z|y) forzekE.

Then f, is a continuous linear form on E, and || f, |l g = ||y &-

Proof Because the inner product is linear in its first argument, we have f, € Hom(F, K).
Because fo = 0, it suffices to consider the case y € E\{0}.

From the Cauchy—Schwarz inequality, we get

[fy(@)] = [(@|y)] < [l«]l lyll  for z € E .

Therefore f, € L(E,K) = E' with || f,|| < [ly||. From f,(y/llyll) = (y/llyll|v) = llyll, it
follows that

Ifull = sup |fy ()| > | fu(y/llyID] = llyll -

flzll<1

Altogether, we find || fy]| = ||y||. m

(c) Let (E,(-]-)) be an inner product space. Then the map
T:E—FE, ye fy=_(ly

is conjugate linear and an isometry.

Proof This follows from T(y + Az) = (-|y + A2) = (-|y) + A(-|2) = Ty + ATz and
from (b). m

According to Remark 2.13(b), every y € E has a corresponding continuous
linear form f, on E. The next theorem shows for finite-dimensional Hilbert spaces
that there are no other continuous linear forms.* In other words, every f € E’
determines a unique y € E such that f = f,.

4From Theorem 1.6 we know that every linear form on a finite-dimensional Hilbert space
is continuous. Moreover, Corollary 1.5 guarantees that every finite-dimensional inner product
space is a Hilbert space.
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2.14 Theorem (Riesz representation theorem) Suppose (E, (|)) is a finite-
dimensional Hilbert space. Then, for every f € E’, there is a unique y € E such
that f(x) = (z|y) for all z € E. Therefore

T:E—FE, y—(ly
is a bijective conjugate linear isometry.

Proof From Remark 2.13(c), we know that T: E — E’ is a conjugate linear
isometry. In particular, T is injective. Letting n := dim(F), it follows from
Theorem 1.9 and Proposition 1.8(ii) that

El — E(E,K) o~ len [ KTL ,
and thus dim(E’) = dim(F). The rank formula of linear algebra, namely,

dim (ker(7)) + dim (im(7)) = dim E (2.4)

2.15 Remarks (a) With the notation of Theorem 2.14, we set
1) B x B =K, [flg = (T g|TLy).

Then (E’,[-]-]) is a Hilbert space.

Proof We leave the simple check to you. m

(b) Suppose (E,(:|-)) is a real finite-dimensional Hilbert space. Then the map
E — FE’, yw (-]y) is an isometric isomorphism. In particular, (R™)" is isomet-
rically isomorphic to R™ by the canonical isomorphism, where (-|-) denotes the
Euclidean inner product on R™. Very often, one identifies the spaces R" and (R™)’
using this isomorphism.

(c) The Riesz representation theorem also holds for infinite-dimensional Hilbert
spaces. For a proof in full generality, we direct you to the literature on functional
analysis or encourage you to take a course in the subject. m

The gradient

Suppose X is open in R™ and f: X — R is differentiable at g € X. Then we
also call the derivative df(zo) the differential of f at zg, and write it as® df (zo).
The differential of f at x¢ is therefore a (continuous) linear form on R". Using
the Riesz representation theorem, there is a unique y € R™ such that

df (zo)h = (h|y) = (y|h) for h e R™ .

5In Section VIIL.3, we will clarify how this notation relates to the same notation in Re-
mark VI.5.2 for the induced differential.
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This y € R™ uniquely determined by f and z is called the gradient of f at z.

We denote it by V f(zo) or grad f(zg). The differential and the gradient of f at zg
are therefore linked by the fundamental relationship

df (xo)h = (Vf(zo)|h) for h e R™ .

Note that the differential df (z¢) is a linear form on R"™, while the gradient V f(zo)
is a vector in R".

2.16 Proposition We have

Vf(.’l?o) = (81f($0), ey 8nf(xo)) cR".

Proof From Proposition 2.5, we have df (xg)ex = O f(xo) for k =1,...,n. Now
it follows that

(Vf(xo)|h) = df (zo)h = df (o) Y _ hFex = Zakf zo)h" = (y|h)

k=1

for h = (h',...,h") € R" with y := (01 f(20),...,0nf(x0)) € R". The theorem
follows because this is true for every h € R". m
2.17 Remarks (a) We call the point x( a critical point of f if V f(xo) = 0.

(b) Suppose g is not a critical point of f. We set hg := V f(z0)/|V f(z0)|. The
proof of Remark 2.13(b) then shows that

df (zo)ho = |V f(0)| = max df (xo)h
Ihi<1

Because df (xg)h is the directional derivative of f
at xg in the direction h, we have

NQ\\

",“
f(zo + the) = f(xo) + tdf (x0)ho + o(t) '&”/“:“:“‘t%

75 ‘\\“\ﬁ&:\“
= f(zo) + t max df (xo)h + o(t) ,1,,73‘{\‘3\&\\\3 \\
i 4 x&“\\\«\\\&\\\\\\\\

\\\“\\
as t — 0, that is, the vector V f(zo) points in the \\\\\‘“t\%‘t\\‘“\\\“\‘k
direction along which f has the largest directional \\\\\“‘\ \\\‘
derivative f, that is, in the direction of steepest \\\\“

ascent of f.

If n = 2, the graph of f,

M:={(z,f(z)); 7€ X} CRPxR=R?,
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can be interpreted as a surface in R®.6 We now imagine taking a point m on a path
in M as follows: We start at a point (xo, f(xo)) eM = ===

such that z¢ is not a critical point of f. We then
move m so that the projection of its “velocity vector”
is always along the gradient of f. The route m takes
when moved in this way is called the curve of steepest
ascent. If we move m against the gradient, its route
is called the curve of steepest descent. _———

©)

(c) The remark above shows that V f(x) has acquired a geometric interpretation
independent of the special choice of coordinates or scalar product. However, the
representation of V f(xg) does depend on the choice of scalar product. In partic-
ular, the representation from Proposition 2.16 holds only when R" is given the
Euclidean scalar product.

Proof Suppose [gjr] € R™*" is a symmetric, positive definite matrix, that is, gjx = gx;
for 1 < j,k < n and there is a v > 0 such that

D g’ >yl for ¢ eR".

J,k=1
Then
m .
= Z gra’y®  for z,y € R"
J,k=1

defines a scalar product on R™ (see Exercise 1.8).” Thus Theorem 2.14 says there exists a
unique y € R™ such that df (zo)h = (y|h)? for h € R™. We call V7 f(xo) := y the gradient
of f at xo with respect to the scalar product (-|-)?. To determine its components, we
consider

Z (zo)h) = df (zo)h = (y|h)? Z giry"h?  for h e R™ .

J,k=1

Therefore,
n
Zgjkykzajf(mo) forj=1,...,n. (2.5)
k=1

By assumption, the matrix g is invertible, and its inverse is also symmetric and positive

definite.® We denote the entries of the inverse [g;1] by g%, that is [¢?*] = [g;x] ™. From
(2.5), it then follows that

Z k19, f(zo) fork=1,....,n

6See Corollary 8.9.

"The converse also holds: Every scalar product on R™ is of the form (-|-)9 (see, for example,
[Art93, Section VIL.1]).

8See Exercise 5.18.
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This means that
V£ (Z 9% 8y, f(20) Zgnkakf xo)> (2.6)
k=1

is the gradient of f with respect to the scalar product induced by g = [g,%]- ®

Complex differentiability

With the identification £(C) = C and C**! = C, we can identify A € £(C) with
its matrix representation. Therefore, Az = a -z for z € C and some a € C. As
usual, we identify C = R 4 iR with R?:

C=R+iR3z=x+iy«— (z,y) € R?, where z=Rezandy=1Imz.
For the action of A with respect to this identification, we find by the identification
a=a+if — (a,0) that

Az=a-z=(a+if)(x+iy) = (ax — By) +i(Bz + ay) ,

and therefore
Az<.>[g f}{ﬂ (2.7)

Suppose X is open at C. For f: X — C, we set u := Re f and v := Im f.
Then <
CX > f=u+ive (u,v)=F € (R?

where, in the last term, X is understood to be a subset of R?. In this notation, the
following fundamental theorem gives the connection between complex” and total
differentiability.

2.18 Theorem The function f is complex differentiable at zg = xo+iyo if and only
if F := (u,v) is totally differentiable at (x,yo) and satisfies the Cauchy—Riemann
equations!®

Upg =Vy , Uy = —Vg ,

at (x0,y0). In that case,

f(20) = uz (20, y0) + iv2 (20, y0) -

Proof (i) Suppose f is complex differentiable at zp. We set

—|a =B
a=15 7

9Recall that f is complex differentiable at a point zg if and only if (f(z0 +h) — f(z0)) /h has
a limit in C as h — 0 in C.

10For functions f in two or three real variables, common notations are fy := 01 f, fy := Oa2f
and f, := 0sf.
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where a := Re f/(20) and 8 :=Im f'(zp). Then for h =& + in «— (£,n), we have

lim |F(-’170 + 5) Yo + 77) - F(J}o, yO) B A(fvn)l
(&m)—(0,0) [(&m)]
‘ f(z0+h) = f(z0) = f'(20)
h

Therefore F' is totally differentiable at (zg,yo) (see Remark 11.2.1(a)) with

prea = [ S1Em) Sutem =[5 ]

h—0

Thus we have the Cauchy—Riemann equations
Ou(zo,yo) = 92v(20,y0) ,  O2u(xo,y0) = —01v(z0,Yo) - (2.8)
(i) If F' is totally differentiable at (z¢,yo) and (2.8) holds, we may set
a = Ou(zo, yo) + 1010(x0, Yo) -
Then because of (2.7), we have

iy | £ (o + 1) = f(z0) —ah
h—0 h
— m |F(zo+ & y0+ 1) — F(xo,y0) — OF (20, y0)(&,n)|
(&m)—(0,0) 1€, )

=0.

Consequently, f is complex differentiable at zg with f'(z9) = a. m

2.19 Examples (a) According to Example IV.1.13(b), f: C — C, z +— 2% is
everywhere complex differentiable with f’(z) = 2z. Because
fle+iy) = (z+iy)* =2 =y +i2zy) — (u(z,y),0(z,9)) ,

we have
Ug = Vy = 22 and uy = —v; = =2y .
Therefore the Cauchy-Riemann equations are satisfied (as they must be), and
f'(z)=flla+iy) =2x+i2y =2(z + iy) = 2z.
(b) The map f: C — C for z — z is complex differentiable nowhere,'* because,
with
f(l’ + Zy) =T — Zy — (u(m,y),v(m,y)) )

the Cauchy—Riemann equations are never satisfied:

Uy =1, uy=0, v,=0, wv,=-1.

1 See Exercise IV.1.4.
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The above map gives a very simple example of a continuous but nowhere
differentiable complex-valued function of one complex variable. Note, though,
that the “same” function

F=(uv):R—=R, (2,9)— (z,-y)

is totally differentiable everywhere with the constant derivative
1 0
[OF (20, 40)] = [ Lo }
for (zo,y0) € R?. Therefore F is actually continuously differentiable. m

Exercises

1 Calculate 82 f(1,y) for f: (0,00)% — R with

f(@,y) = (((z")*)")” + log(z) arctan (arctan (arctan (sin(cos(zy) — log(z + y))))) .

2 Suppose f: R? — R is defined by

Va2 +y?, y>0,
flz,y) = T, y=0,
—Vz?+y?, y<0.
Show
(a) f is not differentiable at (0, 0);

(b) every directional derivative of f exists at (0,0).

3 At which points is

3/ [p2 2
R2*>R, (x’y)'_) JJ/ T +y ) (x7y)7é(070)7
O, (x7y):(070) ’
differentiable?
4 Let f: R? — R be defined by

f(z,y) ::{ my/\/éﬂﬂﬂv Ezg

Show:

(a) 01 f(0,0) and 92 (0, 0) exist.

(b) D, £(0,0) does not exist for v € R*\{e1, e2}.
(c) f is not differentiable at (0,0).
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5 Calculate the Jacobi matrix of

R* SR, (r,y,2) = 32’y + ™ +42°;

R? - R? , (z,y) — (my,cosh(xy),log(l + xQ)) ;
R® —» R? (z,y,2) — (log(1+ i N W A B sin(xz)) ;
R* > R®, (z,9,2)+ (zsinycosz, zsinysinz,zcosy) .

6 Suppose X is open at R™, F is a Banach space, and f: X — F. Also suppose zo € X,
and choose € > 0 such that B(zo,¢) C X. Finally, let
zx(h) :=xz0+h'er+---+h"; for k=1,...,n and h € B(zo,e) .

Prove that f is differentiable at z if and only if, for every h € B(xo,¢) such that A* # 0
for 1 < k < n, the limit

f(zk(h)) — f(zr-1(h))

hlkirilo T for1<k<n
rk=£0
exists in F'.
7 Prove Remark 2.15(a). (Hint: Theorem 2.14.)
8 Determine the gradients of these functions:
R™ - R, =z~ (xo]x);
R™\{0} =R, x> z[;
R™ =R,z |(zo]2);

R™\{0} =R, =z 1/|z.

9 At which points is C — C, z+— z|z| differentiable? If possible, find the derivative.

10 At which points is R™ — R™, z + z|z|* with k € N differentiable? Calculate the
derivative wherever it exists.

11 Find all differentiable functions f: C — C such that f(C) C R.

12 Forp € [1,00], let fp: R™ — R, =+ |z|,. Where is f, differentiable? If possible,
find V fp ().

13 Suppose X is open in C and f: X — C is differentiable. Also define f*(z) := f(2)
for ze X*:={ze€C; z€ X}. Show that f*: X* — C is differentiable.
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3 Multivariable differentiation rules

We collect here the most important rules for multidimensional differentiation. As
usual, we assume

e F and F are Banach spaces over the field K;
X is an open subset of E.

Linearity

The next theorem shows that—as in the one-variable case— differentiation is
linear.

3.1 Proposition Suppose f,g: X — I are differentiable at ¢y and o € K. Then
f + ag is also differentiable at xy, and

A(f + ag)(zg) = 0f(x0) + adg(zo) -

Proof By assumption, we can write

f(@) = f(zo) + 0f (xo)(x — m0) + 700 (%) [|[2 — 0|
g(x) = g(wo) + 9g(z0)(z — T0) + 840 (2) [|[2 — 20]| ,

where the functions 7., sz, : X — F' are continuous and vanish at xy. Thus,
(f +ag)(z) = (f + ag)(zo) + [0f(z0) + adg(xo)] (v — z0) + tay (z) |2 — o]
where tg, := ry, + aSz,. Proposition 2.1 then implies the theorem. m
3.2 Corollary C'(X,F) is a vector subspace of C(X, F), and
9: CY(X,F)— C(X,L(E,F)), frof

is linear.

The chain rule

In Chapter IV, we saw the great importance of the chain rule for functions of one
variable, and, as we shall see here, the same is true in the multivariable case.

3.3 Theorem (chain rule) Suppose Y is open in F and G is a Banach space.
Also suppose f: X — F is differentiable at o and g: Y — G is differentiable at
yo := f(xo) and that f(X) CY. Then go f: X — G is differentiable at xy, and
the derivative is given by

A(go f)(zo) = g (f(x0))0f (x0) -
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Proof' If A:=0g(f(x0))0f(x0), then A € L(E,G). Proposition 2.1 implies

f(@) = f(zo) + 0f (o) (2 — xo) +7(z) |2 —wol|  forze X,

9(y0) + 9g)y —vo) + () ly—woll  foryey, O

e}
—~
<
~
I

where r: X — F and s: Y — (G are continuous at xy and at yg, respectively, and
also r(z9) = 0 and s(yg) = 0. We define ¢t: X — G through ¢(z¢) := 0 and

T — X

1(w) = 09 (F(0))r(z) + 5(7(@) 07 (wo); ()| for o £ o

|z — o
Then ¢ is continuous at z. From (3.1) and with y := f(z), we derive the relation

(9o (@) =g(f(w0)) + Alx — z0) + 9g(f(z0))r(2) | — @0
+5(f(2)) |0 (zo)(x — z0) +r(2) [l — w0l |
= (g0 f)(xo) + Az — zo) + t(2) [l — wol| -

The theorem then follows from Proposition 2.1. m

3.4 Corollary (chain rule in coordinates) Suppose X is open in R" and Y is
open in R™. Also suppose f: X — R™ is differentiable at xg and g: Y — R’ is
differentiable at yo := f(x¢) and also f(X) CY. Then h :=go f: X — R? is
differentiable at x¢ and

[0h(w0)] = [0g(f(w0))][0f (w0)] , (3.2)

that is, the Jacobi matrix of the composition h = go f is the product of the Jacobi
matrices of g and f.

Proof This follows from Theorem 3.3, Corollary 2.9, and Theorem 1.9(ii). m

3.5 Remark With the notation of Corollary 3.4, the entries of the Jacobi matrix
of h are

forl<j<fland1<k<n.

oW (ze) _ 00 (F(w0)) 0f'(z0)

Oxk p oyt Oxk

With this fundamental formula, we can calculate partial derivatives of composed
functions in many concrete cases.

Proof Using the rule for multiplying matrices, this follows immediately from (3.2). m

ISee the proof of Theorem IV.1.7.
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3.6 Examples (a) We consider the map
FRESRY D (2,y) — (2% 2y, 2y?)
g:R*—R*, (&n,¢)  (sin&, cos(én()) -

For h := go f: R? — R? we then have h(z,y) = (sinxz,cos(x4y3)). Thus h is
continuously differentiable, and

[8h(x, y)] =

2x cos a2 0 } (3.3)

—4z%y?sin(xty®)  —32ty? sin(aty?)

As for the Jacobi matrices of g and f, we respectively find

cos§ 0 0 ] and M 2
—nCsin(€ng) —€Csin(€ne) —€nsin(n) 2 2

Now we can easily verify that the product of these two matrices agrees with (3.3)
at the position (£,7,¢) = f(z,y).

(b) Suppose X is open in R and f € C'(X,R). Also let I be an open interval
in R, and suppose ¢ € C'(I,R"™) with ¢(I) C X. Then f o ¢ belongs to C'(I,R),
and

(fop)(t)= (Vf(e)|¢@) fortel.
Proof From the chain rule, we get

(Fou)(t) = df(p()e(t) = (VF(p(t) | (1) fortel.m

(c) We use the above notation and consider a path ¢: I — X, which stays
within a “level set” of f, that is, there is a y € im(f) such that f(p(t)) =y
for each ¢t € I. From (b), it then follows

that
(VI(e®)]2) =0

for t € I. This shows the gradient V f(z)
at the point © = p(t) is orthogonal to
the path ¢ and, therefore, also to the
tangent of ¢ through (¢,¢(t)) (see Re-
mark IV.1.4(a)). Somewhat imprecisely,
we say, “The gradient is orthogonal to
level sets”. m

Level sets of the function
(z,y,2) = a® +y° — 22
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The product rule

The product rule for real-valued functions is another application of the chain rule.?

3.7 Proposition  Suppose f,g € C1(X,R). Then fg also belongs to C'(X,R),
and the product rule says

d(fg) = gof + fog . (3.4)
Proof For
m:R?2 >R, (o, B) — af

we have m € C'(R?,R) and Vm(a, 3) = (8,). Setting F := mo (f,g), we get
F(z) = f(z)g(z) for x € X. From the chain rule, it follows that F' € C*(X, R) with

OF (z) = om(f(x), 9(x)) o (9f(x),09(x)) = g(2)0f (z) + f(2)0g(x) .

3.8 Corollary In the case E = R", we have

d(fg) = gdf + fdg and V(fg)=gVf+ fVg.

Proof The first formula is another way of writing (3.4). Because

(V(f9)(@)|h) = d(fg)(x)h = f(x)dg(x)h + g(x)df (x)h
= (f(@)Vg(z) + g(x)Vf(2)|n)

for z € X and h € R", the second formula also holds. m

The mean value theorem

As in the one-variable case, the multivariable case has a mean value theorem, which
means we can use the derivative to estimate the difference of function values.

In what follows, we use the notation [, y] introduced in Section III.4 for the
straight path {x +t(y—=x); tel0,1] } between the points z,y € E.

3.9 Theorem (mean value theorem) Suppose f: X — F is differentiable. Then

I1f(@) = fF)ll < Oiltlngf’)f(x +t(y — )| lly — || (3.5)

for all x,y € X such that [z,y] C X.

2See also Example 4.8(b).
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Proof We set o(t) := f(z+t(y —x)) for t € [0,1]. Because [z,y] C X, we know
i is defined. The chain rule shows that ¢ is differentiable with

o(t)=0f(z+ty—x))(y—x) .

From Theorem IV.2.18, the mean value theorem for vector-valued functions of one
variable, it follows that

1£ () = f (@)l = lle(1) = O)] < sup [&(@)] -
0<t<1
We finish the theorem by also considering

l6®I < 05 (@ +tly )| ly —al forteo1].m

Under the somewhat stronger assumption of continuous differentiability, we
can prove a very useful variant of the mean value theorem:

3.10 Theorem (mean value theorem in integral form) Let f € C'(X,F). Then
we have

) = 1@ = [ of(@+ty-a) - (36)
for z,y € X such that [z,y] C X.

Proof The auxiliary function ¢ from the previous proof is now continuously
differentiable. Thus we can apply the fundamental theorem of calculus (Corol-
lary VI.4.14), and it gives

F() — (@) = p(1) — p(0) = / B(t) dt = / O (x+t(y — 2))(y — z) dt . m

3.11 Remarks Suppose f: X — F is differentiable.

(a) If Of is continuous, the representation (3.6) gives the estimate (3.5).

Proof Apply Proposition VI.4.3 and the definition of the operator norm. m

(b) If X is convex and 9f: X — L(E, F) is bounded, then f is Lipschitz contin-
uous.

Proof Let a :=sup,cx [|0f(z)|. Then from Theorem 3.9, we get

1f) —f@ll <aly—z| forzyecX. m 3.7)

(c) If X is connected and f = 0, then f is constant.
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Proof Suppose 2o € X and r > 0 such that B(zo,r) C X. Letting yo := f(zo), it then
follows from (3.7) that f(z) = yo for all x € B(zo, 7). Because zo was arbitrary, f is
locally constant. Therefore f~'(yo) is nonempty and open in X. Also, from Proposi-
tion 2.1(ii) and Example I11.2.22(a), f~'(yo) is closed in X. The claim then follows from
Remark I11.4.3. m

The differentiability of limits of sequences of functions

The theorem of the differentiability of limits of sequences of functions (Theo-
rem V.2.8) can now be easily extended to the general case.

3.12 Theorem Let f;, € C1(X,F) for k € N. Also assume there are functions
feFX and g: X — L(E, F) such that

(i) (fx) converges pointwise to f;
(ii) (9fx) locally converges uniformly to g.
Then f belongs to C*(X, F), and we have 0f = g.

Proof Under the application of Theorem 3.9, the proof of Theorem V.2.8 remains
valid word-for-word. m

Necessary condition for local extrema

In the important Theorem IV.2.1, we gave a necessary criterion for the existence of
a local extremum of a function of one real variable. With the methods developed
here, we can now treat many variables.

3.13 Theorem Suppose the map f: X — R has a local extremal point at xg and
all its directional derivatives exist there. Then

D, f(zg) =0 forve E\{0}.

Proof Let v € E\{0}. We choose r > 0 such that zy +tv € X for ¢t € (—r,7)
and consider a function of one real variable:

p: (=rr) =R, t— flxo+tv).
Then ¢ is differentiable at 0 and has a local extremum at 0. From Theorem IV.2.1,

we have (0) = D, f(x0) =0. m

3.14 Remarks (a) Suppose f: X — R is differentiable at z9p. Then x( is called
a critical point of f if df (z9) = 0. If f has a local extremum at z, then z is a
critical point. When E = R", this definition agrees with that of Remark 2.17(a).

Proof This follows from Proposition 2.5 and Theorem 3.13. m
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(b) A critical point g is not necessarily a local extremal point.?

Proof Consider

O
FIRP SR, 2y AN\
: ;o (my) -y QN

N
ut)/
i

Then Vf(0,0) = 0, but (0,0) is not
an extremal point of f. Instead, it is
a “saddle point”. m

Exercises
1 We say a function f: E — F is positively homogeneous of degree o € R if
ftx) =t"f(z) fort>0and xz € E\{0}.
Show that if f € C'(E, F) is positively homogeneous of degree 1, then f € L(E, F).

2 Suppose f: R™ — R is differentiable at R™\{0}. Prove that f is positively homoge-
neous of degree « if it satisfies the Euler homogeneity relation

(Vf(z)|z) = af(z) for z e R™\{0}.

3 Suppose X is open in R™ and f € C*(X,R"). Show that
g: X—-R, z~— sin(|f(w)|2)
is continuously differentiable, and determine Vg.
4 For f € C*(R™",R) and A € L(R™), show
V(foA)(x)=A"Vf(Az) forz eR".
5 Suppose X is open in R¥ and Y is open and bounded in R™. Further suppose f €
C(X x Y,R) is differentiable in X x Y and thereis a ¢ € C''(X,R") such that im(¢) C Y

and

m(z) = ;ré}gf(x,y) = f(z,&(x)) forz € X .

Calculate the gradient of m: X — R.
6 TFor g € C'(R™ R) and f; € C'(R,R) with j = 1,...,m, calculate the gradient of
R™ =R, (z1,...,%m)+— g(fl(:rl), .. ‘,fm(:rm)) .
7 The function f € C'(R? R) satisfies 91 f = G2 f and f(0,0) = 0. Show that there is a
g € C(R?,R) such that f(z,y) = g(z,y)(z +vy) for (z,y) € R
8 Verify for the exponential map that
exp € C'(L(E),L(E)) and dexp(0) =idg(m) -

3Compare this also with Remark IV.2.2(c).
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4 Multilinear maps

Let E and F be Banach spaces, and let X be an open subset of E. For f €
CY(X,F), we have 0f € C(X,L(E,F)). We set g := 0f and F := L(E,F).
According to Theorem 1.1, F is a Banach space, and we can therefore study the
differentiability of the map g € C(X,F). If g is [continuously] differentiable, we
say f is twice [continuously] differentiable, and 92 f := Og is the second derivative
of f. Thus

O f(x) € L(E,L(E,F)) forzeX .

Theorem 1.1 says that £(E, L(E, F)) is also a Banach space. Thus we can study
the third derivative 93 f := 9(9%f) (if it exists) and likewise find

O*f(x) € L(E,L(E,L(E,F))) forzeX .

In this notation, the spaces occupied by 0" f evidently become increasingly com-
plex with increasing n. However, things are not as bad as they seem. We will show
that the complicated-looking space [,(E, [,(E, .., L(E,F)-- )) (with E occurring
n-times) is isometrically isomorphic to the space of all continuous multilinear maps
from Ex---x E (again with n E’s) to F'. Multilinear maps are therefore the proper
setting for understanding higher derivatives.

Continuous multilinear maps

In the following, E1, ..., E,, for m > 2, E, and I’ are Banach spaces over the field
K. A map ¢: Ey X --- x E,, — F is multilinear or, equivalently, m-linear® if for
every k € {1,...,m} and every choice of z; € Ej for j =1,...,m with j # k, the
map

(T, 1,y Tt 1y e - Tm) : B — F
is linear, that is, ¢ is multilinear if it is linear in every variable.

First we show that a multilinear map is continuous if and only if it is
bounded.?

4.1 Proposition For the m-linear map ¢: Ey X --- X E,, — F, these statements
are equivalent:

(i) ¢ is continuous.

(ii) ¢ is continuous at 0.

(iii) ¢ is bounded on bounded sets.
)

(iv) There is an o > 0 such that

@@, zm) <allzl- - - lloml] forz; € B, 1<j<m.

IWhen m = 2 [or m = 3] one speaks of bilinear [or trilinear] maps.
2Compare with Theorem VI.2.5.



174 VII Multivariable differential calculus

Proof The implication “(i)=-(ii)” is clear.

“(ii)=>(iii)” Supposing B C Ey x - - - X E,, is bounded, there exists, according
to Example II.3.3(c) and Remark I1.3.2(a), a 8 > 0 such that ||z;|| < 8 for
(z1,...,2m) € Band 1 < j < m. Because ¢ is continuous at 0, there is a
& > 0 such that

||()0(ylaaym)”§1 fOI'ijEj, ||yj||§5> lgjgm
For (z1,...,2m) € Band 1 < j <m, we set y; := dz;/5. Then |y;|| <4, and

O/B8)™ lp(@r, - zm)ll = ey, ym) | <1

Therefore ¢(B) is bounded.
“(iii)=-(iv)” By assumption, there is an a > 0 such that

lo(@e, .. yzm)|| <a for (z1,...,2,) €B.

For y; € E;\{0}, we set z; := y;/|ly;]|. Then (x1,...,2,,) belongs to B, and we

find
1

lyall- - flyml
which proves the claim.

I ym)ll = lle(@r, e < a,

“(iv)=-(i)” Suppose y = (y1,.-.,Ym) is a point of Ey x -+ X E,, and (z")
is a sequence in Ey X -+ x E,, with lim, 2™ = y. Letting (z7,...,2%) = 2™, we
have by assumption that

n

||<)0(y17 . ;ym) - 90(1"?7 cee ’mm)H
< ||90(y1 - $?7y27 cee 7ym)|| + ||§0(‘T71Lay2 - l’g,y?,, cee ,ym)H

ot et 2y, ym — 2|

< a(llyl =2t ly2ll - llymll + (27 W ly2 = 251 - llyml]
+ A 2T =z ] - '”ym*sz”) :
Because the sequence (z™) is bounded in Ej X --- x E,,, this estimate shows,

together with (the analogue of) Proposition I1.3.14, that ¢(z™) converges to ¢(y). m

It is useful to introduce a shorthand. We denote by
L(Ey,...,En; F)

the set of all continuous multilinear maps from E; X --- x E,, to F. Evidently
L(E1,...,En; F) is a vector subspace of C(Eq X -+ X Ey,, F). Often, all the E;
are the same, and we use the notation

LB, F):=L(E,...,E;F) .
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In addition, we set L1(E,F) := L(E,F) and L°(E, F) := F. Finally, let
el =inf{a>0; lo(@,....zm)ll <alall- - llamll, 2 € B} (4.1)
for p € L(Fy,...,Em; F).
4.2 Theorem
(i) For p € L(E,...,En; F), we find
el =sup{ lle(@, -, zm)ll 5 ol <1, 1<j <m}

and
(@1, ..o zm)ll < el lzall - - - llzmll

for (z1,...,om) € E1 X -+ X Ep,.

(ii) The relation (4.1) defines a norm and
E(ElaaEva) = (‘C(EhaEva)a””)

is a Banach space.

(iii) When dim E; < oo for 1 < j < m, every m-linear map is continuous.

Proof For m = 1, these are implied by Proposition VI.2.3, Conclusion VI.2.4(e),
and Theorems 1.1 and 1.6. The general case can be verified through the obvious
modification of these proofs, and we leave this to you as an exercise. m

The canonical isomorphism

The norm on L(E4,...,Eny; F) is a natural extension of the operator norm on
L(E,F). The next theorem shows this norm is also natural in another way.

4.3 Theorem The spaces L(En,...,Eny; F) and E(El, E(Eg, o L(Ep, F) - ))

are isometrically isomorphic.

Proof We verify the statement for m = 2. The general case obtains via a simple
induction argument.

(i) For T € L(E1, L(E, F)) we set
or(z1,22) := (Tx1)T2 fOr (71,22) € E1 X F3 .
Then ¢ : Ey X Es — F is bilinear, and
lor(@r,aa)ll < [Tl oo llz=]| for (z1,22) € By x Es .

Therefore ¢ belongs to L(E4, Eq; F), and ||or|| < [T
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(ii) Suppose ¢ € L(FE1, Eq; F). Then we set
Ty(z1)xe == @(x1,22) for (z1,22) € By X Es .
Because
ITp(x1)a2]l = lo(@r, z2) || < [lell e[ [lw2]l - for (z1,22) € By x Ey

we get
Ty(x1) € L(E2, F) - for [Ty (z1)]| < llepl| [l ]

for every x1 € E;. Therefore
T, = [x1 = Ty(a1)] € L(Er, L(Ez, F)) and [T, ]| < [l -
(iii) Altogether, we have proved that the maps
T op: [,(El,E(EQ,F)) — L(E1,Eq; F)

and
90’—>T¢1 L(El,EQ,F)—)E(Eh,C(EQ,F)) (42)

are linear, continuous, and inverses of each other. Thus they are topological iso-
morphisms. In particular, T,,,, = T, and we get

1Tl = [Tpr | < llezll < 1T -

Thus the map T — @7 is an isometry. m
Convention L(E1,...,E,;F) and E(El, E(Eg, oy L(Ep, F) - - )) are iden-
tified using the isometric isomorphism (4.2).
4.4 Conclusions (a) For m € N, we have
L(E,L™(E,F))=L""Y(E,F).
Proof This follows immediately from Theorem 4.3 and the above convention. m

(b) L™(E, F) is a Banach space.
Proof This follows from Theorem 4.3 and Remark 1.3(c). m

Symmetric multilinear maps

Suppose m > 2 and ¢ : E™ — F is m-linear. We say ¢ is symmetric if
O(Za(1)s -+ Ta(m)) = P(T1, .00\ Tm)

for every (x1,...,zy,) and every permutation o of {1,...,m}. We set

LY (B F):={¢ecL™(E,F); ¢is symmetric } .

sym
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4.5 Proposition L7 (E, F) is a closed vector subspace of L™ (E, F') and is there-

sym
fore itself a Banach space.

Proof Suppose (¢r) is a sequence in LI (E, F) that converges in L™(E, F)

sym .
to . For every (z1,...,2,m) € E™ and every permutation® ¢ € S,,, we then have
(p(xa(l)a s 7xa(m)) = hin §0k<xa(1)a s 7xa(m)) = hIIcn Qak(xla s 7xm)
= 4,0(.%'1, cee 7xm) .

Therefore ¢ is symmetric. m

The derivative of multilinear maps

The next theorem shows that m-linear maps are actually continuously differen-
tiable and that the derivatives are sums of (m—1)-linear functions.

4.6 Proposition L(E1,...,E,; F) is a vector subspace of C*(Ey X +++ x Ep,, F).
And, for p € L(E1,...,En; F) and (21,...,25) € By X -+ X E,, we have

m
890(1‘17-~-afm)(hlw--;hm) :Z‘P(x17-~-aajj—17hj7xj+17~--7x'rn)
j=1
for (hh...,hm)GEl X"'XEm.
Proof We denote by A, the map
(hl,...,hm) — ng(zl,...,xj,l,hj,ijrl,...,xm)
j=1

from F7 X --- X E,;, to F. Then it is not hard to verify that
(z— Ap) GC’(El X oo X By, L(Ey X - -+ xEm,F)) )

Letting y := xx + hg, the equation

m

<P(yly-~-7ym) = <,0(m1,... ,Qfm) +Z<P(3317 '7xk—17hk7yk+17" ;ym)
k=1

follows from the multilinearity of ¢. Because each of the maps

Ek+1 Xoewe ><E1m*>1*—'7 (Zk+1,...,zm) '—>90(:171,...,xk717hk72k+17...72m)

3Recall that Sy, is the group of permutations of the set {1,...,n} (see the end of Section L.7).
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is (m—k)-linear, we likewise get

()0(-’1;17 e 7$k—17hk7yk+17 e 7y7n)

- Qo(xh ceey Tk—1, hk7 Thtlye-- ,J?»,n)
m—k
+ Z Q@15 ey Tl Py Tht 1+ -+ Thj— 1, Rl Yht g 1s - - Ym) -
i=1

Consequently, we find
(@1 +h1, .., m + hm) —@(x1, ..y Tm) — Azh =7(z,h)

where r(z, h) is a sum of function-valued multilinear maps, in which every sum-
mand has at least two different h; for suitable ¢ € {1,...,m}. Thus Theorem 4.2(i)
implies that r(x, h) = o(||h]|) as h — 0. m

4.7 Corollary  Suppose X is open in K and ¢ € L(E1,...,En; F) and f; €
CY(X,Ej) for 1 < j < m. Then the map

o(fisfm): X = F, woo(fi(@),..., fm(@))
belongs to C*(X, F), and we have

a((p(fhafm)) :Z(p(fla"'afj*hfj,'afj#*la"'afm) .

j=1
Proof This follows from f}(z) € E; (Proposition 4.6) and the chain rule. m

The signature formula

. ) L

det[a;] = Z sign(a)ag gy - - ag(m)

0ESH,
shows that det[ai,] is an m-linear function of the row vectors a} := (af,...,a))
(or, alternatively, of the column vectors a§ := (a}, ..., a}")).
For ay,...,a, € K™ with a;, = (aj,...,a}"), we set
a1,...,am) = [a]] € K™*™ .

In other words, [a1,. .., an] is the square matrix with the column vectors a, := ay,

for 1 < k < m. Therefore, the determinant function

det: K" x - x K™ =K, (a,...,am)— detlag,...,an)
—_———

m

is a well-defined m-linear map.
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4.8 Examples Suppose X is open in K.
(a) For ay,...,a, € CH(X,K™), we have det[ai,...,a,] € C*(X,K) and

m
(det[al, e am]), = Zdet[al, e, a;, jgly -y Q) -
J=1

(b) Suppose ¢ € L(E1, E2; F) and (f,g) € C'(X, E1 x E2). Then the (generalized)
product rule is

do(f,9) = w(0f, 9) + (f,0g) .

Exercises

1 Let H := (H, al )) be a finite-dimensional Hilbert space. Show these facts:
(a) For every a € L*(H,K), there is exactly one A € L(H), the linear operator induced
by a, satisfying
a(z,y) = (Az|y) forx,y€ H .

The map

LP(H,K) — L(H), ar A (4.3)
thus induced is an isometric isomorphism.
(b) In the real case, we have a € £2,,,(H,R) & A = A*.
(c) Suppose H = R™ and (-|-) is the Euclidean scalar product. Then show

m
a(x7y): Z a]km‘]yk forx:(x17""xm)7 y:(y17""ym)7 x’yeKm’
G k=1

where [a;i] is the matrix representation of the linear operator induced by a.
(Hint for (a): the Riesz representation theorem.*)

2 Suppose X is open in E and f € C’l(X,Cm(E,F)) satisfies f(X) C Lm(E,F).
Then show Of(x)h € LI (E,F) forz € X and h € E.

3 For A € K™", show dete? = ™). (Hint: Let h(t) := detet? — ™) for ¢ € R.
With the help of Example 4.8(a), conclude h’ = 0.)

4 ForTh, T, € L(F,E) and S € L(E, F), let g(T1,T2)(S) := T1.ST5. Verify

(a) g(Th,Tz) € L(L(E, F), L(F, E));

(b) g € L2(L(F,E); L(L(E,F),L(F,E))).

5 Suppose H is a Hilbert space A € L(H) and a(z) := (Az|z) for z € H. Show

(a) da(z)y = (Az|y) + (Ay|z) for z,y € H;

(b) if H =R", then Va(z) = (A+ A%)z for x € R™.

4Because the Riesz representation theorem also holds for infinite-dimensional Hilbert spaces,
(4.3) is also true in such spaces.
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5 Higher derivatives

We can now define higher derivatives. We will see that if a function is continuously
differentiable, its higher derivatives are symmetric multilinear maps.

Primarily, this section generalizes the Taylor expansion to functions of more
than one variable. As one of its consequences, it will give, as in the one-dimensional
case, a sufficient criterion of the existence of local extrema.

In the following, suppose

e F and F are Banach spaces and X is an open subset of E.

Definitions

As mentioned previously, we will define higher derivatives inductively, as we did
in the one variable case.

Suppose f: X — F and g € X. We then set 0°f := f. Therefore
9°f(xo) belongs to F' = L°(E, F). Suppose now that m € N* and 9™~ !f: X —
LMY E, F) is already defined. If

O™ f(zo) == 0(0™ ' f)(z0) € L(E, L™ (B, F)) = L™(E, F)

exists, we call 0™ f(xo) the m-th derivative of f at xo, and f is m-times differ-
entiable at xg. When 0™ f(z) exists for every = € X, we call

O"f: X — L™(E,F)

the m-th derivative of f and say f is m-times differentiable. If 0™ f is continuous
as well, we say f is m-times continuously differentiable. We set

C"™(X,F):={f: X — F; fis m-times continuously differentiable }

and
C™(X,F):= [ C™(X,F).
meN

Evidently C°(X, F) = C(X, F), and f is smooth or infinitely continuously differ-
entiable if f belongs to C*(X, F).

Instead of 8™ f, we sometimes write D™ f or f(™); we also set f’ := f(1),
f// = f(2)7 f/// = f(S) etc.
5.1 Remarks Suppose m € N.
(a) The m-th derivative is linear, that is,

O™ (f + ag)(xzo) = 0™ f(wo) + ad™g(x0)

foraeKand f,g: X — F if f and g are m-times differentiable at .
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Proof This follows by induction from Proposition 3.1. m
b) C"(X,F)={f:X—>F; dfeC(X,LI(E,F)),0<j<m}.
Proof This is implied by Proposition 2.1(ii) and the definition of the m-th derivative. m

(c) One can now easily verify that C™*1 (X, F) is a vector subspace of C" (X, F).
Also C*(X, F) is a vector subspace of C™ (X, F'). In particular, we have the chain
of inclusions

C*(X,F)c---cC™""Y(X,F)c C™(X,F)C---C C(X,F) .
In addition, for £ € N the map
ok o™R (X, F) — C™(X, F)
is defined and linear.

Proof We leave the simple check to you. m

5.2 Theorem Suppose f € C%(X,F). Then

O’ f(x) € Ezym(E,F) forx € X ,
that is,t
O*f(x)[h, k] = 0% f(x)[k,h] forx € X and h,k € E .
Proof (i) Suppose z € X and r > 0 such that B(x,2r) C X and h,k € rB. We
set g(y) :== f(y +h) — f(y) and

r(h, k) == /Ol[Al{an(xHth) —an(x)}hds}kdt .

From the mean value theorem (Theorem 3.10) and from the linearity of the deriv-
ative, we get

flx+h+k)— flz+k)— flx+h)+ f(z) =g(z+Fk)—g(x)
/1Bg(x+tk)kdt/1(8f(x+h+tk)8f(x+tk‘))kdt
:/1(/182f(x+sh+tk)hds)kdt:82f(x)[h,k]—I—T(h,k),
0 0

because = + sh + tk belongs to B(x, 2r) for s,t € [0,1] .
(i) Setting g(y) == f(y + k) — f(y) and

F(k, h) == /01(/01{82f(x+sk+th) 782f(x)}kds)hdt ,

LFor clarity, we have enclosed the arguments of multilinear maps in square brackets.
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it follows analogously that
f@x+h+k)— f(z+h)— flx+k)+ f(x) = 0*f(2)[k,h] + T(k,h) .
Thus we get
82f($)[h, k] - 82f($)[k, h] = :F(ka h) - T(hv k) .
Noting also the estimate

Ik, W[V ik, )| < sup 10 f (@ + sh+ th) = 0> f(@) || 1 A] 1K1 ,

we find .
162 f ()[R, k] — 0 f () [k, ]|

<2 sup |0°f(z+ sh+tk)—0>f(z)||R] ||k -
0<s,t<1

In this inequality, we can replace h and k by 7h and 7k with 7 € (0,1]. Then we
have

10°f (z)[h, K] — 02 f () [k, ]|

<2 sup H@Qf(x +T(sh+tk)) - 52f(35)H IRl ]l -
0<s,t<1

Finally, the continuity of 9% f implies
sup [|0%f(z + T(sh +tk)) — O*f(z)|| = 0 (T —0).

0<s,t<1

Therefore 92 f(z)[h, k] = 8% f(x)[k, h] for h,k € rB, and we are done. m

5.3 Corollary For f € C™(X, F) such that m > 2, we have
0" f(x) € L& (B, F) forxe X .

Proof Taking cues from Theorem 5.2, we now construct an induction proof in

m. The induction step m — m+1 goes as follows. Because LT, (E, F) is a closed

vector subspace or L(F, F), it follows from the induction hypothesis that
O" L f(x)hy € LT (B, F) for hy € E ,

sym
(see Exercise 4.2). In particular, we get
aerlf(x)[hh ho(2)7 h0(3)a BEEE) ha(m+1)] = aerlf(x)[hh h27 h37 BN herl]

for every (hi,...,hms1) € E™! and every permutation o of {2,...,m + 1}.
Because every T € S;,11 can be represented as a composition of transpositions, it
suffices to verify that

8m+1f(.’17)[h1, hg, h3, ey hm+1] = 8m+1f($)[h2, hl, hg, ey hvrz+1] .
Because 0™*! f(x) = §%(0™ 1 f)(x), this follows from Theorem 5.2. m
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Higher order partial derivatives

We consider first the case £ = R" with n > 2.
For ¢ € N* and indices ji,...,jq € {1,...,n}, we call
91f(x)
OxI1dxiz2 - - - Oxda
the g-th order partial derivative® for f: X — F at . The map f is said to be

g-times [continuously| partially differentiable if its derivatives up to and including
order ¢ exist [and are continuous].

= 0;,0j, -0, f(x) forzxeX

5.4 Theorem Suppose X is open in R", f: X — F, and m € N*. Then the
following statements hold:

(i) f belongs to C™(X,F) if and only if f is m-times continuously partially
differentiable.
(ii) For f € C™(X, F), we have
o1f o1f
= - - <g<
8xj1 . 83’;](1 ax]o-(l) e ax]a(q) fOr 1 sg9g=m,

for every permutation o € Sy, that is, the partial derivatives are independent
of the order of differentiation.?

Proof First, we observe that for hq,...,hy € R" such that ¢ < m, we have
f (x)[h1,...,hg) =0(---0(0f (2)h1)ha - -)hg forze X .

In particular, it follows that

df(x)lej,...,e5,] =0;,05,_, - 0;f(x) forzeX . (5.1)
Consequently, we find
0Uf (@)[hn, ... hgl = Y 05,05, -+ 05, f(x)h]" - s (5.2)
G1yedq=1

for x € X and h; = (h},...,h?) € R" with 1 <i <gq.

2In an obvious notation, we simplify writing multiple successive derivatives of the same vari-
able as, for example,

3f B o3 f o*f _ ot f
oxloxtdrt  Oxl(0xzt)2 ' 0220x30x30x2  Ox2(0x3)2022
etc. Note though, that one should generally maintain the differentiation order between different
variables, because generally

02 f 02 f
ox10xz2 * 0x20x!

(see Remark 5.6).

30ne can show that the partial derivatives are already independent of that order when f: X C
R™ — F is m-times totally differentiable (see Exercise 17). In general, the sequence of partial
derivatives can not be exchanged when f is only m-times partially differentiable (see Remark 5.6).
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(i) Formula (5.1) immediately implies that every element of C™ (X, F) is
m-times continuously partially differentiable.

Conversely, suppose that f is m-times continuously partially differentiable.
In the case m = 1, we know from Theorem 2.10 that f belongs to C*(X, F). We
assume that the statement is correct for m—1 > 1. From this assumption and (5.2),
we see that 9;(0™ ! f) exists and is continuous for j € {1,...,n}. Theorem 2.10

then says
8(am—1f): X — C(Rn,£77l_l(Rn7F)) — Em(Rn7F)

exists and is continuous. Therefore f € C™(X, F).
(ii) This follows immediately from Corollary 5.3 and (5.1). m

5.5 Corollary Suppose f: X C R" — K. Then we have these:
(i) f belongs to C*(X,K) if and only if

f,0;f,0;0kf € C(X,K) forl1<jk<n.
(ii) (Schwarz theorem) If f belongs to C%(X,K), then
00k f(x) =00 f(x) forxe X, 1<jk<n.

5.6 Remark The Schwarz theorem is false when f is only twice partially differ-
entiable.

Proof We consider f: R? — R with

e -y
flz,y) = 2 +y2 (z,y) # (0,0),
0, (z,y) = (0,0) .

Then we have
y(z* +42%y® — o)
) m? 070 7
O f(z.y) = @+ 72 (z,y) # (0,0)
0, (z,y) = (0,0),

and it follows that

81f(0, h) — alf(o, 0) —

—-1.
h

D201 £(0,0) = lim

Using f(y,z) = —f(x,y), we find

an(y’m) — }llli% f(y,x'i_h}z_f(y:x) — 7}1111% f(x"'h,y}z_f(x,y) — 781f(x,y) .
Therefore 0102f(y,x) = —0201f(x,y) for (z,y) € R? Then 020:f(0,0) # 0 gives

0102f(0,0) # —0201£(0,0). m
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The chain rule

The chain rule is also important for higher derivatives, though there is generally
no simple representation for higher derivatives of composed functions.

5.7 Theorem (chain rule) SupposeY is open in F' and G is a Banach space. Also
suppose m € N* and f € C"™(X, F) with f(X) CY and g € C™(Y,G). Then we
have go f € C™(X,G).

Proof Using Theorem 3.3, the statement follows from an induction in m. We
leave the details to you as an exercise. m
Taylor’s formula

We now extend Taylor’s theorem to functions of multiple variables. For that, we
use the following notation:

o f(@)h,...,n], 1<k<q,
ok f(x)[h)* = k-times
f(z), k=0,

forx € X, he€ E,and f € C1UX,F).

5.8 Theorem (Taylor’s formula) Suppose X is open in E, q € N*, and f belongs
to C1(X, F). Then

a
1
erh:kz::k— 1%+ Ry (f,x; h)

for x € X and h € E such that [z,x + h] C X. Here

Ry(f,x;h) ::/O %[8‘1]6(37—1—75}0—8qf($>][h]th€F

is the g-th order remainder of f at the point x.

Proof When g = 1, the formula reduces to the mean value theorem in integral
form (Theorem 3.10):

flx+h)=f(x) +/018f(x—|—th)hdt

:f(x)+8f(x)h+/0 [0f (x4 th) — Of ()| hdt .
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Suppose now ¢ = 2. Letting u(t) := df(x+th)h and v(t) :=t—1for ¢ € [0, 1],
we have u/(t) = 0% f(x +th)[h]? and v' = 1. Therefore, by the generalized product
rule (Example 4.8(b)) and by integrating the above formula, we get*

fx+h)=f(z)+0f(x)h+ / (1 —t)0%f(x + th)[h]* dt

0
2
k=0

+R2(f7x h)

??‘|>—n

For q = 3, we set u(t) := 0% f(z + th)[h]? and v(t) := —(1 — t)?/2. We then
get in similar fashion that

e +h) = f(z) +0f (@)h + %82f(3:)[h]2 + /O %aw(az + th)[h)* dt .

In the general case ¢ > 3, the claim follows using simple induction argu-
ments. m

5.9 Remark For f € C4X,F) and z,h € E such that [z,z + h] C X, we have

[1Rq(f, 25 )| < l max [|0°f (x + th) = 0°f ()| [|n[|* .

O<t
In particular, we get
Ry(f, 5 h) = of[|n[|) (b —0) .
Proof This follows from Proposition VI.4.3 and the continuity of 97f. m

5.10 Corollary Suppose f € C4(X, F) with ¢ € N* and x € X. Then we have®

Q

Flat )= 3 Lo F@B + oY) (h—0)

k=0

Functions of m variables

In the remainder of this section, we consider functions of m real variables, that is,
we set ¥ = R™. In this case, it is convenient to represent partial derivatives using
multiindices.

4See the proof of Proposition VI1.5.4.
5For sufficiently small h, [z,z + h] lies in X.
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Suppose a = (aq,...,q,) € N™ is a multiindex of length® |a| = E;n:1 a;,
and let f € C1*l(X, F). Then we write

olal f

0%f == 07"05%--- O f = (Ox1)or(9z2)oz - - - (™ )m

for a #£ 0
and 0°f := f.

5.11 Theorem (Taylor’s theorem) Suppose f € C4(X, F) withq € N* andx € X.
Then

f=3 Ty ape oo @)

la|<q

Proof We set h:=y — z and write h = E;":l hje;. Then

akf(m)[h}k = 8kf(x) [Z hjleju ) Z h’jkejk:|

ji=1 Jr=1

m m (5.3)
= Z Z 8kf(x)[ej17"'aejk]hj1 s hyy
ji=1 Je=1
for 1 < k < ¢. The number of k-tuples (j1,...,Jx) of numbers 1 < j; < m for
which all of the numbers ¢ € {1,...,m} occur exactly ay,-times is equal to
k! k!
= —. 5.4
(041)! (Ozg)! coer (am)! a! ( )
From (5.1) and Corollary 5.3, the claim follows from
8kf(.’1?)[€j1 y €has e ejk] = 8%1718272*11 e afélf(m) = 6af(m) : (55)

Summarizing, we get from (5.3)—(5.5) that

|
R = Y S r@ne for jal =k

|| =k

and the theorem follows from Corollary 5.10. m

5.12 Remarks Suppose f € C9(X,R) for some ¢ € N*.

(a) If g =1, we have
fy) = f@@) +df(2)(y — @) + oy — z]) = f(z) + (Vf(2) |y — @) + o(ly — )

as y — x.

6See Section I.8.
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(b) If ¢ = 2, we have

Fly) = @)+ @)y — ) + 50 F @)y 2] + ofly — af?)
= @)+ (V@) |y~ 2) + 5 (Hr@) ~ )|y~ 2) + ofly 2P

as y — x. Here,”
Hf(x) = [818kf(x)] € Rgrﬁm

denotes the Hessian matrix of f at . In other words, Hs(x) is the representation
matrix of the linear operator induced by the bilinear form 92 f(z)[ - -] at R™ (see
Exercise 4.1). m

Sufficient criterion for local extrema

In the following remarks, we gather several results from linear algebra.

5.13 Remarks (a) Let H := (H,(-]-)) be a finite-dimensional real Hilbert space.
The bilinear form b € £2(H, R) is said to be positive [semi]definite if it is symmetric
and

b(z,z) >0 [b(z,z) >0] forxze H\{0}.

It is negative [semi]definite if —b is positive [semi]definite. If b is neither positive
nor negative semidefinite, then b is indefinite. The form b induces the linear
operator® B € L(H) with (Bz|y) = b(x,y) for z,y € H, which is said to be
positive or negative [semi]definite if b has the corresponding property.

Suppose A € L(H). Then these statements are equivalent:
(i) A is positive [semi]definite.
(i) A= A" and (Az|z) >0 [> 0] for x € H\{0}.
(iii) A = A* and there is an o > 0 [ > 0] such that (Az|z) > a|z|* for z € H.
Proof This follows from Exercises 4.1 and 111.4.11. m
(b) Suppose H = (H,(-|-)) is a Hilbert space of dimension m and A € L(H) is
self adjoint, that is, A = A*. Then all eigenvalues of A are real and semisimple.

In addition, there is an ONB of eigenvectors hq, ..., h,, which give A the spectral
representation

A= i Aj ([ hg)hy (5.6)

=1

"We write R ™ for the vector subspace of R™*™ that consists of all symmetric (m x m)
matrices.
8See Exercise 4.1.
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where, in A1,..., Ay, the eigenvalues of A appear according to their multiplicity
and Ah; = Ajh; for 1 < j < m. This means in particular that the matrix of A is
diagonal in this basis, that is, [A] = diag(A1, ..., Am).

Finally, A is positive definite if and only if all its eigenvalues are positive; A
is positive semidefinite if and only if none of its eigenvalues are negative.

Proof The statements that o(A) C R and that the spectral representation exists are
standard in linear algebra (for example, [Art93, Section VIL5]).°

From (5.6), we read off
(Az|z) = Z)\]‘ |(x|hy)|* foraze H .
j=1

The claimed characterization of A is now an easy consequence of the assumed positive
[semi]definiteness of the eigenvalues. m

We can now derive—in a (partial) generalization of the results of Applica-
tion IV.3.9 — a sufficient criteria for maxima and minima of real-valued functions
of multiple real variables.

5.14 Theorem Suppose X is open in R™ and xqg € X is a critical point of
f € C*(X,R). Then
(i) if 02 f(xo) is positive definite, then f has an isolated local minimum at xo;
(ii) if 0% f(xo) is negative definite, then f has an isolated local maximum at x;

(iii) if 8% f(wo) is indefinite, then f does not have an local extremum at .

Proof Because xg is a critical point of f, according to Remark 5.12(b), we have

Flwo +8) = flwo) + 502 F@)El? + oI€F) (€~ 0)
(i) Because 9% f(x) is positive definite, there is an o > 0 such that
O f(wo)e]* > al¢l* for £ €R™.

We fix an § > 0 such that |o(|¢?)| < o |¢|? /4 for € € B™(0,6) and then find the
estimate

f@o+€) > flwo) + 5 |¢* = T Iel* = flao) + T Iel* forfe] <4

Therefore f has a local minimum at xg.
(ii) The statement follows by applying (i) to —f.
(iii) Because 92 f(z0) is indefinite, there are &1, & € R™\ {0} such that

a:=0%f(20)[€1]> >0 and f:=d%f(x0)[&]? <O .

9See also Example 10.17(b).




190 VII Multivariable differential calculus

Also, we find t; > 0 such that [zo,zo +t;¢;] C X and

a o)) |, B o [&l) | o
—+———1&4]">0 and — 4+ —551&]7 <0
2 2gf 2 2!
for 0 <t < t; and 0 < t < tg, respectively. Consequently,
flxo+t&) = f(= )+t2(g+w|§ |2) > f(zo) for0<t<t
0 1) = 0 D) 2 |£1|2 1 0 1,
and
o(t? 2
fxo +t&2) = f(x0) +t2(§ + L&L) |§2|2) < flwog) for0<t<ty.
2 g

Therefore xq is not a local extremal point of f. m

5.15 Examples We consider
fiR*SR, (2,y) — c+02® +¢ey?
with ¢ € R and 6,¢ € {—1,1}. Then

Vf(z,y) =2(dz,ey) and Hf(x,y)2[g 2}

Thus (0, 0) is the only critical point of f.

(a) Taking f(z,y) = ¢+ 22 + y* so that § = ¢ = 1, we find H;(0,0) is positive
definite. Thus f has an isolated (absolute) minimum at (0,0).

(b) Taking f(z,y) = ¢ — 2® — y?, we find Hf(0,0) is negative definite, and f has
an isolated (absolute) maximum at (0,0).

(c) Taking f(z,y) = ¢+ 2® — y*> makes Hf(0,0) indefinite. Therefore f does not
have an extremum at (0, 0); rather (0,0) is a “saddle point”.

\\\\“‘;‘é: %
\\S\‘;\\:‘:““:‘::“‘:“?
A\\aee!
W

Minimum Maximum Saddle

(d) When 9%f is semidefinite at a critical point of f, we cannot learn anything
more from studying the second derivative. For consider the maps f;: R?> — R,
j=1,2,3, with

fl(xay) = $2+y4 ; f2($ay) = x2 5 fS(xay) = $2+y3 .

In each case (0,0) is a critical point of f;, and the Hessian matrix Hy,(0,0) is
positive semidefinite.
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W
\ WQ'llr

However, we can easily see that (0,0) is an isolated minimum for f1, not an isolated
minimum for f5, and not a local extremal point for f3. m

Exercises
1 If A€ L(E,F), show A€ C™(E,F) and 3*A = 0.
2 Ifoc L(E1,...,Em;F), show ¢ € C°(E1 X -+ X Emm, F) and 8™ = 0.
3 Suppose X is open in R™. The (m-dimensional) Laplacian A is defined by
A: C*(X,R) - C(X,R), u— Au:=>» dfu.
j=1

We say the function u € C*(X,R) is harmonic in X if Au = 0. The harmonic functions
thus comprise the kernel of the linear map A. Verify that ¢, : R™\{0} — R defined by

oo { oxlelm=2,
m(T) =
9 |z)>~™ m>2,

is harmonic in R™\{0}.
4 For f,g € C*(X,R), show

A(fg) = gAf+2(Vf|Vg) + fAg .

5 Suppose g: [0,00) x R — R?, (r,¢) — (rcos @, rsin ). Verify these:

(a) g](0,00) x (—=m,m) — R*\H for H := { (z,y) € R? ; 2 <0, y=0} = (-RT) x {0}
is topological.

(b) im(g) = .
(c) If X is open in R®\ H and f € C?(X,R), then

O(fog) [ 19(fog) , 1 &(foyg)
or? +; or +r_2 02

(Af)og=

on g~ H(X).

6 Let X :=R" x (0,00) and p(z,y) := y/(Jz|* + y?) for (z,y) € X.
Calculate Ap.
7 Verify
(Au)o A= A(uoA) for u e C*(R",R)
if A€ L(R") is orthogonal, that is, if A*A = 1.
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8 Suppose X is open in R™ and FE is a Banach space. For k € N, let
BCH(X,E) ({u € BO(X,E) 5 0°ue BO(X,E), |o] <k}, |leee)

where

l2]| 5,00 := max [|0%ul/oo -
jal<k

Verify that

(a) BC*(X, E) is a Banach space;

(b) BUC*(X,E) := {u € BC(X,E) ; 0° € BUC(X,E), || <k} is a closed vector
subspace of BC*(X, E) and is therefore itself a Banach space.

9 Let ¢ € Nand an € K for « € N™ with |a| < ¢. Also suppose ao # 0 for some
a € N™ with |a| = ¢. Then we call

A0): CUX,K) = C(X,K), ur— A@)u:= Y aad®u

la|<q
a linear differential operator of order g with constant coefficients.
Show for k € N that
(a) A(0) € L(BC*(X,K), BC*(X,K));
(b) A(9) € L(BUC*(X,K), BUC*(X,K)).
10 For u € C*(R x R™,R) and (¢,z) € R x R™ we set
Oy := afu — Azu
and
(0r — A)u := Owu — Agu

where A, is the Laplacian in = € R™. We call O the wave operator (or d’Alembertian).
We call 0, — A the heat operator.

(a) Calculate (0 — A)k in (0,00) x R™ when
k(t,z) :=t™/? exp(—|z|?/4t) for (t,x) € (0,00) x R™ .
(b) Suppose g € C*(R,R) ¢ > 0, and v € S™~*. Calculate Ow when

w(t,z) :=gv-z—tc) for (t,x) eRxR™.

11 Suppose X is an open convex subset of a Banach space E and f € C?(X,R). Show
these statements are equivalent:

(i) f is convex;

(i1) f(z) = f(a) + 0f(a)(z — a), for a,z € X;
(iii) 92f(a)[h]® >0, for a € X and h € E.
If E =R™, these statements are also equivalent to

(iv) Hy(a) is positive semidefinite for a € X.
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12 For all a € R, classify the critical points of the function
fa: R2 =R, (2,y) — 2 —y° + 3axy ,
as maxima, minima, or saddle points.

13 Suppose f: R? = R, (x,9)+— (y — 2?)(y — 22°). Prove these:
(a) (0,0) is not a local minimum for f.
(b) For every (wo,y0) € R*\ {(0,0)}, R — R ¢ ~— f(tzo,tyo) has an isolated local

minimum at 0.

14 Determine, up to (including) second order, the Taylor expansion of
(0,00) X (0,00) = R, (z,y) = (z—y)/(z+y)
at the point (1,1).
15 Suppose X is open in R™. For f,g € C*(X,R™), define [f, g] € C(X,R™) by

[f,9](z) := 0f (x)g(x) — Og(x) f(x) forzeX .
We call [f, g] the Lie bracket of f and g.
Verify these statements:
(i) If, 9] =19, f1;
(ii) [af + Bg,h] = a[f, k] + Blg, h] for a, 3 € R and h € C'(X,R™);
(iii) [of, 9] = @Vlf, gl + (Vol Hlvf — (V| g)pg for ¢, € CH(X,R);
)

(Jacobi identity)
If f,g,h € C*(X,R™), then [[f,g],h] + [[g,h], f] + [[h, f].9] = 0.

16 Show that

(iv

PR e { exp(1/(|z> =1)), |z <1,

0, [z| > 1,
is smooth.

17 Suppose X is open in R™ and f: X — F is m-times differentiable. Then show
f(z) e LLn(X,F) forze Xand1<qg<m.
In particular, show for every permutation o € S, that

9f(x) _ 97 f(x)
Oz - - - Opd1  Ppie) - .. . Y@ forze X .

(Hint: It suffices to consider the case ¢ = m = 2. Apply the mean value theorem on
0,1 = F, tw~ f(z+tshi+tsha) — f(z +tshi),
and verify that
[ Gt shi o+ sha) = [( o+ sha) = f(@ + she) + ()

s—0 82
s>0

=9 f(2)[h1, ha] .)
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18 Suppose H is a finite-dimensional Hilbert space, and A € L(H) is positive [or neg-
ative] definite. Show then A that belongs to Laut(H), and A™! is positive [or negative]
definite.

19 Suppose H is a finite-dimensional Hilbert space and A € C'([0,T],L(H)). Also
suppose A(t) symmetric for every ¢ € [0,T]. Prove these:

(a) OA(t) is symmetric for ¢ € [0, T7.

(b) If 0A(t) is positive definite for every t € [0,T7], then, for 0 < o < 7 < T, we have

(i) A(r) — A(o) is positive definite;

(i) A7'(7)— A" (o) is negative definite if A(t) is an automorphism for every ¢ € [0, T).
(Hint for (ii): Differentiate t — A™'(t)A(t).)

20 Let H be a finite-dimensional Hilbert space, and let A, B € L(H). Show that if A,

B, and A — B are positive definite, then A~* — B™1 is negative definite.
(Hint: Consider ¢t — B+ t(A — B) for t € [0,1], and study Exercise 19.)

21 Suppose X is open in R™ and f,g € C%(X,K). Show that fg belongs to C?(X,K)
and prove the Leibniz rule:
2% (fg) = Z (O‘)aﬁfaa‘ﬁg for a € N" and |a| < q .
B<a

Here 8 < a means that 8; < a; for 1 < j < m, and
(5)=(5) - (5)

for a, 8 € N™ with a = (a1,...,am) and 8 = (B1,...,08m). (Hint: Theorem IV.1.12(ii)
and induction.)
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6 Nemytskii operators and the calculus of variations

Although we developed the differential calculus for general Banach spaces, we
have so far almost exclusively demonstrated it with finite-dimensional examples.
In this section, we remedy that by giving you a glimpse of the scope of the general
theory. To that end, we consider first the simplest nonlinear map between function
spaces, namely, the “covering operator”, which connects the two function spaces
using a fixed nonlinear map. We restrict to covering operators in Banach spaces
of continuous functions, and seek their continuity and differentiability properties.

As an application, we will study the basic problem of the calculus of vari-
ations, namely, the problem of characterizing and finding the extrema of real-
valued functions of “infinitely many variables”. In particular, we derive the Euler—
Lagrange equation, whose satisfaction is necessary for a variational problem to
have a local extremum.

Nemytskii operators

Suppose T', X, and Y are nonempty sets and ¢ is a map from 7' x X to Y. Then
we define the induced Nemytskii or covering operator <ph through

o XT SYT ) ues @(,u()) .
This means ¢? is the map that associates to every function u: T — X the function
u): T =Y, t— ot u(t)).
In the following suppose

e T'is a compact metric space;
FE and F' are Banach spaces;
X is open in E.

When we do not expect any confusion, we denote both norms on F and F by |-|.

6.1 Lemma C/(T,X) is open in the Banach space C(T, E).

Proof From Theorem V.2.6, we know that C'(T, F) is a Banach space.

It suffices to consider the case X # E. Hence let u € C(T, X). Then, because
u(T) is the continuous image of a compact metric space, it is a compact subset of
X (see Theorem III.3.6). Then according to Example I11.3.9(c), there is an r» > 0
such that d(u(T), X¢) > 2r. Then, for v € u + rBe(r, gy, that |u(t) — v(t)| < r
for t € T implies that v(T') lies in the r-neighborhood of u(T") in E and, therefore,
in X. Thus v belongs to C(T, X). m

The continuity of Nemytskii operators

We first show that continuous maps induce continuous Nemytskii operators in
spaces of continuous functions.
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6.2 Theorem Suppose ¢ € C(T x X, F). Then
(i) ¢* € C(C(T, X),C(T, F));
(ii) if ¢ is bounded on bounded sets, this is also true of ¢

Proof For u € C(T,X), suppose u(t) := (t,u(t)) for t € T. Then u clearly
belongs to C(T, T x X) (see Proposition I11.1.10). Thus Theorem III.1.8 implies
that ¢ (u) = ¢ o @ belongs to C(T, F).

(1) Suppose (u;) is a sequence in C(T, X) with u; — ug in C(T,X). Then
the set M := {w; ; j € N*}U{uo} is compact in C(T, X), according to Exam-
ple II1.3.1(a).

We set M(T) :=J{m(T); m € M} and want to show M (T') is compact in
X. To see this, let (z;) be a sequence in M (T'). Then there aret; € T and m; € M
such that z; = m;(t;). Because T and M are sequentially compact and because
of Exercise I11.3.1, we find (¢,m) € T x M and a subsequence ((t;,,m;,)), . that

keN
converges in T' x M to (¢t,m). From this, we get

|xjk - m(t)| < |mjk (tjk) - m(tjk)l + |m(tjk) - m(t)|
< llmj, = mlloe 4 [m(t;,) —m(t)| — 0

as k — oo because m is continuous. Thus (x;, ) converges to the element m(t) in
M(T), which proves the sequential compactness, and therefore the compactness,
of M(T).

Thus, according to Exercise II1.3.1, T' x M(T) is compact. Now Theo-
rem I11.3.13 shows that the restriction of ¢ to T x M (T') is uniformly continuous.
From this, we get

1" (1) — 0" (uo)lloo = max|io(t,u(t)) — @ (t,uo(®))| = 0

as j — oo because [[u; — ug|loc — 0. We also find that (¢,u;(t)) and (¢, uo(t))
belong to T x M(T) for t € T and j € N. Therefore ¢* is sequentially continuous
and hence, because of Theorem III.1.4, continuous.
(ii) Suppose B C C(T, X) and there is an R > 0 such that ||ul]| < R for
u € B. Then
B(T):=| J{u(T); ueB}cX,

and |z| < R for x € B(T). Therefore B(T) is bounded in X. Thus T x B(T) is
bounded in T x X. Because ¢ is bounded on bounded sets, there is an r > 0 such
that |o(t,2)| < r for (t,x) € T x B(T). This implies ||¢®(u)||oc < 7 for u € B.
Therefore ¢7 is bounded on bounded sets because this is the case for . m

6.3 Remark When E is finite-dimensional, every p € C(T x X, F ) is bounded on
sets of the form T" x B, where B is bounded in E and where B, the closure of B
in F, lies in X.

Proof This follows from Theorem II1.3.5, Corollary I11.3.7 and Theorem 1.4. m
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The differentiability of Nemytskii operators

Suppose p € NU {oo}. Then we write
o € COP(T x X, F)

if, for every ¢t € T, the function ¢(t,-) : X — F is p-times differentiable and if its
derivatives, which we denote by 94y, satisfy

e C(TxX,LYE,F)) forqeNandgq<p.
Consequently, C%%(T x X, F) = C(T x X, F).
6.4 Theorem For ¢ € COP(T x X, F), p* belongs to C? (C’(T, X),C(T, F)), and*
[&ph(u)h] (t) = O20(t, u(t))h(t) forteT,
ueC(T,X),and he C(T,E).
Proof Because of Theorem 6.2, we may assume p > 1. First we make
G:C(T,X)x C(T,E) = F",  (u,h) — d20(-,u(-))h()
the Nemytskii operator induced by the map?
(¢, (2,8)) — O20(t,x)¢] € C(T x (X x E), F) .

Then Theorem 6.2 implies that G(u, h) belongs to C(T, F'). Obviously

1G(u, M)|lcr,F) < %372{"82¢<t7u(t>)“[1(E,F) ||h||C(T,E) ) (6.1)

and G(u, -) is linear. Consequently, we see that

A(u) :== G(u,-) € L(C(T,E),C(T,F)) forueC(T,X).

The function Oyp € C’(T x X, L(E, F)) induces a Nemytskii operator A.
Then, from Theorems 6.2 and 1.1,

Ae 00T, X),0(T, L(E, F))) . (6.2)

Suppose now u € C(T, X). We choose € > 0 such that u(T) + eBgp C X.
Then u + h belongs to C(T, X) for every h € C(T, E) such that ||h]lc < €, and

IHere and in like situations, all statements about derivatives apply to the natural case p > 1.
2C(T, X) x C(T, E) and C(T, X x E) are identified in the obvious way.
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the mean value theorem in integral form (Theorem 3.10) implies

0% (u+ h)(t) — " (u)(t) — (A(u)h) (1)
= | (t, u(t) + h(t)) — @(t,u(t)) — dap(t,u(t))h(t)|

= \/O (D20 (t, ut) + Th(t)) — Daip(t, u(t)) [ (t) dT]

< 2llor,m) /OIH/T(UJFTh) - Z(U)HC(T,L(E,F)) dr .
Consequently, it follows from (6.2) that
*(u+h) — ¢ (u) = A(wh = o[ hllocr,e) (b —0) .
Thus, 0" (u) exists and equals A(u). Analogously to (6.1), we consider
||8<Ph(u) - &Ph(U)HE(C(T,E),C(T,F)) < Hg(“) - AV(U)HC(T,E(E,F)) )
which, because of (6.2), implies
d¢* € C(C(T,X),L(C(T,E),C(T, F))) .

This proves the theorem for p = 1.

The general case now follows simply by induction, which we leave to you. m

6.5 Corollary If 9, is bounded on bounded sets, so is O¢".

Proof This follows from (6.1) and Theorem 6.2(ii). m

6.6 Examples (a) Let (&) :=sin¢ for £ € R and T := [0, 1]. Then the Nemytskii
operator
" O(T) — O(T) , wuwrssinu(-)

induced by ¢ is a C*° map,
(0% (u)h) (t) = [cosu(t)]h(t) forteT

and u, h € C(T). This means that in this case the linear map 9¢*(u) € L(C(T))
is the function coswu(-) understood as a multiplication operator, that is,

C(T) — C(T), hw [cosu(’)]h .
(b) Suppose —co < a < f < oo and ¢ € Co’p([a,ﬁ] x X, F) Also let

B
f(w) ::/ o(t,u(t))dt forue C([e, 8], X) . (6.3)
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Then f € Cp(C([a,ﬁ],X),F) and
B
8f(u)h=/ dop(t,u(t))h(t)dt forue C([a,f],X), hel(opE).

Proof With T := [a, 3], Theorem 6.4 implies that ¢* belongs to C*(C(T, X), C(T, F))
and that 9" (u) is the multiplication operator

C(T,E) — C(T,F), hw d2p(-,u(-))h .

From Section VI.3, we know that ff belongs to E(C(T, F),F) Therefore, it follows
from chain rule (Theorem 3.3) and Example 2.3(a) that

f :/ﬁ o' € CP(C(T, X), F)

and

of (u) :/5 0 d¢*(u) forue C(T,X) . m

(¢) Suppose —oco < a < B < oo and ¢ € C°P([a,] x (X x E),F). Then
ot ([a, g, X) is open in C! ([a, 4, E), and, for the map defined through

D(u)(t) :== p(t,u(t),a(t)) forueC'(jo,f],X)anda <t <f,
we have
S Cp(Cl([a,ﬂ],X),C’([a,ﬂ],F))
and
[0® (u)h] () = Ba(t,u(t), w(t)) h(t) + s (t, ult), u(t))h(t)
for t € (o, 8], uwe C([a,f],X), and h € C*([o, 8], E).
Proof The canonical inclusion

i: Cl([a,ﬂ],E) HC([a,ﬂ],E) , U u (6.4)

is linear and continuous. This is because the maximum norm that C ([a, B, E) induces
on Cl([a,ﬁ],E) is weaker than the C'! norm. Therefore, because of Lemma 6.1 and
Theorem I11.2.20,

CH(e, 8, X) =i 1 (C (e, 8], X))
is open in Cl([a,ﬂ],E).
From (6.4), it follows that

U= [urs (u,0)] € L(CHT, X),C(T, X) x C(T, E))

for T := [a, B]. Because ® = Lph oW, we conclude using Theorem 6.4 and the chain rule. m
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(d) Suppose the assumptions of (c) are satisfied and

B
fu) ::/ o(t,u(t), () dt forue C'([a, ], X) .

Then
fec?(C([a, b, X), F)

and

B8 .
of (uph = / {Daip (£ ut), () h(t) + Dasp (£, ult), w(t)) h(t) } dt

for u € Cl([a,ﬁ],X) and h € Cl([a,ﬁ],E).

Proof Because f = ff o @, this follows from (c) and the chain rule. m

The differentiability of parameter-dependent integrals

As a simple consequence of the examples above, we will study the parameter-

dependent integral
B
/ o(t,x)dt .
[0}

In Volume III, we will prove, in the framework of Lebesgue integration theory, a
general version of the following theorem about the continuity and the differentia-
bility of parameter-dependent integrals.

6.7 Proposition Suppose —oco < a < f < 00 and p € NU {oo}. Also assume ¢
belongs to Co’p([a,ﬁ] x X, F), and let

B
D(x) :z/ p(t,x)dt forxe X .
[e%
Then we have ® € CP(X, F) and

0P — /ﬁ Dap(t,-) dt (6.5)

Proof? For x € X, let u, be the constant map [, 3] — E, t+~ x. Then, for the
function v defined through x — u,, we clearly have

v e C®(X,0 ([, B, X)) ,

3We recommend also that you devise a direct proof that does not make use of Examples 6.6.
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where 0Y(x)€ = ug for £ € E. With (6.3), we get ®(z) = f(uy) = forp(x). There-
fore, from Example 6.6(b) and the chain rule, it follows that ® € C?(X, F) and*

163
0B ()€ = OF (1(2)) ()€ = D (g g = / Dot )¢ dt

for z € X and £ € E. Because 02¢(-,z) € C([o, 8], L(E, F)) for € X, we have

B
/ Oap(t,x)dt € L(E,F) ,

and thus 5 5
/ Oap(t,x)dtE = / Oap(t,x)édt for £ € E

(see Exercise VI.3.3). From this, we get
B
x)¢ :/ Op(t,x)dt§ forxe X and { € F
«
and therefore (6.5). m

6.8 Corollary Suppose the assumptions of Proposition 6.7 are satisfied with p < 1
and E :=R™ and also

b(x)
U(z) := / o(t,x)dt for x € X
a(x)

and a,b € C’(X7 (a,ﬂ)). Then ¥ belongs to CP(X, F), and for x € X we have

b(x)
oV (z) = /( : Dop(t,z) dt + (b(z), 2)0b(z) — p(a(z),z)da(z) .

Proof We set
z
O(z,y, 2) ::/ p(t,x)dt for (z,y,2) € X X (o, 8) X (e, 3) .
y
Proposition 6.7 secures a ®(-,y,z) € CP(X, F) such that

O(x,y, 2 /ngatx

for every choice of (z,y,2) € X x (o, 8) X (o, 8), if p=1.

4Here and in the following statements we understand that statements about derivatives apply
to the case p > 1.



202 VII Multivariable differential calculus

Suppose (z,y) € X x (a,). Then it follows from Theorem VI.4.12 that
O (z,y, ) belongs to C’p((a,ﬁ), F) and

33@(:U,y,2) = w(zax) for z € (aaﬂ) .

Analogously, by noting that (z,z) € X x (a,) because of (VI.4.3), we find
®(x, -, z) belongs to Cp((a, B), F) and

®(z,y,2) = —p(y,z) forye€ (a,0) .
From this, we easily derive
NP € C(X x (o, 8) X (@, B),F) for1<k<3
and get ® € CP (X x (o, ) x (a,,@),F) from Theorem 2.10. The chain rule now

implies

U =a(-a(-),b(-)) € C*(X,F)

and
OV (z) = 1@ (x,a(z),b(z)) + &®(x,a(z),b(x))da(x)
+ 03®(z, a(x), b(x)) b(x)
b(x)
= /( : Dap(t, ) dt + o(b(z), ) 0b(x) — p(a(x), z)da(z)
forreX. m

From the formula for 00, an easy induction shows ¥ € C?(X, F) for p > 2
if ¢ belongs to C’p_l’p([O, 1] x X, F)7 where CP~1? is defined in the obvious way.

Variational problems

In the remaining part of this section, we assume that®

e — o< a<f<oo;
X is open in R™;
a,be X;
L e C% (o, A] x (X x R™),R).

Then the integral
B
fw = [ L(tu) i) di (6.6)

exists for every u € C*([a, f], X). The definition (6.6) gives rise to a variational
problem with free boundary conditions when we seek to minimize the integral over

5Tn most applications L is only defined on a set of the form [a, 3] x X x Y, where Y is open
in R™ (see Exercise 10). We leave you the simple modifications needed to include this case.
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all C! functions v in X. We write that problem as
B
/ L(t,u,u)dt = Min for u € C' ([, 8], X) . (6.7)

Thus, problem (6.7) becomes one of minimizing f over the set U := C* ([a, 4, X).

The definition (6.6) can also be a part of a variational problem with fixed
boundary conditions, when we minimize the function f over a constrained set

Uap :={ue C ([, 0, X) 5 u(@) =a, u(B) =b} .

We write this problem as
B
/ L(t,u,0)dt = Min forue C'([o,8],X), u(@)=a, u(B)=b. (6.8)

Every solution of (6.7) and (6.8) is said to be extremal® for the variational prob-
lems (6.7) and (6.8), respectively.

To treat this problem efficiently, we need this:
6.9 Lemma Let E := Cl([a,ﬁ],Rm) and
Ey:={ueE;ula)=ulB)=0}= C’é([a,ﬂ],Rm) .

Then Ey is a closed vector subspace of E and is therefore itself a Banach space.
ForueU,p, Uyp — 1 is open in Ey.

Proof It is clear that Fy is a closed vector subspace of E. Because, according to
Example 6.6(c), U is open in E and because Uy, = U N (@ + Ep), we know U, p is
open in the affine space @+ Ey. Now it is clear that U, — @ is open in Ey. m

6.10 Lemma
(i) f € CY(U,R) and
3 .
Of (u)h = / {0:2L(t, u(t), u(t))h(t) + O3 L(t,u(t), u(t))h(t)} dt

forue U and h e E.

(ii) Suppose T € Uqp, and let g(v) :== f(a+v) forv € V := U,y — 4. Then g
belongs to C*(V,R) with

dg(v)h =0f(t+v)h forveV and h € Ey . (6.9)

Proof (i) is a consequence of Example 6.6(d), and (ii) follows from (i). m

6We will also use the term extremal in the calculus of variations to describe solutions to the
Euler-Lagrange equation.
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6.11 Lemma Forue C([a, ﬁ],Rm), suppose

g
/ (u(t)|v(t))dt =0 for v e Cy([a, B, R™) . (6.10)

Then u = 0.

Proof Suppose u # 0. Then there exists a k € {1,...,m} and a ty € (a, ) such
that ug(to) # 0. It suffices to consider the case uk(to) > 0. From the continuity
of ug, there are @« < o < ' < f such that ug(t) > 0 for t € (/,5) (see
Example II1.1.3(d)).

Choosing v € C§ ([a, #], R™) such that v; = 0 for j # k, it follows from (6.10)
that

B
/ up(w(t)dt =0 for w e Cj([a, 8], R) . (6.11)

Now suppose w € C§ ([a, 8], R) such that w(t) > 0 for t € (o/,3') and w(t) =0
for ¢t outside of the interval (o/, 3) (see Exercise 7). Then we have

B B
/ ug(t)w(t) dt = // ug(t)w(t)dt >0,

which contradicts (6.11). m

The Euler-Lagrange equation

We can now prove the fundamental result of the calculus of variations:

6.12 Theorem Suppose u is extremal for the variational problem (6.7) with free
boundary conditions or (alternatively) (6.8) with fixed boundary conditions. Also
suppose

[t — OsL(t,u(t),u(t))] € C* ([, B, R) . (6.12)
Then u satisfies the Euler-Lagrange equation
[03L(-,u,0)] = OoL(-,u,u) . (6.13)

In the problem with free boundary conditions, u also satisfies the natural boundary
conditions

9L (v u(), (@) = B5L(8, u(B), 4(8)) = 0 . (6.14)

For fixed boundary conditions, u satisfies

u(a) =a and u(B) =0 . (6.15)
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Proof (i) We consider first the problem (6.7). By assumption, the function f de-
fined in (6.6) assumes its minimum at v € U. Thus it follows from Lemma 6.10(i),
Theorem 3.13, and Proposition 2.5 that

/6{82L(t,u(t), W(t))h(t) + OsL(t, u(t), u(t))h(t)} dt =0 (6.16)

for h € £ = Cl([a,ﬁ],Rm). Using the assumption (6.12), we can integrate by
parts to get

[e3

B . B .
/ 83L(-,u,u)hdt:83L(-,u,u)h‘5—/ [03L (-, i) hdt .

We then get from (6.16) that

/ﬁ{aQL(.,u,u) — [DsL(-vu,@)] Yhdt + 05 L(-,u, )" =0 (6.17)
for h € E. In particular, we have
/5{82L(-,u,u) — [03L(-,u,0)] }hdt =0 for h € Ey , (6.18)
because
OL(-,u,i)h|” =0 for h e Ey . (6.19)

Now the Euler-Lagrange equations (6.13) is implied by (6.18) and Lemma 6.11.
Consequently, it follows from (6.17) that

O L(-u,w)h|” =0 for he By . (6.20)
For &£, € R™, we set
B —t t—a
= fi <t< 3.
he (1) ﬂfa£+ﬂ—an ora<t<p
Then he , belongs to E, and from (6.20) we get for h = he ,, that
3L (B, u(B),w(8))n — dL(a, u(a),i(a))E =0 . (6.21)

Because (6.21) holds for every choice of £, 7 € R™, the natural boundary conditions
(6.14) are satisfied.

(ii) Now we consider the problem (6.8). We fix a @ € U, ;, and set v := u — .
Then it follows from Lemma 6.10(ii) that g assumes its minimum at the point v
of the open set V' := U, — @ of the Banach space Ey. It therefore follows from
Lemma 6.10(ii), Theorem 3.13, and Proposition 2.5 that (6.16) also holds in this
case, though only for h € Ey. On the other hand, because of (6.19), we get from
(6.17) the validity of (6.18) and, consequently, the Euler—Lagrange equation. The
statement (6.15) is trivial. m
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6.13 Remarks (a) In Theorem 6.12, it is assumed that the variational problem
has a solution, that is, that there is an extremal u. In (6.12) we made an additional
assumption placing an implicit regularity condition on the extremal u. Only under
this extra assumption is the Euler—Lagrange equation a necessary condition for the
presence of an extremal wu.

The indirect method of the calculus of variations gives the Euler—Lagrange
equation a central role. In it, we seek to verify that there is a function u satisfying
equation (6.13) and the boundary conditions (6.14) or (6.15). Because the Euler—
Lagrange equation is a (generally nonlinear) differential equation, this leads to the
subject of boundary value problems for differential equations. If it can be proved,
using methods of boundary value problem, that there are solutions, we then select
in a second step any that are actually extremal.

In contrast is the direct method of the calculus of variations, in which one
seeks to directly show that the function f has a minimum at a point v € U (or the
function g at a point v € V). Then Theorem 3.13 and Proposition 2.5 says that
Of(u) =0 (or dg(v) = 0) and therefore that the relation (6.16) is satisfied for all
h € Ey (or all h € Ey). If the auxiliary “regularity problem” can be solved —that
is, if it can be proved that the extremal u satisfies the condition (6.12) — then it
also satisfies the Euler—Lagrange differential equation.

Thus Theorem 6.12 has two possible applications. In the first case, we may
use the theory of boundary value problems for differential equations to solve the
Euler-Lagrange equation, that is, to minimize the integral. This is the classical
method of calculus of variations.

In general, however, it is very difficult to prove existence results for boundary
value problems. The second case thus takes another point of view: We take a
boundary value problem as given and then try to find the variational problem
that gives rise to it, so that the differential equation can be interpreted as an
Euler-Lagrange equation. If such a variational problem exists, then we try to
prove it has an extremal solution that satisfies the regularity condition (6.12).
Such a proof then implies that the original boundary value problem also has a
solution. This turns out to be a powerful method for studying boundary value
problems.

Unfortunately, the details surpass the scope of this text. For more, you
should consult the literature or take courses on variational methods, differential
equations, and (nonlinear) functional analysis.

(b) Clearly Theorem 6.12 also holds if w is only a critical point of f (or g), that
is, if 8f(u) =0 (or dg(v) = 0 with v := uw — @). In this case, one says that u is a
stationary value for the integral (6.6).

(c) Suppose E is a Banach space, Z is open in E, and F': Z — R. If the directional
derivative of F' exists for some h € E\{0} in z9 € Z, then (in the calculus of
variations) we call Dy F(zo) the first variation of F in the direction h and write
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it as 0F (zo; h). If the first variation of F exists in every direction, we call
dF(z0) :=6F(z0;-): E— R

the first variation of F' at zg.

If F has a local extremum at zg € Z at which the first variation exists, then
0F(z9) = 0. In other words: the vanishing of the first variation is a necessary
condition for the presence of a local extremum.

Proof This is a reformulation of Theorem 3.13. m

(d) Under our assumptions, f (or g) is continuously differentiable. Hence, the
first variation exists and agrees with df (or dg). In many cases, however, the
Euler-Lagrange equation can already be derived from weaker assumptions which
only guarantee the existence of the first variation.

(e) In the calculus of variations, it is usual to use write doL as L,, and d5L as Ly,
respectively. Then the Euler-Lagrange equation takes the abbreviated form

d

g La) = Lu (6.22)

that is, it loses its arguments. If also we assume L and the extremal u are twice
differentiable, we can write (6.22) as Ly + Ly ot + Ly = L, where Ly, =
8183[1 etc. m

Classical mechanics

The calculus of variations is important in physics. To demonstrate this, we consider
a system of massive point particles in m degrees of freedom, which are specified
by the (generalized) coordinates ¢ = (¢',...,¢™). The fundamental problem in
classical mechanics is to determine the state ¢(t) of the system at a given time ¢,
given knowledge of its initial position gg at time tg.

We denote by ¢ := dgq/dt the (generalized) velocity coordinates, by T'(¢, g, ¢)
the kinetic energy, and by U(t, q) the potential energy. Then we make the funda-
mental assumption of Hamilton’s principle of least action. This says that between
each pair of times t¢ and t1, the system goes from ¢ to ¢; in a way that minimizes

t1
to

that is, the actual path chosen by the system is the one that minimizes this integral
over all (virtual) paths starting from g at to and arriving at ¢; at ¢;. In this
context, L :=T — U is called the Lagrangian of the system.

Hamilton’s principle means that the path {q(t) s tg <t < tl} that the
system takes is an extremum of the variational problem with fixed boundary con-
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ditions

t1
/ L(t,q,q¢)dt = Min for q € Cl([to,tl],Rm) , qto)=q0, qlt1)=q .
to

It then follows from Theorem 6.12 that ¢ satisfies the Euler—Lagrange equation

d
E(Lq) =L

if the appropriate regularity conditions are also satisfied.

In physics, engineering, and other fields that use variational methods (for
example, economics), it is usual to presume the regularity conditions are satisfied
and to postulate the validity of the Euler-Lagrange equation (and to see the exis-
tence of an extremal path as physically obvious). The Euler-Lagrange equation is
then used to extract the form of the extremal path and to subsequently understand
the behavior of the system.

6.14 Examples (a) We consider the motion of an unconstrained point particle
of (positive) mass m moving in three dimensions acted on by a time-independent
potential field U(t,q) = U(gq). We assume the kinetic energy depends only on ¢
and is given by

T(q) =m|qf /2.

The Euler—Lagrange differential equation takes the form

md=—VU(q) . (6.23)
Because ¢ is the acceleration of the system, (6.23) is the same as Newton’s equation
of motion for the motion of a particle acted on by a conservative’ force —VU.
Proof We identify (R*) = L£(R* R) with R® using the Riesz representation theorem.
We then get from L(t,q,q) = T(q) — U(q) the relations

9:L(t,q,q) = —=VU(q) and 93L(t, q,q) = VT (¢) = mq ,

which prove the claim. m

(b) In a generalization of (a), we consider the motion of N unconstrained, massive
point particles in a potential field. We write = (x1,...,2y) for the coordinates,
where z; € R? specifies the position of the j-th particle. Further suppose X is
open in R*™ and U ¢ C1(X,R). Letting m; be the mass of the j-th particle, the
kinetic energy of the system is

N

T(i) =Y % ;] .

=1

7A force field is called conservative if it has a potential (see Remark VIII.4.10(c)).
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Then we get a system of N Euler-Lagrange equations:
—mjjéj = Vx]U(l‘) for 1 Sj S N .

Here, V,, denotes the gradient of U in the variables x; € R’ m

Exercises

1 Suppose I = [o, 8], where —co < a < 3 < o0, k€ C(IxI,R), ¢ € C¥' (I x E,F).
Also let

= /6 k(t,s)p(s,u(s))ds fortel
and u € C(I, E). Prove that ® € C! (C(I,E),C(I,F)) and
B
(0@(w)h)(t) = / k(t,s)020(s,u(s))h(s)ds fortel

and u,h € C(I, E).
2 Suppose I and J := [«, 3] are compact perfect intervals and f € C(I x J, E). Show

e /J(/If(s,t)ds> dtz/ﬂ/Jf(s,t)dt) ds .
J—FE, yr—>/ / fstdt

and apply Proposition 6.7 and Corollary V1.4.14.)
3 For f € C([a,p], E), show

(Hint: Consider

s t s
/ (/ f(T)dT) dt:/ (s—t)f(t)dt fors € [a, 0] .
4 Suppose I and J are compact perfect intervals and p € C(I x J,R). Verify that

u(z,y) = /I</J log(((z — $)? + (y — t)Q)p(s,t) dt) ds for (z,y) € R*\(I x J)

is harmonic.

5 Define
e~/ s>0
h:R—1[0,1), s+~ ’ ’
0, s<0,

and, for —oo < @ < f < 00, define k: R - R, s+ h(s —a)h(B8 —s) and

t B
(:R—R, tr—>/k(s)ds// k(s) ds

Then show that
(a) £ € C=(R,R);
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(b) £ is increasing;
(c) £(t)=0for t <« and £(t) =1 for t > .
6 Suppose —c0 < a; < fBj < oo forj=1,...,mand A:=[[",(e;,3;) CR™. Show
that there is a g € C°°(R™,R) such that g(z) > 0 for z € A and g(z) =0 for z € A°.
(Hint: Consider

g(@1,...,xm) =ki(z1) - -+ km(zm) for (z1,...,2m) ER™ |
where k;(t) :== h(t — a;)h(8; — t) for t € [aj,85] and j =1,...,m.)
7 Suppose K C R™ is compact and U is an open neighborhood of K. Then show there
is an f € C*°(R™,R) such that
(a) f(z) €[0,1] for z € R™;
(b) f(z)=1for z € K;
(¢) f(z) =0 for z € U°.
(Hint: For z € K, there exists an €, > 0 such that A, := E(:c,sz) C U. Then choose
go € C(R™,R) with g»(y) > 0 for y € A, (see Exercise 6) and choose zo,...,z, € K
such that K C J7_; Az;. Then G := gz, + - + ga, belongs to C*°(R™,R), and the

number ¢ := minzex G(z) > 0. Finally, let ¢ be as in Exercise 5 with o =0, 8=, and
f:=L0G.)

8 Define Eo := {u e C*([0,1],R) ; u(0) =0, u(1) =1} and f(u) := fol [tu(t)]th for
u € Ey. Then show inf{ flu); ue Eo} = 0, although there is no ug € Ep such that
f(uo) = 0.

9 For a,b € R™, consider the variational problem with fixed boundary conditions
B
/ |a(t)|dt = Min for u € C’l([a,ﬁ],Rm) , ula)=a, u(B)=0>. (6.24)

(a) Find all solutions of the Euler-Lagrange equations for (6.24) with the property that
|@(t)] = const.

(b) How do the Euler-Lagrange equations for (6.24) read when m = 2 under the assump-
tion 41 (t) # 0 and u2(t) # 0 for ¢t € [o, B]7

10 Find the Euler-Lagrange equations when
(a) ff uv/1+ 42 dt = Min for u € C*([ev, 8], R);

(b) faﬂ \/mdt = Min for u € Cl([Oé,ﬁL (O,OO))-

11 Suppose f is defined through (6.6) with L € C”*([a, 8] x (X x R™),R).
Show f € C?(U,R) and

B .
9 F(u)[h, K] = / (020, u, @)[h, k] + 0205 L, u, @) I, k]
+ 0u0nL () K] + 3L, ), ]}

for h,k € E;. Derive from this a condition sufficient to guarantee that a solution u to
Euler—Lagrange equation is a local minimum of f.
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12 Suppose T(¢) := m||* /2 and U(t,q) = U(q) for ¢ € R®. Prove that the total energy
E =T + U is constant along every solution ¢ of the Euler-Lagrange equation for the
variational problem

/ [T(d) - U(g)] dt = Min for q € C*([to, 1), B?) .

to
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7 Inverse maps

Suppose J is an open interval in R and f: J — R is differentiable. Also suppose
a € J with f’(a) # 0. Then the linear approximation

R—R, zw f(a)+ f(a)(z—a)

to f is invertible at a. This also stays true locally, that is, there is an € > 0 such
that f is invertible on X := (a — €,a + €). Additionally, Y = f(X) is an open
interval, and the inverse map f~': Y — R is differentiable with

(f_l)/(f(x)) = (f/(x))_l forx e X
(Compare with Theorem IV.1.8).

In this section, we develop the natural generalization of this for functions of
multiple variables.

The derivative of the inverse of linear maps
In the following, suppose
e I/ and F are Banach spaces over the field K.
We want to determine the differentiability of the map
inv: Lis(E,F) - L(F,E), A~ A7}

and, if necessary, find its derivative. To make sense of this question, we must first
verify that Lis(E, F') is an open subset of the Banach space L(E, F'). To show this,
we first prove a theorem about “geometric series” in the Banach algebra L(FE).
Here we let I := 1.

7.1 Proposition Suppose A € L(E) with ||A|| < 1. Then I— A belongs to Laut(E),
(I—A)~t =300 A% and [|(I— A7 < (@ — (1A~

Proof We consider the geometric series > A¥ in the Banach algebra L£(E). Be-
cause ||A¥|| < ||A||* and

d_lAlF=1/a—lAl), (7.1)
k=0

it follows from the majorant criterion (Theorem I11.8.3) that >~ A* converges ab-
solutely in L(E). In particular, the value of the series
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is a well-defined element of L(E). Clearly AB = BA =Y - AF. Therefore (I —
A)B = B(I — A) = I, and consequently (I — A)~! = B. Finally, Remark I1.8.2(c)
and (7.1) gives the estimate

IT=A)7 N =IBl<@-]AD™" .

7.2 Proposition
(i) Lis(E, F) is open in L(E, F).

(ii) The map
inv: Lis(E,F) — L(F,E), A~ A"

is infinitely many times continuously differentiable, and"
dinv(A)B = —-A"'BA™Y for A€ Lis(E,F) and B € L(E,F). (7.2)
Proof (i) Suppose Ay € Lis(E,F) and A € L(E,F) such that ||A — Ag|| <
1/||Ag |- Because
A=Ag+A—Ay=Ag[I+ Ay (A— Ao)] , (7.3)
it suffices to verify that I 4+ Ay (A — Ag) belongs to Laut(E). Since
I = Ag ' (A = Ao)ll < [[ A M| A — Aofl < 1,

this follows from Proposition 7.1. Therefore the open ball in £L(E, F') with center
Ap and radius 1/[|Ag || belongs to Lis(E, F).

(ii) We have 2 ||A — Ag|| < 1/||Ay*||. From (7.3), we get
AT = [T+ AN (A - Ag)] 1 AGY,
and thus
AT - AT = [T AT A= A9)] T (1= [T+ 451 (A - Ao)] ) A7
that is,
inv(A) —inv(Ag) = —[I + A7 (A — A)] AT (A — A Ayt . (74)
From this and Proposition 7.1, we derive

145 1117 114 — Aol

inv(A) — inv(A4

<2[| AT IIA = Aol . (75)

!Because of Remark 2.2(e), this formula reduces when E = F = K to (1/z) = —1/22.
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Therefore inv is continuous.

(iii) We next prove that inv is differentiable. So let A € Lis(E, F). For
B € L(E,F) such that ||B|| < 1/||[A7!|| we have according to (i) that A + B
belongs to Lis(E, F') and
(A+B) ' —A'=(A+B) '[A-(A+B)]A'=—(A+B)'BA".
This implies
inv(A+ B) — inv(4) + A"'BA™" = [inv(4) —inv(A + B)]BA™" .
Consequently,

inv(A + B) — inv(A) + A"'BA = o(||B]}) (B — 0)

follows from the continuity of inv. Therefore inv: Lis(E, F) — L(F, E) is differ-
entiable, and (7.2) holds.

(iv) We express
g: L(F,E)> — L(L(E,F),L(F,E))
through
9(T1,T2)(S) := =ThSTy for T1,T> € L(F,E) and S € L(E,F) .
Then is it easy to see that ¢ is bilinear and continuous, and therefore
g € C™(L(F,E)*,L(L(E,F),L(F,E)))

(see Exercises 4.4 and 5.2). In addition,

dinv(A) = g(inv(A),inv(A)) for A € Lis(E, F) . (7.6)
Therefore we get from (ii) the continuity of dinv. Thus the map inv belongs to

Ct (L:is(E7 F), L(F, E)) Finally, it follows from (7.6) with the help of the chain
rule and a simple induction argument that this map is smooth. m

The inverse function theorem

We can now prove a central result about the local behavior of differentiable maps,
which — as we shall see later —has extremely far-reaching consequences.
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7.3 Theorem (inverse function) Suppose X is open in E and zy € X. Also
suppose for ¢ € N* U {oo} that f € C1(X, F). Finally, suppose

Of(xo) € Lis(E, F) .

Then there is an open neighborhood U of xy in X and an open neighborhood V
of yo := f(xo) with these properties:

(i) f: U — V is bijective.

(i) f~' € CUV,E), and for every x € U, we have

Of(z) € Lis(E,F) and 9f~(f(x)) = [0f(z)] " .

Proof (i) We set A := 0f(xo) and h := A~1f: X — E. Then it follows from
Exercise 5.1 and the chain rule (Theorem 5.7), that h belongs C9(X, E) and
Oh(zo) = A7'0f(wg) = I. Thus we lose no generality in considering the case
E =F and 0f(xo) = I (see Exercise 5.1).

(ii) We make another simplification by setting
h(z) = f(x+x0) — f(zo) forze X;:=X —ag.

Then X, is open in E, and h € C4(Xy, E) with h(0) = 0 and 0h(0) = 9f(xo) = I.
Thus it suffices to consider the case

E=F, 20=0, f(0)=0, 9f0)=1I.

(iii) We show that f is locally bijective around 0. Precisely, we prove that
there are null neighborhoods? U and V such that the equation f(z) = y has a
unique solution in U for every y € V and such that f(U) C V. This problem is
clearly equivalent to determining the null neighborhoods U and V such that the
map

9y U—E, z—a—f(x)+y

has exactly one fixed point for every y € V. Starting, we set g := go. Because
0f(0) = I, we have 9g(0) = 0, and we find using the continuity of dg an r > 0 such
that

|0g(z)|| < 1/2 forxz € 2rB . (7.7)

Because g(0) = 0, we get g(z) = fol 0g(tz)x dt by applying the mean value theorem
in integral form (Theorem 3.10). In turn, we get

1
lg()]| S/ 10g(tx) || [[«]| dt < [|z[|/2 for x € 2rB . (7.8)
0

2That is, neighborhoods of 0.
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Thus for every y € rB, we have the estimate
lgy @)l < llyll + llg(x)l| <2 for z € 2B ,

that is, g, maps 2rB within itself for every y € rB.

For x1, x5 € 2rB, we find with the help of the mean value theorem that

o) = (o)l = | [ (e + ton - 22)) (o1 — 2) ]| < L s — zal

Consequently, g, is a contraction on 2rB for every y € rB. From this, the Banach
fixed point theorem (Theorem IV.4.3) secures the existence of a unique z € 2rB
such that g,(z) = = and therefore such that f(z) = y.

We set V :=rB and U := f~1(V) N 2rB. Then U is an open null neighbor-
hood, and f|U: U — V is bijective.

(iv) Now we show that f~': V — E is continuous. So we consider
z=z— f(z)+ f(x) =g(x)+ f(z) forxzeU.

Therefore
1
lzy = 2] < 5 |21 — @2l + (| f(21) = flz2)]| for 21,22 €U,

and consequently

17 ) = F )l < 2l — w2l foryn,yo € V. (7.9)

Thus f~': V — E is Lipschitz continuous.

(v) We show the differentiability of f~!: V — E and prove that the derivative
is given by

of y) = [af(m)]_l with z:= f~!(y) . (7.10)

First we want to show 0f(z) belongs to Laut(E) for z € U. From f(z) =
x — g(z), it follows that 9f(x) = I — 9g(x) for & € U. Noting (7.7), we see
Of (z) € Laut(FE) follows from Proposition 7.1.

Suppose now y,yo € V, and let = := f~1(y) and xg := f~(yo). Then
f(x) = f(xo) = 0f(wo)(x — wo) + o(||z — x0l|) (z — 20) ,

and we get as x — xg that

1/ ) = £~ (o) — [0 (x0)] " (v — wo)|
= |j& — 20 — [0f(20)] " (f(2) — f(z0))|| < ¢ lollz — zol})|
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where ¢ = H [0 (o)] - |- Because (7.9) gives the estimate 2 ||ly — ol > [lz—=0],
we finally have

1/~ () — £ (o) — [0 (0)] " (v — o) _ 2¢ffo(llz = zol) |
ly — voll B |z — ol

(7.11)

as © — xp. We now pass the limit y — yo so that © — zg follows from (iv), and
(7.11) shows that f~' is differentiable at yo, with derivative [0f(z)] -
(vi) It remains to verify that f~! belongs to C?(V,E). So consider what

(7.10) shows, that is,
If 1=@fof ) '=invodfoft. (7.12)

We know from (iv) that f~! belongs to C'(V, E) with f=*(V) N B(zo,2r) = U
and, by assumption, that 9f € C’(U, E(E)) Using Proposition 7.2 it follows that
df~! belongs to C’(V, E(E))7 which proves f~t € C*(V, E). For ¢ > 1, one proves
f~1 € CP(V, E) by induction from (7.12) using the chain rule. m

Diffeomorphisms

Suppose X is open in E, Y is open in F, and ¢ € NU {oo}. We call the map
f: X =Y a (' diffeomorphism from X to Y if it is bijective,

feCyX,Y), and f'eCyY,E).

We may call a C? diffeomorphism a homeomorphism or a topological map. We
set
DiffY(X,Y):={f: X =Y ; fisa C? diffeomorphism } .

The map g: X — F is a locally C? diffeomorphism® if every zp € X has
open neighborhoods U € Ux(xzg) and V € Up(g(wo)) such that g|U belongs
to Diff(U, V). We denote the set of all locally C? diffeomorphisms from X to F
by Diff] (X, F).

7.4 Remarks Suppose X is open in F and Y is open in F.

(a) For every ¢ € N, we have the inclusions

Diff**(X,Y) c Diff"*'(X,Y) c Diff’(X,Y) C Difff (X, F),
DiffiS (X, F) C Difff! (X, F) C Diffl (X, F) .

(b) Suppose f € C9H(X,Y) and f € Diff?(X,Y). Then it does not follow
generally that f belongs to Diﬂ?qH(X7 Y).

3When ¢ = 0, one speaks of a local homeomorphism or a locally topological map.
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Proof We set F := F := R and X := Y := R and consider f(z) := 2®. Then f is
a smooth topological map, that is, f € C°°(X,Y) N Diff°(X,Y). However, f~' is not
differentiable at 0. m

¢) Local topological maps are open, that is, they map open sets to open sets (see
Local topological that is, th ts t
Exercise I11.2.14).

Proof This follows easily from Theorems 1.3.8(ii) and II1.2.4(ii). m
(d) For f € Diff}, (X,Y), we have df(z) € Lis(E, F) for z € X.

Proof This is a consequence of the chain rule (see Exercise 1). m

7.5 Corollary Suppose X is open in E, q € N*U{oc}, and f € C1(X, F). Then

feDiffl (X,F) < df(z) € Lis(E,F) forz e X .

loc

Proof “=" From Remark 7.4(a), it follows by induction that f belongs to
Diff}, (X, F). The claim then follows from Remark 7.4(d).

“«<=" This follows from the inverse function theorem m

7.6 Remark Under the assumptions of Corollary 7.5, 0f(z) belongs to Lis(E, F)
for x € X. Then f is locally topological, and thus Y := f(X) is open. In general,
however, f is not a CY9 diffeomorphism from X to Y.

Proof Let X := E := F := C and f(z) := €. Then f is smooth and 9f(z) = €* # 0
for z € C. Because of its 27i-periodicity, f is not injective. m

The solvability of nonlinear systems of equations

We will now formulate the inverse function theorem for the case £ = F' = R™.
We will exploit that every linear map on R™ is continuous and that a linear map
is invertible if its determinant does not vanish.

In the rest of this section, suppose X is open in R™ and zg € X. Also
suppose ¢ € N* U {oc} and f = (f!,..., f™) € C4X,R™).

7.7 Theorem If det (8f(xo)) # 0, then there are open neighborhoods U of xq
and V of f(xo) such that f|U belongs to Diff!(U, V).

Proof From Theorem 1.6 we know that Hom(R™,R™) = L(R™). Linear algebra
teaches us that

Of(z0) € Laut(R™) <= det(df (z0)) # 0

(for example, [Gab96, A3.6(a)]). The claim then follows from Theorem 7.3. m
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7.8 Corollary If det (ﬁf(xo)) # 0, then there are open neighborhoods U of xg
and V of f(xg) such that the system of equations

f1<x17"'7xm):y1 )

(7.13)

ey T :azm(yl,...,ym)

for every m-tuple (y',...,y™) € V in U. The functions x',..., ™ belong to
C1(V,R).

7.9 Remarks (a) According to Remark 1.18(b) and Corollary 2.9, the determinant
of the linear map Jf(z) can be calculated using the Jacobi matrix [8kfj (x)], that
is, det(df(z)) = det[dxf(z)]. This is called the Jacobian determinant of f (at
the point ). We may also simply call it the Jacobian and write it as

A(fY, ..., ™)
3(x1,...,xm)(x) '

(b) Because the proof of the inverse function theorem is constructive, it can in
principle be used to calculate (approximately) f~!(x). In particular, we can ap-
proximate the solution in the finite-dimensional case described in Corollary 7.8 by
looking at the equation system (7.13) in the neighborhood of .

Proof This follows because the proof of Theorem 7.3 is based on the contraction theorem
and therefore on the method of successive approximation. m

Exercises

1 Suppose X is open in E, Y is open in F, and f € Diff{,.(X,Y). Show that df(x0)
belongs to Lis(E, F) for zo € X, and 8f ' (yo) = [af(xo)]_l, where yo := f(zo).

2 Suppose m,n € NX, and X is open in R™. Show that if Diff{,.(X, R™) is not empty,
then m = n.

3 For the maps defined in (a)—(d), find Y := f(X) and f~!. Also decide whether
f € Diffl (X,R?) or f € Diff?(X,Y).

loc

(a) X :=R? and f(x,y) := (z +a,y + b) for (a,b) € R

(b) X :=R? and f(z,y) := (2% — z — 2,3y);

(0) X = B2\ {(0,0)} and f(z,y) == (2* — 4, 200

(d) X :={(z,y) € R2;0<y< z} and f(z,y) == (log zy,1/(z* +y2)).
(Hint for (c): R? +— C.)
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4 Suppose
f:R* = R*, (x,y)+ (coshzcosy,sinhzsiny)
and X := { (z,y) €R’; >0} and Y := f(X). Show that
(a) £1X € Difff5. (X, R2);
(b) F|X ¢ DIff™(X,Y);
(c) for U:={(2z,y) € X; 0<y<2r}and V:=Y)\([0,00) x {0}), f|U belongs to
Diff* (U, V);
(@)Y =B\ ([-1,1] x {0}).
5 Suppose X is open in R™ and f € C*(X,R™). Show that
(a) if Of(z) € Lis(R™) for € X, then z — |f(z)| does not have a maximum in X;
(b) if 0f(x) € Lis(R™) and f(z) # 0 for € X, then x — |f(x)| has no minimum.

6 Suppose H is a real Hilbert space and

f+H—H, z—az//1+|z].

Letting Y := im(f), show f € Diff**(H,Y). What are f~* and 9f?
7 Suppose X is open in R™ and f € C*(X,R™). Also suppose there is an a > 0 such
that

lf(z) = fy)|l =z alz —y| foraz,ye X . (7.14)
Show that Y := f(X) is open in R™ and f € Diff’(X,Y). Also show for X = R™ that
Y =R™.
(Hint: From (7.14), it follows that 9f(x) € Lis(X,Y) for z € X. If X = R™, then (7.14)
implies that Y is closed in R™.)
8 Suppose f € Diff'(R™,R™) and g € C*(R™,R™), and either of these assumptions is
satisfied:
(a) f~! and g is Lipschitz continuous;
(b) g vanishes outside of a bounded subset of R™.
Show then there is an €9 > 0 such that f 4+ eg € Diff' (R™,R™) for ¢ € (—€o, €0).
(Hint: Consider idgm + f~! o (eg) and apply Exercise 7.)
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8 Implicit functions

In the preceding sections, we have studied (in the finite-dimensional case) the
solvability of nonlinear systems of equations. We concentrated on the case in
which the number of equations equals the number of variables. Now, we explore
the solvability of nonlinear system having more unknowns than equations.

We will prove the main result, the implicit function theorem, without trou-
bling ourselves with the essentially auxiliary considerations needed for proving it
on general Banach spaces. To illustrate the fundamental theorem, we prove the
fundamental existence and continuity theorems for ordinary differential equations.
Finite-dimensional applications of the implicit function theorem will be treated in
the two subsequent sections.

For motivation, we consider the function f: R* - R, (z,y) — z2 + y* — 1.
Suppose (a,b) € R? where a # 1, b > 0 and f(a,b) = 0. Then there are open
intervals A and B with a € A and b € B such that for every = € A there exists
exactly one y € B such that f(z,y) = 0. By the assignment x — y, we define
amap g: A — B with f(x,g(x)) = 0 for
x € A. Clearly, we have g(z) = V1 —22.

In addition, there is an open interval B £7H0)

such that —b € B and a g: A — B such 7
that f(z,g(z)) = 0 for z € A. Here, we
have g(z) = —v/1 — z2. The function g is
uniquely determined through f and (a,b)
on A, and the function g is defined by f
and (a, —b). We say therefore that g and g
are implicitly defined by f near (a,b) and
(a, =), respectively. The functions g and
g are solutions for y (as a function of z)
of the equation f(x,y) = 0 near (a,b) and
(a, D), respectively. We say f(xz,y) = 0
defines ¢ implicitly near (a,b).

»
»

Such solutions can clearly not be given in neighborhoods of (1,0) or (—1,0).
To hint at the obstruction, we note that for a = 1, we have 92 f(a,b) = 0, Whereas
for a # +1 this quantity does not vanish, as 0s f(a,b) = 2b.

Differentiable maps on product spaces

Here, suppose
e [y, E5 and F are Banach spaces over K;
q € N* U {oo}.

Suppose X is open in E; for j = 1,2, and f: X; x Xy — F is differentiable
t (a,b). Then the functions f(-,0): X; — F and f(a,-): Xo — F are also
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differentiable at a and b, respectively. To avoid confusion with the standard partial
derivatives, we write Dy f(a,b) for the derivative of f(-,b) at a, and we write
Do f(a,b) for the derivative of f(a,-) at b,

8.1 Remarks (a) Obviously D;f: Xy x Xo — L(E;,F) for j =1,2.
(b) The statements

(i) feCi(X1 x Xo,F) and

(ii) Djf € CT (X1 x Xo,L(E;,F)) for j =1,2
are equivalent. Because of them, we have

9f(a,b)(h,k) = D1f(a,b)h + D2 f(a,b)k
for (a,b) € X1 x X3 and (h, k) € Ey x Ey (see Theorem 5.4 and Proposition 2.8).
Proof The implication “(i)=-(ii)” is clear.
“(ii)=-(i)” Suppose (a,b) € X1 x X2 and
A(h,k) :== D1 f(a,b)h+ Daf(a,b)k for (h,k) € E1 X E3 .

One easily verifies that A belongs to L(FE1 X E2, F). The mean value theorem in integral
form (Theorem 3.10) gives

fla+hb+k) - f(a,b) — A(h,k)
= fla+hb+k)— flab+k) + f(ab+ k) — f(a,b) — A(h, k)
_ /1 [D1f(a+th,b+ k) — D1 f(a,b)|hdt + f(a,b+ k) — f(a,b) — Daf(a, b)k

if max{||h||, ||k||} is sufficiently small. From this, we get the estimate

with
Qﬁ(h, k) = Orgzaé(l”le(a + th? b+ k) - D1f(CL, b)”

o If(a,b+k) = f(a,b) = Daf(a, b)k]|
It .
Now the continuity of D1 f gives ¢(h, k) — 0 for (h,k) — (0,0). Thus we see that

fla+h,b+k)— f(a,b) — A(h, k) = o(||(h, K)||) ((h,k) — (0,0)) .

Therefore f is differentiable in (a, b) with df(a,b) = A. Finally, the regularity assumption
on Dj;f and the definition of A implies that 0f € C97*(X1 x X, F) and therefore that
fe Cq(X1 X XQ,F). u

(c) In the special case By =R™, E; =R", and F = R’, we have
nfL o O ft Omirf' -+ Omanft
[Duf] =1 P DAl = :
o ft o Onft Omirfl - Omunt’
with f = (f1,..., f).
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Proof This follows from (b) and Corollary 2.9. m

The implicit function theorem

With what we just learned, we can turn to the solvability of nonlinear equations.
The result is fundamental.

8.2 Theorem (implicit function) Suppose W is open in Ey X Es and f € C1(W, F).
Further, suppose (xg,y0) € W such that

f(zo,90) =0 and Dsf(zo,y0) € Lis(Ea, F) .

Then there are open neighborhoods U € Uy (xo,y0) and V € Ug, (zo), and also a
unique g € C(V, Ey) such that

((z,y) €U and f(z,y) =0) < (z €V and y = g(z)) . (8.1)

In addition,

dg(z) = —[Daf (z,9(2))] _1D1f(x,g(x)) forz eV . (8.2)

Proof (i) Let A := Dyf(x0,y0) € Lis(E, F) and f := A~1f € C4(W, E;). Then

f(zo,90) =0 and Dsf(zo,y0) = Ig, -

Thus because of Exercise 5.1 we lose no generality in considering the case F' = E»
and D f(x0,y0) = Ig,. Also, we can assume W = W x W, for open neighborhoods
Wy € Ug, (zo) and W € Ug, (o).

(ii) For the map
SD:W1XW24’E1XE27 (x,y)»—»(x,f(:v,y))
we have ¢ € C9(W; x Wa, Eq x E) with!

Ig, 0

({990@0790) = |: le(m()’yo) IE2 :| S E(El X E2) .

We verify at once that

{ Ig, 0

—D1f(w0,90) IE, } € L{E1 > B2

is the inverse of d¢(xq, yo). Consequently, we have dp(xg,yo) € Laut(Eq x Es), and
because ¢(x0,yo) = (20, 0), the inverse function theorem (Theorem 7.3) guarantees

1Here and in similar situations, we use the natural matrix notation.
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the existence of open neighborhoods U € g, « g, (20,y0) and X € g, « g, (20,0)
on which ¢ |U € Diff?(U, X). We set ¢ := (p|U)~! € DiffY(X,U) and write ¢ in
the form

(E&m) = (1(&m),v2(&,m))  for (§,m) € X .
Then 1; € C4(X, Es) for j = 1,2, and the definition of ¢ shows
&) = (& n) = (¥i(&mn), f(1(& ). ¥2(&m))) for (€m) € X .
Therefore, we recognize
P1(&m) =& and n = f(& ¢a(E,m) for (&,m) € X . (83)

Furthermore, V := {x € Er; (z,0) € X} is an open neighborhood of zy in Fy,
and for g(z) := v¥2(z,0) with x € V, we have g € C9(V, E») and

(x,f(x,g(x))) - (1/11(%0)7,}”(1/)1(%0),7%12(%0)))
= @(1/)1(%0),%02(%0)) - @01/)(%0) = (iL’,O)

for € V. This together with (8.3) implies (8.1). The uniqueness of g is clear.

(iii) We set h(z) := f(z,g(z)) for € V. Then h = 0 and the chain rule
together with Remark 8.1(b), imply

Oh(z) = D1 f(x,9(x)) I, + Daf (z,9(x))0g(x) =0 forzeV . (8.4)
From ¢ > 1, it follows that
Dsof € C1HU, L(E»)) C C(U, L(E»)) -
According to Proposition 7.2(i), Laut(E2) is open in L£(E3). Therefore
((Dof) ' (Laut(E2))) NU = { (z,y) € U ; Daf(z,y) € Laut(Es) }

is an open neighborhood of (zg, o) in U. By making U smaller, we can therefore
assume Do f(x,y) € Laut(E2) for (z,y) € U. Then from (8.4), we get (8.2). m

8.3 Remark Theorem 8.2 says that near (xo,yo) the fiber f=1(0) is the graph of
a C1 function. m

By formulating the implicit function theorem in the special case E; = R™
and Fy = F = R", we get a statement about the “local solvability of nonlinear
systems of equations depending on parameters”.
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8.4 Corollary Suppose W is open in R™*" and f € C?(W,R"). Also suppose
(a,b) € W such that f(a,b) =0, that is

fat,. .. a™ bt b)) =0,

ftat,...,a™ bt ") =0.
Then if
ot M

8(3’,‘m+1, . 7ng—‘,—n)

(a,b) :=det [am+kfj(aa b)]lgj,kgn 70,

there is an open neighborhood U of (a,b) in W, an open neighborhood V' of a
in R™, and a g € C1(V,R") such that

((z,y) €U and f(z,y) =0) < (z €V and y = g(z)) .
That is, there is a neighborhood V' of a in R™ such that the system of equations

has exactly one solution

yn — g'rz(xl’“.,mm)

near b = (b',...,b") for every m-tuple (z',...,2™) € V. Also, the solutions
g',...,g" are C? functions in the “parameters” (x',... ™) from V, and
-1
am-l—lfl o 8m+nf1 81f1 o amfl
[P9(@)] =—| ; : :
8m+1f” am+nfn alf” 8mf"

for x € V, where the derivatives Oy f are evaluated at (x, g(x))

Proof Because Dsf(x,y) belongs to Laut(R") if and only if

of, ..., f™
a(éﬂerl, .. ’xm+n)(xay) 7é 0,

we verify all the claims from Theorem 8.2 and Remark 8.1(c). m
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Regular values

Suppose X is open in R™ and f: X — R" is differentiable. Then z € X is called
a regular point of f if df(z) € L(R™,R") is surjective. The map is called regular
or a submersion if every point in X is regular. Finally, we say y € R" is a regular
value of f if the fiber f~1(y) consists only of regular points.

8.5 Remarks (a) If m < n, then f has no regular points.
Proof This follows from rank(0f(z)) <m. m

(b) If n < m, then x € X is a regular point of f if and only if df(x) has rank? n.
(c) If n =1, then x is a regular point of f if and ounly if V f(z) # 0.
(d) Every y € R"\im(f) is a regular value of f.

(e) Suppose zp € X is a regular point of f with f(z¢) = 0. Then there are n
variables that uniquely solve the system of equations

fl(xl""’xm):07

&t 2™ =0
in a neighborhood of zy as functions of then m — n other variables. When f is in
the class C'7, the solutions are also C'? functions.

Proof From (a), we have m > n. Also, we can make

o f”
a(m"g—"'*‘l, - ,im) (wo) #0

by suitably permuting the coordinates in R™ that is, by applying an appropriate orthog-
onal transformation of R™. The remark then follows from Corollary 8.4. m
(f) Suppose 0 € im(f) is a regular value of f € C9(X,R"). Then for every

xo € f~1(0), there is a neighborhood U in R™ such that f~1(0) N U is the graph
of a C'? function of m — n variables.

Proof This follows from (e) and Remark 8.3. m

Ordinary differential equations

In Section 1, we used the exponential map, to help address existence and unique-
ness questions for linear differential equations. We next treat differential equations
of the form & = f(¢,x), where now f may be nonlinear.

2Suppose E and F are finite-dimensional Banach spaces and A € £(E,F). Then the rank
of A is defined by rank(A) := dim(im(A4)). Obviously, rank(A) is same as the linear algebraic
rank of the representation matrix [A]g 7 in any bases £ of E and F of F.
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In the rest of this section, suppose

e J is an open interval in R;
F is a Banach space;
D is an open subset of E;
feC(JxD,E).

The function u: J, — D is said to be the solution of the differential equation
i = f(t,z) in E if J, is a perfect subinterval of J, u € C1(J,, D), and

u(t) = f(t,u(t)) forte J, .

By giving (tg, o) € J x D, the pair

& = f(t,z) and x(to) = xo (8.5) (t0,20)
becomes an initial value problem for & = f(¢,z). The map v: J, — D is a solution
t0 (8.5)(t9,20) if u satisfies the differential equation & = f(¢, ) and u(to) = zo. It
is a noncontinuable (or maximal), if there is no solution v: J, — D of (8.5)(1y.z0)
such that v D v and v # w. In this case J, is a maximal existence interval for
(8.5) (to,0)- When J,, = J, we call u a global solution of (8.5) ) 4)-

8.6 Remarks (a) Global solutions are noncontinuable.

(b) Suppose J, is a perfect subinterval of J. Then u € C(J,, D) is a solution of
(8.5) (to,a0) if and only if u satisfies the integral equation

t
u(t) = xo +/ f(s,u(s))ds forteJ, .
to

Proof Because s — f (s,u(s)) is continuous, the remark follows easily from the funda-
mental theorem of calculus. m

(c) Suppose A € L(E) and g € C(R, E). Then the initial value problem
&= Az + g(t) and z(tg) = xo

has the unique global solution

¢
u(t) = ettt Az, +/ e=4g(s)ds forteR .
to
Proof This is a consequence of Theorem 1.17. m
(d) When E =R, one says that & = f(¢,x) is a scalar differential equation.
(e) The initial value problem
i = 2% and x(ty) = 2o (8.6)

has at most one solution for (tg,z) € R?.
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Proof Suppose u € C'(J,,R) and v € C'(J,,R) are solutions of (8.6). For t € J, N J,,
let w(t) := u(t) — v(t), and let I be a compact subinterval of J, N J, with to € I. Then
it suffices to verify that w vanishes on I. From (b), we have

w(t) =u(t) —v(t) = / (u2(s) — v2(s)) ds = / (u(s) +v(s))w(s)ds fortel.

to to

Letting o := maxser [u(s) + v(s)|, it follows that

lw(t)| < «

t
/ﬁmm@]mmeL
to

and the claim is implied by Gronwall’s lemma. m

(f) The initial value problem (8.6) has no global solution for zq # 0.

Proof Suppose u € C*(Ju,R) is a solution of (8.6) with xo # 0. Because 0 is the unique
global solution for the initial value (to,0), it follows from (e) that u(t) # 0 for ¢t € Jy.
Therefore (8.6) implies

& <_l>' —1

u? u

on J,. By integration, we find

1 1
— — ——=t—1 for t € J,
zo  ult) o lort€Ju,

and therefore
u(t)=1/(to —t+1/x0) fort e Jy .
Thus we get J, #J =R. m

(g) The initial value problem (8.6) has, for every (to,zo) € R?, the unique non-
continuable solution u(-, o, zo) € C*(J(to, z),R) with

(to + 1/xp, 00) , x9 <0,
J(to,z0) = R, z0=0,
(7OO,t0+1/CE0), $0>0,

and
07 1‘0:07

u(tath‘TO){ 1/(to —t+1/x0) , 2o #0 .

Proof This follows from (e) and the proof of (f). m

(h) The scalar initial value problem

i=2]z|, x(0)=0 (8.7)

has uncountably many global solutions.
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Proof Clearly up = 0 is a global solution.
For a < 0 < 33, let

7@7&)2 ’ te (700705] ’
ua»ﬁ(t) = 0 ) te (CM?ﬁ) ’ q

(t—B)72, te[Bo0). / 8

One verifies easily that uq,g is a global solu-
tion of (8.7). m

v

Separation of variables

It is generally not possible to solve a given differential equation “explicitly”. For
certain scalar differential equations, though, a unique local solution to an initial
value problem can be given with the help of the implicit function theorem.

The function ®: J x D — R is said to a first integral of & = f(¢, ) if, for
every solution u: J, — D of & = f(t,x), the map

Ju— R, t— ®(tu(t))
is constant. If in addition
®ecCY(JxD,R) and &h®(t,z)#0 for (t,x) € Jx D,
then @ is a regular first integral.

8.7 Proposition Suppose ® is a regular first integral of the scalar differential
equation & = f(t,x) and

flt,z) = —019(t,x)/02®(t,x) for (t,z) € J x D .

Then for every (tg,xo) € J x D, there is an open interval I of J and U from D
with (to,zo) € I x U such that the initial value problem

= f(t,x), x(to) =g

on I has exactly one solution u with w(I) C U. It is achieved by solving the
equation ®(t,x) = ®(to,xo) for x.

Proof This follows immediately from Theorem 8.2. m
By suitably choosing ®, we get an important class of scalar differential equa-

tions with “separated variables”. As the next corollary shows, we can solve these
equations by quadrature.
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8.8 Proposition Suppose g € C(J,R) and h € C(D,R) with h(z) # 0 for x € D.
Also suppose G € CY(J,R) and H € C'(D,R) are antiderivatives of g and h,
respectively. Then

O(t,x) :=G(t) — H(xz) for (t,x) e Jx D,
is a regular first integral of & = g(t)/h(x).

Proof Obviously ® belongs to C'(J x D,R), and d®(t,x) = —h(z) # 0. Now
suppose u € C'(J,, D) is a solution of # = g(t)/h(z). Then it follows from the
chain rule that

[@(t,u(t))] = 01(t,u(t)) + 0P (¢, u(t))u(t)

Therefore t — ®(¢,u(t)) is constant on J,. m

8.9 Corollary (separation of variables) Suppose g € C(J,R) and h € C(D,R)
with h(z) # 0 for x € D. Then the initial value problem

& =g(t)/h(z) , x(to) = xo

has a unique local solution for every (tg,xo) € J x D. That solution can be
obtained by solving the equation

/ meyds = [ :gm dr (.3)

for x.

Proof This is an immediate consequence of Theorems 8.7 and 8.8. m

8.10 Remark Under the assumptions of Corollary 8.9,

dr _ g(t) _
E = Wx) 5 .’L'(to) = X0

implies formally h(x) dz = g(t) dt,the “equation with separated variables”. Formal
integration then gives (8.8). m

8.11 Examples (a) We consider the initial value problem
t=14+2%, z(to) =0 . (8.9)
Letting g := 1 and h := 1/(1 + X?), it follows from Corollary 8.9 that

x d t
¢
arctanx — arctanxg = / — s = / dr=t—to .
xo 1 +€ to
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Therefore
x(t) =tan(t —«a) forte (a—7n/2,a+ 7/2)

and « := tp — arctanzg is the unique maximal solution of (8.9). In particular,
(8.9) has no global solutions.

(b) Suppose a >0, D :=(0,00) and z > 0. For

=z 2(0) =0, (8.10)

/:gladgt.

z(t) = (zg® — o)™/ for —oco<t<z;%/a

Corollary 8.9 implies

Therefore

is the unique maximal solution of (8.10), which is therefore not globally solvable.

(¢) On D := (1,00), we consider the initial value problem
t=zxlogz, x(0)=ux0. (8.11)

Because log o log is an antiderivative on D of z — 1/(xlogz), we get from Corol-
lary 8.9 that

x dg t

= dr =
xo glogf 0

log(log ) — log(log xo) =

From this we derive that
_ (")
z(t) =z ' forteR,

is the unique global solution of (8.11).

(d) Let —c0 < a < b<ooand f € C((a,0),R) such that f(z) > 0 for = € (a,b)
and f(b) = 0. For z¢ € (a,b) and ty € R, we consider the initial value problem

&= f(x), x(to) =0 .

According to Corollary 8.9, we get the unique local solution u: J, — (a,b) by
solving
t =1ty + — = H(z
TG
for z. Because H' = 1/f, H is strictly increasing. Therefore u = H~!, and J,
agrees with H ((a,b)). Also

T*:= lim H(z)=supdJ,

z—b—0
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exists in R, and

b
d
T" < 00 <= e <00
o f(§)
A A
b b
o f----- / Lo oo _ /
to 15 £0 s

Now lim;_, 7« _o u(t) = b implies

lim a(t)= lim f(u(t))=0.

t—T*—0 t—T*—-0
In the case T* < oo, it then follows from Proposition IV.1.16 that
u(t teJ
v(t) :== ®) .
b, te[r o),
gives a continuation of u. Analogous considerations for

T, := zEg}ro H(z) =inf J,

are left to you.

(e) For a € C(J,R) and (tg,zo) € J X R, we consider the initial value problem
t=alt)r, x(to) = o (8.12)

for the scalar linear homogeneous differential equation & = a(t)x with time-
dependent coefficients a. Therefore (8.12) has the unique global solution

z(t) = l‘oef”to omdT forte J .

Proof From Gronwall’s lemma, it follows that (8.12) has at most one solution. If u €
C*(Ju,R) is a solution and there is a t1 € J, such that u(t1) = 0, then the uniqueness
result for the initial value problem & = a(t)z, z(¢1) = 0 implies that u = 0.

Suppose therefore xg # 0. Then we get by separation of variables that

x t
log |z| — log |zo| :/ % :/ a(r)dr
T to

and thus

f;o a(r)dr

|z(t)| = |zo| e forte J.

Because z(t) # 0 for t € J, the claim follows. m
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Lipschitz continuity and uniqueness

Remark 8.6(h) shows that the initial value problem (8.5), »,) is generally not
uniquely solvable. We will see next that we can guarantee uniqueness if we require
that f is somewhat regular than merely continuous.

Suppose E and F' are Banach spaces, X C F and I C R. Then f € C(I x
X, F) is said to be locally Lipschitz continuous in = € X, if every (to, x¢) in I x X
has a neighborhood U x V such that

1f(t,z) = ftyll <Lz —yl| forteUanda,yeV
for some L > 0. We set
COV(IxX,F) := {f € C(IxX,F); fis locally Lipschitz continuous in z € X} .

If T is a single point, and thus f has the form f: X — F, we call f locally
Lipschitzcontinuous, and

CY(X,F):={f: X — F; fislocally Lipschitz continuous } .

8.12 Remarks (a) Obviously, we have C%"(I x X, F) C C(I x X, F).

(b) Suppose X isopenin E, and f € C(I x X, F). Assume 0> f exists and belongs
to C(I x X,L(E,F)). Then f € CO"(I x X, F).

Proof Let (to,x0) € I x X. Because 02 f belongs to C'(I x X,L(E,F)) and X open is
in E, there is an € > 0 such that B(zo,¢) C X and

||82f(t0,.’£0) — 82f(t,£lf)|| <1 for (t,:l?) ceUxV, (813)

where we set U := (to —e,t0 + &) NI and V := B(xo, ). Putting L := 1+ ||02f(to, zo)||,
it follows from the mean value theorem (Theorem 3.9) and (8.13) that

1f(t,z) = fty)ll < sup [|02f(t, 2+ s(y —2)) ||l —yll < Lz~ yll
0<s<1

for (¢t,z),(t,y) € U x V. Therefore f is locally Lipschitz continuous in z. m

(c) Polynomials of degree > 2 are locally Lipschitz continuous but not Lipschitz
continuous.

(d) Suppose I x X is compact and f € C%"(I x X,F). Then f is uniformly
Lipschitz continuous in x € X, that is, there is an L > 0 such that

I f(t,x) = ft,y)l| < Lz —y|| forz,ye Xandtel.

Proof For every (¢,2) € I x X, there are ¢x > 0, £, > 0, and L(¢,x) > 0 such that

1£(s:9) = f(s: )| < L(t,2) ly — 2| for (s,9), (s,2) € B(t,e1) x B(z,e) .
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Because I x X is compact, there exist (to, o), .., (tm,Zm) € I X X such that
Ix X C|JB(ty,er,) x Bz, 0, /2) -
=0
Because f(I x X) is compact, there is a R > 0 such that f(I x X) C RB. We set
0 :=min{ezy,..., 2, }/2 >0

and
L :=max{L(to,x0), ..., L(tm,zm),2R/5} >0 .

Suppose now (t, ), (t,y) € I x X. Then there is an k € {0,...,m} such that
(t,x) € B(tk,et,) X B(xk, €, /2) .
If | — y|| <6, we find (¢, y) lies in B(tx,e,) X B(zk, €z, ), and we get
16 2) = () < L(ta,on) | — gl < Llle — gl -
On the other hand, if ||z — y|| > 4, it follows that

2R
£t 2) = fE )l < = -6 < Lz —y] -
Therefore f is uniformly Lipschitz continuous in z € X. m

(e) Suppose X is compact in E and f € C"(X, F). Then f is Lipschitz continuous.

Proof This is a special case of (d). m

8.13 Theorem Let f € C%'"(J x D, E), and suppose u: J, — D andv: J, — D
are solutions of & = f(t,x) with u(ty) = v(to) for some ty € J, N J,. Then
u(t) = v(t) for every t € J, N J,,.

Proof Suppose I C J, NJ, is a compact interval with ¢ty € [ and w :=u —v. It
suffices to verify that w|I = 0.

Because K := u(I) Uv(I) C D is compact, Remark 8.12(d) guarantees the
existence of an L > 0 such that

17 (s.u(s) = £ (s,0()) || < Llfuts) = v(s)]| = Llw(s)]| fors el .

Therefore from

w(t) = u(t) —v(t) = /t (f(s,u(s)) = f(s,v(s)))ds forteJ,NJ,,
(see Remark 8.6(b)) the inequality
()] < L‘/t luw(s)ds| for t € 1

follows, and Gronwall’s lemma implies w|I =0. m
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The Picard-Lindelof theorem

In the following, suppose

e J C R is an open interval;
E is a finite-dimensional Banach space;
D is open in F;
feC%"(Jx D,E).

We now prove the fundamental local existence and uniqueness theorem for of
ordinary differential equations.

8.14 Theorem (Picard-Lindel6f) Suppose (to,x0) € J x D. Then there is an
« > 0 such that the initial value problem

= f(t,xz), x(to) = o (8.14)
has a unique solution on I := [ty — a, tg + .
Proof (i) Because J x D C R x E is open, there are a,b > 0 such that
R:= [ty —a,to +a] x B(zg,b) C J x D .
From the local Lipschitz continuity of f in x, we find an L > 0 such that

1f () = ftyll < Lilz =yl for (¢,2), (t,y) € R

Finally, it follows from the compactness of R and Remark 8.12(a) that there is an
M > 0 such that
lf(t,z)]| <M for (t,z) € R.

(ii) Suppose « :=min{a,b/M,1/(2L)} > 0 and I := [to — a, o + a]. We set

¢

T(y)(t) := zo —l—/ f(ry(r))dr foryeC(I,D), tel.
to

If we can show that the map T': C'(I, D) — C(I, E) has exactly one fixed point u,

it will follows from Remark 8.6(b) that u is the unique solution of (8.14).

(iii) Let
X :={yeC,E); ylto) = zo, maxes||y(t) — x| <b} .

Then X is a closed subset of the Banach space C(I, E') and therefore a complete
metric space (see Exercise 11.6.4).

For y € X, we have y(t) € B(xo,b) C D for t € I. Therefore T(y) is defined,
and T'(y)(to) = zo. Also

IIT(y)(t)—on:H/jf(ﬂy(T))dT] <a s (6] < 5 M=b.

(tE)ER M
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This shows that T" maps the space X into itself.
(iv) For y, z € X, we find

170 ~TEO1= | [ (£697) = £ 2(0)) |
< amax| £ (t,y(0) = £(t,2(0)) || < aLmax |ly(t) - ()|

for t € I. Using the definition of «, it follows that

1
1T(y) = T()lewrr) < 3 ly = 2llcam -

Therefore T: X — X is a contraction. Then the contraction theorem (Theo-
rem IV.4.3) gives a unique fixed point u in X. m

8.15 Remarks (a) The solution of (8.14) on I can be calculated using the method
of successive approximation (or iteratively) by putting

¢
Umt1(t) 1= g +/ f(T um(r))dr formeNandtel,

to

with uo(t) = xo for t € I. The sequence (u,,) converges uniformly on I to u, and
we have the error estimate

wm — ullo(r,ey < aM /2™t for m € N* . (8.15)

Proof The first statement follows immediately from the last proof and from Theo-
rem IV.4.3(ii). Statement (iii) of that theorem gives also the error estimate

m—+1

[um = ullog,ey <277 lur — ol gy -

The claim now follows because for t € I we have

Jar (8) = wo(8)| = |

/tf(T,uO(T)) dTH <aM .m

to

(b) The error estimate (8.15) be improved to

Man/e
Jim = wlletr.e) < gt

Tl)! formEN,

(see Exercise 11).

(c) The assumption that E is finite-dimensional was only used to prove the exis-
tence of the bound M on f(R). Therefore Theorem 8.14 and its proof stays correct
if the assumption that “F is finite-dimensional” is replaced with “f is bounded on
bounded sets”.
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(d) Although the continuity of f is not enough to guarantee the uniqueness of
the solution (8.14), it is enough to prove the existence of a solution (see [Ama95,
Theorem I1.7.3]). m

Finally we show that the local solution of Theorem 8.14 can be extended to
a unique noncontinuable solution.

8.16 Theorem For every (tg,x0) € J x D, there is exactly one noncontinuable
solution u(-, to, xo) : J(to,x0) — D of the initial value problem

= f(t,x), z(to)==x0 .
The maximal existence interval is open, that is, J(tg, o) = (t_(to,xo),t+ (to,xo)).

Proof Suppose (tg,z0) € J x D. According to Theorem 8.14, there is an «yg
and a unique solution wu of (8.5)(,,2,) on o := [to — ao,to + ap]. We set 1 :=
u(to + ap) and t; := tg + o and apply Theorem 8.14 to the initial value problem
(8.5)(t,,21)- Then there is an a; > 0 and a unique solution v of (8.5)(, »,) on
I := [t — a1,t1 + a1]. Theorem 8.13 shows that u(t) = v(¢t) for t € Iy N L.

Therefore
(t) . u(t) s tely,
WL e, tern,

is a solution of (8.5)t,,z,) on o U I;. An analogous argument shows that u can
be continued to the left past tg — ag. Suppose now

tt = tt(tg, o) := sup{ B eR; (8.5)(t,z,) has a solution on [to, 3] }
and
t =1t (to, o) :==inf{y € R ; (8.5)(1y,2,) has a solution on [y, %] } .

The considerations above show that tT € (¢, 0o] and t~ € [—o0, tg) are well defined
and that (8.5)(,,4,) has a noncontinuable solution u on (t~,t*). Now it follows
from Theorem 8.13 that w is unique. m

8.17 Examples (a) (ordinary differential equations of m-th order) Suppose
E:=R"™ and g € C%'"(J x D,R). Then

™ =gtz &,..., x(m_l)) (8.16)

is an m-th order ordinary differential equation. The function u: J, — R is a
solution of (8.14) if J,, C J is a perfect interval, u belongs to C™(J,,R),

(u(t), a(t), ..., u™ V) e D forte,,

and
u™(t) = g(t,ut), alt), ..., u™ D)) forteJ, .
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For tg € J and g := (23,...,25""') € D, the pair

2™ = g(t,x,&,...,2mD)

8.17) (¢, 4
m(to) = .’I,‘g Sy x(m_l) (tO) = ;1;8171 ( )(t07£0)

is called an initial value problem for (8.16) with initial value xy and initial time ¢;.

In this language we have, For every (to, zo) € Jx D, there is a unique maximal
solutionw : J(to, o) — R of (8.17)(4y,2,). The maximal existence interval J(to, o)
is open.

Proof We define f: J x D — R™ by

fty) = %y% ..y gty) forteJandy=(y',...,y")€D. (8.18)

Then f belongs to C*'"(J x D,R™). Using Theorem 8.16, there is a unique noncon-
tinuable solution z: J(to,z0) — R™ of (8.5)(,,1)- One can then verify easily that
u:=pry oz: J(to,z0) — R is a solution of (8.17) ¢, z0)-

Conversely, if v : J(to, ©o) — R is a solution of (8.17) 1, «,), then the vector function
(v,i),.u,v(m_l)) solves the initial value problem (8.5);,,z,) on J(to,zo), where f is
defined through (8.18). From this follows v = u. An analogous argument shows that u
is noncontinuable. m

(b) (Newton’s equation of motion in one dimension) Suppose V is open in R and
f € CH(V,R). For some zg € V, suppose

U(x)::/xf(f)dgfoerV and T(y):=y?*/2forycR.

Finally let D := V xR and L := T — U. According to Example 6.14(a), the
differential equation
—i = f(x) (8.19)

is Newton’s equation of motion for the (one-dimensional) motion of a massive
particle acted on by the conservative force —VU = f. From (a), we know that
(8.19) is equivalent to the system

=y, y=—f(v) (8.20)
and therefore to a first order differential equation
= F(u), (8.21)

where F(u) := (y, — f(z)) for u = (z,y) € D.

The function £ :=T + U : D — R, called the total energy, is a first integral
of (8.21). This means that the motion of the particle conserves energy?®, that is,
every solution z € C?(J, V) of (8.21) satisfies E(z(t),(t)) = E(x(to), &(to)) for
every t € J and tg € J.

3See Exercise 6.12.
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Proof Obviously E belongs to C'(D,R). Every solution u: J, — D of (8.20) has
[E(u®)] = [y*(t)/2+U(z(®)] =y@)y(t) + f(z(t))i(t) =0 forte J, .
Therefore E(u) is constant. m

(c) From (b), every solu-

tion of (8.20) lies in a level
set E~1(c) of the total en-
ergy.

Conversely, the exis-
tence statement (a) means
that for every point (zq, yo)
on a level set of E, there
is a solution of (8.20) with
u(0) = (zo,y0). There- f
fore, the set of level sets e
of E is the same as the “
set of all (maximal) solu-
tion curves of (8.20); this
set is called the phase por-
trait of (8.19).

c

\

N\

The phase portrait has these properties:

(i) The critical points of E are exactly the points (z,0) € D with f(z) = 0.
This means that the stationary points of (8.20) lie on the z-axis and are exactly
the critical points of the potential U.

(ii) Every level set is symmetric about the z-axis.

(iii) If ¢ is a regular value of E, then E~1(c) admits a local representation
as the graph of a C? function. More precisely, for every ug € E~1(c), there are
positive numbers b and ¢ and a ¢ € C?((—¢,¢),R) with ¢(0) = 0 such that

E~'(c) N B(ug,b) = tr(g) , (8.22)
where g € C?((—¢,¢),R?) is defined by

_f (s.0()) +uo,  B2E(ug) £0,
7 '_{ (p(s),8) +uo,  01E(ug) #0 .

(iv) Suppose (x0,0) is a regular point of E and ¢ := U(xg). Then the level
set E~1(c) slices the x-axis orthogonally.

Proof (i) This follows from VE(z,y) = (y, f(x)).
(ii) This statement is a consequence of E(z, —y) = E(z,y) for (z,y) € D.
(iii) This follows from Remarks 8.4(e) and (f).
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(iv) We apply the notation of (iii). Because

VE(x0,0) = (f(x0),0) # (0,0) ,

we see (8.22) is satisfied with uo := (20,0) and g(s) := (¢(s) + zo,s) for s € (—¢,e).
Further, it follows from Example 3.6(c) that

= (VE(20,0) | (0)) = ((£(0),0) | (¢(0),1)) = f(0)(0) .

Therefore ¢(0) = 0, that is, the tangent to E~"(c) at (2o, 0) is parallel to the y-axis (see
Remark IV.1.4(a)). m

Exercises

1 Show that the system of equations

P4y —u—v=0,
m2+2y2+3u2+4v2:1

can be solved near (1/2,0,1/2,0) for (u,v). What are the first derivatives of u and v in
(z,y)?

2 Suppose E, F', G and H are Banach spaces and X is open in H. Further suppose
A€ C'(X,L(E,F)) and B € C' (X, L(E,Q))

and
(A(z),B(z)) € Lis(E,F x G) forze X .

Finally, suppose (f,g) € F x G and
¢: X > E, z (A2),B@) (f.9)
Show that
dp(x)h = —S(x)dA(x)[h, p(z)] — T(x)0B(z)[h, p(x)] for (x,h) € X x H ,
where, for z € X,

S(x) == (A(x), B(x)) [ (F x {0}) and T(z):= (A(z), B(z))"'| ({0} x G) .

3 Determine the general solution of the scalar linear inhomogeneous differential equation
z = a(t)z + b(t)
with time-dependent coefficients a,b € C(J,R).

4 Suppose D is open in R and f € C(D,R). Show that the similarity differential
equation

&= f(z/t)
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is equivalent to the separable differential equation

v=(fly) —y)/t
by using the transformation y := z/t.
5 What is the general solution of & = (z* + tx +¢*)/t*? (Hint: Exercise 4.)
6 Determine the solution of the initial value problem % + tz? = 0, x(0) = 2.

7 Suppose a,b € C(J,R) and « # 1. Show that the Bernoulli differential equation
= a(t)x + b(t)z”
becomes linear differential equation
§=(1—a)(a(t)y +b(t))
through the transformation y := z!=°

8 Calculate the general solution u of the logistic differential equation
z=(a—pz)r fora,f>0.
Also find lim,_,,+ u(¢) and the turning points of w.

9 Using the substitution y = x /¢, determine the general solution to ¢ = (t+z)/(t — ).
10 Suppose f € C'(D, E), and let u: J(¢) — R denote the noncontinuable solution of

i=f(z), =z(0)=¢.
Determine D(f) := { (t,§) e R x D ; t € J(§) } if f is given through

R-R, z—2z'™, a>0;

E—FE, z— Az, A€L(E);
R—R, xl—>1+x2.

11 Prove the error estimate of Remark 8.14(b). (Hint: With the notation of the proof
Theorem 8.13, it follows by induction that

_ m—+1
1 (8) — um(@)]] < pLm L=l

(74_1)' formGNandtG[,
m .

and consequently ||umi1 — Umllc,p) < Ma2™™/(m +1)! for m € N.)
12 Suppose A € C(J,L(E)) and b € C(J, E). Show that the initial value problem
z=At)z+0b(1), x(to) =0

has a unique global solution for every (¢o,z0) € J x E. (Hints: Iterate an integral
equation, and use Exercise IV.4.1 and ftto ftz dods = (t —t9)?/2.)
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9 Manifolds

From Remark 8.5(e), we know that the solution set of nonlinear equations near
regular points can be described by graphs. In this section, we will more precisely
study the subsets of R™ that can be represented locally through graphs; namely,
we study submanifolds of R". We introduce the important concepts of regular
parametrization and local charts, which allow us to locally represent submanifolds
using functions.

e In this entire section, ¢ belongs to N* U {oo}.

Submanifolds of R"

A subset M of R" is said to be an m-dimensional C? submanifold of R™ if, for
every o € M, there is in R™ an open neighborhood U of xg, an open set V in R",
and a ¢ € Diff(U, V) such that (U N M) =V N (R™ x {0}).

R?’L—m

- Il

gt SN
\Lﬂ/ HH“‘ RrR™

One- and two-dimensional submanifolds of R are called (imbedded) curves in R"”
and (imbedded) surfaces in R", respectively. Submanifolds of R" of dimension
n — 1 (or codimension 1) are called (imbedded) hypersurfaces (in R"). Instead
of C'? submanifold of R™ we will often — especially when the “surrounding space”
R™ is unimportant — simply say C? manifold.!

An m-dimensional submanifold of R™ is defined locally in R™, that is, in terms
of open neighborhoods. Up to small deformations, each of these neighborhood lies
in R" in the same way that R" is contained within R™ as a vector subspace.

9.1 Examples (a) A subset X of R" is an n-dimensional C*® submanifold of R"
if and only if X is open in R™.

Proof If X is an n-dimensional C°° submanifold of R™ and x¢ € X, then there is an
open neighborhood U of zo, an open set V in R", and a ¢ € Diff**(U, V) such that
@(UNX) = V. Therefore UNX = ¢~ (V) = U. Thus U belongs to X, which shows
that X is open.

Suppose now X is open in R". We set U := X, V := X, and ¢ := idx. We then
see X is an n-dimensional C'* submanifold of R". m

1Note that the empty set is a manifold of every dimension < n. The dimension of a nonempty
manifold is uniquely determined, as Remark 9.16(a) will show.
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(b) Let M := {zo,...,xx} C R". Then M is a 0-dimensional C*° submanifold
of R™.

Proof We set a := min{|z; — x| ; 0 < 4,5 <k, ¢ # j} and choose y € M. Then
B(y, a) is an open neighborhood of y in R™, and for ¢(z) := x — y such that = € B(y, «),
we have ¢ € Diff** (B(y, @), oB) and ¢(B(y,o) N M) = {0}. m

(c) Suppose ¢ € Diff/(R™,R™) and M is an m-dimensional C'? submanifold of R".
Then (M) is an m-dimensional C? submanifold of R".

Proof We leave this to you as an exercise. m
(d) Every C? submanifold of R" is also a C" submanifold of R" for 1 <r <gq. m

(e) The diffeomorphism ¢ and the open set V' of R™ in the above definition can
be chosen so that ¢(z) = 0.

Proof It suffices to combine the given ¢ with the C*° diffeomorphism y — y — p(z0). m

Graphs

The next theorem shows that graphs are manifolds and thus furnish a large class
of examples.

9.2 Proposition Suppose X is open in R™ and f € C9(X,R"™). Then graph(f) is
an m-dimensional C9 submanifold of R™*™.

Proof We set U := X x R" and consider
e: U—>R™"=R"xR", (z,9)~— (z,y— f(z)) .

Then we have ¢ € C1(U,R™ x R") with im(¢) = U. In addition, ¢: U — U is
bijective with ¢ ~!(z,z) = (x,z + f(x)). Therefore ¢ is a C? diffeomorphism of U
onto itself and ¢ (U Ngraph(f)) =X x {0} =U N (R™ x {0}). m

The regular value theorem

The next theorem gives a new interpretation of Remark 8.5(f). It provides one of
the most natural ways to understand submanifolds.

9.3 Theorem (regular value) Suppose X is open in R™ and c is a regular value of
f € CYX,R"). Then f~'(c) is an (m — n)-dimensional C? submanifold of R™.

Proof This follows immediately from Remark 8.5(f) and Proposition 9.2. m

9.4 Corollary Suppose X is open in R" and f € C1(X,R). If Vf(x) # 0 for
x € f~1(c), the level set f~'(c) of f is a C? hyperplane of R™.
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Proof See Remark 8.5(c). m

9.5 Examples (a) The function \Y//
f:RZHRv (Z‘,y)’—>$2—y2 D (

has (0, 0) as its only critical point. Its level
o haeblae =

sets are hyperbolas.

(b) The (Euclidean) n-sphere S™ := {z € R™ ; |z| =1} is a C™ hypersurface
in R™! of dimension n.

Proof The function f: R™™' — R, x + |z|? is smooth, and S™ = f~!(1). Because
Vf(z) = 2z, we know 1 is a regular value of f. The claim then follows from Corol-
lary 9.4 m

(¢) The orthogonal group? O(n) :={A € R"*" ; ATA=1,} is a C°° submani-
fold of R™*™ of dimension n(n — 1)/2.

Proof (i) From Exercise 1.5, we know (because AT = A*) that AT A is symmetric for
every A € R™". Tt is easy to verify that R{" has dimension n(n + 1)/2 (which is the
number of entries on and above the diagonal of an (n x n) matrix). For the map
FiR™T SRET D A ATA,
we have O(n) = f~'(1,). First, we observe that
g:RnanRan*}Ran’ (A,B)'—)ATB
is bilinear and consequently smooth. Then because f(A) = g(A, A), the map f is also
smooth. Further, we have (see Proposition 4.6)
Of(AAB=A"B+B'A for A, BeR™" .
(ii) Suppose A € f'(1,) = O(n) and S € RLS". For B := AS/2, we then have
df(A)B = %ATAS + %SATA =9
because AT A = 1,,. Therefore 9f(A) is surjective for every A € f~'(1,). Thus 1, is

a regular value of f. Because dim(R"*™) = n? and n? —n(n +1)/2 = n(n — 1)/2, the
claim follows from Theorem 9.3. m

The immersion theorem

Suppose X is open in R™. The map f € C'(X,R") is called an immersion
(of X in R") if 9f(z) € L(R™,R") is injective for every z € X. Then f is a
regular parametrization of ' := f(X). Finally, F' is an m-dimensional (regular)
parametrized hypersurface, and X is its parameter domain. A 1-dimensional
or 2-dimensional parametrized hypersurface is a (regular) parametrized curve or
(regular) parametrized surface, respectively.

2Here 15, denotes the identity matrix in R”*™. For more on O(n), see also Exercises 1 and 2.
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9.6 Remarks and Examples (a) If f € C1(X,R") is an immersion, then m < n.
Proof For n < m, that there is no injection A € L(R™,R") follows immediately from

the rank formula (2.4). m

(b) For every £ € N*, the restriction of R — R?, ¢ (cos(t),sin(£t)) to (0,2m)
is a C°° immersion. The image of [0, 27) is the unit circle S*, which is traversed
{ times.

(¢) The map (—m,7) — R?, ¢ (14 2cost)(cost,sint) is a smooth immersion.
The closure of its image is called the limagon of Pascal.

(d) Tt is easy to see that (—7/4,7/2) — R?, t — sin2t(—sint, cost) is an injective
C™ immersion. m

for (b) for (c) for (d)

The next theorem shows that m-dimensional parametrized hypersurfaces are
represented locally by manifolds.

9.7 Theorem (immersion) Suppose X is open in R™ and f € C1(X,R") is an
immersion. Then there is for every o € X an open neighborhood Xy in X such
that f(Xo) is an m-dimensional C? submanifold of R".

Proof (i) By permuting the coordinates, we can assume without loss of generality
that the first m rows of the Jacobi matrix [8 f (;Uo)} are linearly independent.

Therefore 8(f1 )
(et .:a:m) (z0) 70

(ii) We consider the open set X x R"™™ in R" and the map
P: X xR SR, (x,y) — f(z)+(0,y) .
Obviously, 1 belongs to the class C?, and 9 (zp,0) has the matrix
oot 0] =| 5 |
with
nfl o O fl ofmtt o 9, fmtl
: : (z9) and B := : :

A= : : : :
Onfm™ o Onf™M ofr o Omf"

(zo) -
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Therefore 0y (x,0) belongs to Laut(R"), and thus

a(ft,....fm
det [0t(z0,0)] = det A = H(%) #£0.

Consequently the inverse function theorem (Theorem 7.3) says there are open
neighborhoods V' € g (z0,0) and U € Ugn (¢ (o, 0)) with ¢ |V € Diff?(V, U).

Rn—m

We now set ® := (¢|V)~! € Diff'(U, V) and Xo := { € R™; (2,0) € V }. Then
Xy is an open neighborhood of xg in R™ with

(U N f(Xo)) = @(¢(Xo x {0})) = Xo x {0} =V N (R" x {0}) . m

9.8 Corollary Suppose I is an open interval and v € C?(I,R"™). Further let ty € I
and #(tg) # 0. Then there is an open subinterval Iy of I with ty € Iy such that
the trace of | Iy is an imbedded C? curve in R".

Proof This follows immediately Theorem 9.7. m

9.9 Remarks (a) The smooth path
7:R—=R?, t (t3,t%)

satisfies 4(t) # 0 for t # 0. At ¢t = 0, the
derivative of v vanishes. The trace of 7,
the Neil parabola, is “not smooth” there
but rather comes to a point.

(b) Let f € C(X,R™) be an immersion. Then f(X) is not generally a C'? sub-
manifold of R" because f(X) can have “self intersections”; see Example 9.6(c).

(c) The immersion given in Example 9.6(c) is not injective. Also, images of in-
jective immersions are generally not submanifolds; see Example 9.6(d) and Ex-
ercise 16. On the other hand, Example 9.6(b) shows that images of noninjective
immersions can indeed be submanifolds.

(d) Suppose X is open in R™ = R™ x {0} ¢ R", and f € C?X,R") is an
immersion. Then for every xy € X, there is an open neighborhood V' of (z,0)
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in R", an open set U in R", and a ¢ € Diff?(V,U) such that ¢(z,0) = f(x) for
x € X with (z,0) € V.

Proof This follows immediately from the proof of Theorem 9.7. m

Embeddings

Suppose ¢g: I — R? is the injective C'* immersion of Example 9.6(d). We have
already determined that S = im(g) represents an embedded curve in R?. This
raises the question, What other properties must an injective immersion have so
that its image is a submanifold? If one analyzes the example above, it is easy to see
that g=': S — I is not continuous. Therefore the map g: I — S is not topological.
Indeed, the next theorem shows that if an injective immersion has a continuous
inverse, its image is a submanifold. We say a (C?) immersion f: X — R" is a
(C9?) embedding of X in R” if f: X — f(X) is topological.

9.10 Proposition Suppose X is open in R™ and f € CY(X,R") is an embedding.
Then f(X) is an m-dimensional C? submanifold of R".

Proof We set M := f(X) and choose yo € M. According to Theorem 9.7,
xo := f~!(yo) has an open neighborhood Xy in X such that My := f(Xp) is an
m-dimensional submanifold of R".

Hence there are open neighborhoods U; of yo and V; of 0 in R™ as well as a C?
diffeomorphism @ from U; to V; such that ®(MyNU;) = V1N (Rm X {0}) Because
/ is topological, My is open in M. Hence there is an open set Uy in R™ such that
My = M N Uy (see Proposition I11.2.26). Therefore U := U; N Uz is an open
neighborhood of yy in R", and V' := ®(U) is an open neighborhood of 0 in R"
with ®(M NU) =V N (R™ x {0}). The claim follows because this holds for every
YoEM. m

3Naturally, f(X) carries with it the induced topology from R™. If the context makes the
meaning of X and R™ unambiguous, we speak in short of an embedding.
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9.11 Examples (a) (spherical coordinates)
Let

fS:R?"’R?’a (ra(Paﬂ)'_)(xvyaZ)
be defined through

T =rcospsindg ,

y =rsinpsind , (9.1)
z=rcost,
and let V3 := (0,00) x (0,27) x (0,7). Then g3 := f5]|V5 is a C*° embedding

of V3 in R?, and F3 = g3(V3) = ]RS\H;;, where Hs denotes the closed half plane
R™ x {0} x R.

If one restricts (r, p, ) to a subset of V3
of the form

(ro,71) X (@0, 1) x (Fo,01) ,

one gets a regular parametrization of a “spher-
ical shell”.

Consider f3(V3) = R3. We also have that f3(W3) = RS\ ({0} x {0} x R) for
W3 := (0,00) x [0,27) x (0,7) and that f3 maps W5 bijectively onto R? \ ({0} x
{0} x R). Thus, by virtue of (9.1), every point (z,y,z) € R3\ ({0} x {0} x R) can
be described uniquely in the spherical coordinates (r, ¢, ) € W5. In other words,

f3| W3 is a parametrization of R? except for the z-axis. However, W3 is not open
S 3
in R”.

Proof Obviously f3 € C* (R3,R3), and g3 : V3 — F3 is topological (see Exercise 11).
Also, we find

cospsind —rsinpsind  rcosycos?
[0fs(r,p,0)] = | singsind  rcosgsind 7singcosd
cos v 0 —rsind

The determinant of dfs can be calculated by expanding along the last row, giving the
value —r? sin ¥ # 0 for (7, ,9) € V3. Hence g3 is an immersion and therefore an embed-
ding. The remaining statements are clear. m
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(b) (spherical coordinates?)
We define

f2:R2*>R33 ((pvﬂ)'_)(xayaz)

through
T = cospsind |
y =sinpsin?d , (9.2)
z = cost

and set Va2 := (0,27) x (0, 7). Then the restriction gs := f2| V2 is a C* embedding
of Vo in R® and Fy := g2(V2) = S?\ H3. In other words, Fy is obtained from
S? by removing the half circle where the half plane Hj intersects with S2. Re-
stricting (¢, 1) to a subset Vo of the form (g, 1) X (Jo,91), one gets a regular
parametrization of a section of S2, which means that the rectangle V5 is “curved
into (part of) a sphere” by fs. Note also that for Wa := [0,27) x (0,7), we have
f2(Wy) = S%\{%e3}, where e is the north pole and —e3 is the south pole. Also fo
maps the parameter domain Ws bijectively onto S?\{#es}. Using (9.2), S%\{#£es}
can therefore be described through spherical coordinates (p,9) € Wa, although
f2|Wa is not a regular parametrization of S2\ {#e3} because W5 is not open in
R

Proof It is clear that fo = f3(1,-,:) € CW(RQ,RS) and Fy = S2 N F3. Since Fs is open
in R3, it follows that F% is open in S2. Further, go = g3(1,-,-) maps Vz bijectively onto
F>, and g;l = ggl | F>. Therefore g;l : F5 — V5 is continuous. Because

—singsindg  cos pcos?
[0f2(p,9)] = cospsind  sinpcos (9.3)
0 —sind

consists of the last two columns of the regular matrix [8f3(1, v, 19)} , we see that dg2(p, )
is injective for (¢,) € Va. Thus g2 is a regular C* parametrization. m

(c¢) (cylindrical coordinates) Define

fiRP SR (r0,2) — (2,9, 2)

through
T=Tcosp,
y=rsing , (9.4)
2=z,

and let V' := (0,00) x (0,27) x R. Then g := f|V is a C> embedding of V' in R3
with g(V) = F3 = R®\ Hs. By further restricting g to a subset of V of the form

4Note the reuse of this terminology.
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R := (ro,7m1) X (p0,¢1) X (20, 21), one gets a regular parametrization of “cylindrical
shell segments”. In other words, f “bends” the rectangular volume R into this
shape.

We also have f (17) = R® and
fW)=R?\ ({0} x{0} xR) =: Z for
W :=(0,00) x [0,27) x R, and f|W
maps W bijectively onto Z, that is,
R® without the z-axis. Therefore
(9.4) describes Z through cylindrical
coordinates, although f|W is not a
regular parametrization of Z because
W is not open.

Proof It is obvious that g maps bijectively onto Fs, and it is easy to see that ¢~ ' is

smooth (see Exercise 12). Also, we have

cosp —rsinp 0
[0f(r,p,2)] = | sing rcosp 0 | ,
0 0 1

which follows from det df(r, ¢, z) = r. Therefore f|(0,00) X R x R is a C*° immersion
of the open half space (0,00) x R x R in R?, and g is a C*° embedding of V in R®. The
remaining statements are also straightforward. m

(d) (cylindrical coordinates)

We set » = 1 in (9.4). Then
g(1,-,+) is a C* embedding of
(0,27) xR in R?, for which the
obvious analogue of (c) holds.

(e) (surfaces of rotation) Suppose J is an open interval in R and p,o € C(J,R)
with p(t) > 0 and (p(t),5(t)) # (0,0) for t € J. Then

r: JXR—=RY, (t,0) — (p(t) cos g, p(t) sinp, o(t))

is a C'? immersion of J x R in R3.
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The map
yi J =Rt (p(t),0,0(t))

is a C? immersion of J in R®. The image T' of
v is a regularly parametrized curve that lies in the
a-z plane, and R := r(J X R) is generated by rotat-
ing I" about the z-axis. Thus R is called a surface
of revolution, and I' is a meridian curve of R. If
v is not injective, then R contains circles in planes
parallel to the z-y-axis, at which R intersects itself.

Suppose [ is an open subinterval of J such that «|I is an embedding, and K is an
open subinterval of [0, 27]. Then r|I x K is also an embedding.

Proof The Jacobi matrix of 7 is

p(t)cosp  —p(t)singp
p(t) sin p(t)cosp | . (9.5)
5(t) 0

The determinant of the (2 x 2)-matrix obtained by discarding the last row has the value
p(t)p(t). Therefore, the matrix (9.5) has rank 2 if p(t) # 0. If p(t) = 0, then 6(¢) # 0, and
at one least of the two determinants obtained by striking either the first or second row
from (9.5) is different from 0. This proves that r is an immersion. We leave remaining
statements to you. m

(f) (tori) Suppose 0 < 7 < a. The equation (x — a)? + 22 = r? defines a circle in
the z-z plane, and, by rotating it about the z-axis,

we get a (2-)torus, T2 . For 7y € C*>*(R?* R?) with

T2(t, ) := ((a + rcost)cos g, (a+ rcost)sinp,rsint)
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we find that 75([0,27]?) = T2 . and that 75 |(0,27)? is an embedding. The image
of the open square (0,27)? under 75 is the surface obtained by “cutting” two
circles from the 2-torus: first, 2 + 32 = (r + a)? in the z-y plane, and, second,
(r —a)? + 22 = r? in the z-z plane.

The image of 7 could also be described
as follows: The square [0, 27]? is first made
into a tube by “identifying” two of its oppo-
site sides. Then, after twisting this tube into
a ring, its circular ends are also identified.

Proof The map ¢ — (a +rcost,0,rsint) is a C°> immersion of R in R*, whose image
is the circle described by (z — a)? 4 2% = 2. Therefore the claim follows easily from (e)
with p(t) := a+ rcost and o(t) ;= rsint. m

The following converse of Proposition 9.10 shows every submanifold is locally
the image of an embedding.

9.12 Theorem Suppose M is an m-dimensional C? submanifold of R"™. Then
every point p of M has a neighborhood U in M such that U is the image of an
open set in R™ under a C? embedding.

Proof For every p € M, there are open neighborhoods U of p and V of 0 in R"™,
as well as a C? diffeomorphism ®: U — V, such that ®(M NU) = VN (R™ x {0}).

We set U := M N U, Vi={zeR"; (x,O)GYN/},and
g: V—-R", xr—><I>*1((x,0)) .

Then U is open in M, and V is open in R™; also g belongs to C?(V,R"). In
addition, g maps the set V bijectively onto U, and rankdg(z) = m for x € V
because [9g(x)] consists of the first m column of the regular matrix [0® ! ((x,0))].
Because g~ ! = ®|U, we clearly see that g, interpreted as a map in the topological
subspace U of R", is a topological map from V to U. m

Local charts and parametrizations

We now use what we have developed to describe locally an m-dimensional sub-
manifold M of R" using maps between open subsets of M and R™. In Volume III,
we will learn— the help of local charts—how to describe “abstract” manifolds,
which are not embedded (a priori) in a Euclidean space. This description is largely
independent of the “surrounding space”.

Suppose M is a subset of R™ and p € M. We denote by

iv: M —R", zw—=2x
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the canonical injection of M into R™. The map ¢ is called an m-dimensional
(local) C? chart of M around p if

e U := dom(y) is an open neighborhood of p in M;

e ¢ is a homeomorphism of U onto the open set V := ¢(U) of R™;

1 is a C? immersion.

e g:=ipyop
The set U is the charted territory of ¢, V is the parameter range, and g is the
parametrization of U in . Occasionally, we write (¢, U) for ¢ and (g,V) for g.
An m-dimensional C? atlas for M is a family { ¢, ; @ € A} of m-dimensional C?
charts of M whose charted territories U, := dom(p,) cover the set M, that is,
M =J, Uqs. Finally, the (z',...,2™) := ¢(p) are the local coordinates of p € U
in the chart ¢.

The next theorem shows that a manifold can be described through charts.
This means in particular that an m-dimensional submanifold of R™ locally “looks
like R™”, that is, it is locally homeomorphic to an open subset of R™.

9.13 Theorem Suppose M is an m-dimensional C? submanifold of R™. Then, for
every p € M, there is an m-dimensional C? chart of M around p. Therefore M
has an m-dimensional C atlas. If M is compact, then M has a finite atlas.

Proof Theorem 9.12 guarantees that every p € M has an m-dimensional CY
chart ¢, around it. Therefore {¢, ; p € M } is an atlas. Because the charted
territories of this atlas form an open cover of M, the last statement follows from
the definition of compactness. m

9.14 Examples (a) Suppose X is open in R". Then X has a C* atlas with only
one chart, namely, the trivial chart idx.

(b) Suppose X is open in R™ and f € C%(X,R"™). Then, according to Proposi-
tion 9.2, graph(f) is m-dimensional C? submanifold of R™*" and it has an atlas
consisting only of the chart ¢ with (p((x, f(x))) =z for x € X.

(¢) The sphere S? has a C* atlas with exactly two charts.

Proof In the notation of Example 9.11(b), let Us := g2(V2) and @2 : Uz — Va2, and let
(z,y,2) — (p,9) be the map that inverts go. Then 2 is a C* chart of S2.
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Now we define §a : Va — S2 through Vs := (7, 37) x (0,7) and
g2(p, ¥) := (cos psind, cos ¥, sin psin ) .

Then g2 ( \72) is obtained from S? by removing the half circle where it intersects with the
coordinate half plane (f]R*) x R x {0}. Obviously UsUU; = 52 with Us := g2 (Vg ), and
the proof of Example 9.11(b) shows that s := g5 ' is a C°° chart of S*. m

(d) For every n € N, the n-sphere S™ has an atlas with exactly two smooth
charts. For n > 1, these charts are the stereographic projections ¢, where
[p—] assigns to every p € S™\{ent1} [P € S™\{—e€n+1}] the “puncture point”, that
is, the point where the line connecting the north pole e, [south pole —e, 1] to
p intersects the equatorial hyperplane R" x {0}.

Proof We know from Example 9.5(b) that S™ is an n-dimensional C'*° submanifold of
R™. When n = 0, the S" consists only of the two points =1 in R, and the statement is
trivial.

Suppose therefore n € N*. The line ¢ +— tp=+(1—1t)e,+1 through p and +en41 € S™
intersects the hyperplane "™ = 0 when ¢ = 1/(1 Fp"™'). Therefore the puncture point
has the coordinates = = p’/(1Fp™ ') € R™, where p = (p’, p" ') € R™ x R. These define
the maps ¢+ : S"\{£ent1} — R", p— z, and they are obviously continuous.

To calculate their inverses, we consider the lines
t— t(z,0) £ (1 —t)ent1

through (z,0) € R" x R and +e,11 € S™. They intersect S™\{%e,+1} when ¢ > 0 and
t? |z|> + (1 — t)* = 1 and, therefore, when t = 2/(1 + |z|?). With this we get

—1 _ (2.23, :l:(|.%'|2 — 1)) n
@i(.’ﬂ)—w fOI‘CE'ER .

Thus g+ := isn 0 91" belongs to C°°(R™,R™"!). That rank dgs(z) = n for x € R™ is
checked easily. m

(e) The torus Tgm is a C™ hypersurface in R® and has an atlas with three charts.

Proof Suppose X := R*\ {0} x {0} x R and
f:X—>R, (z,y,2)— (\/xz—l—yQ—a)Q—i—zQ—rQ.

Then f € C*°(X,R), and 0 is a regular value of f. One verifies easily that f~'(0) = T2 ,..
Therefore, according to Theorem 9.3, Ti,'r is a smooth surface in R®. The map ¢ that
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inverts 72 | (0,2m)? is a two-dimensional C* chart of T2 .. A second such chart @ serves
as the map that inverts 72| (m, 37)%. Finally, we define a third chart  as the inverse of
72| (7/2,5m/2)?, and then {p, 5,3} is an atlas for T2 ,.. m

Change of charts

The local geometric meaning of a curve or a surface (generally, a submanifold of
R"™) is independent of its description via local charts. For concrete calculations,
it is necessary to work using a specific chart. As we move around the manifold,
our calculation may take us to the boundary of the chart we are using, forcing a
“change of charts”. Thus, we should understand how that goes. In addition to this
practical justification, understanding changes of charts will help us understand how
the local description of a manifold is “put together” to form the global description.

Suppose { (pasUa) 5 a € A} is an m-dimensional C? atlas for M C R"™. We
call the maps®

Vg oap;1 t0a(UaNUg) = @3(Us NUB) for o, B € A,

transition functions. They specify how the charts in the atlas {¢, ; @ € A} are
“stitched together”.

9.15 Proposition If (¢q,Us) and (¢s,Ug) are m-dimensional C? charts of a C?
manifold of dimension m, then

pp 0w, €Diff?(pa(Ua NUp),05(Ua NUp)) ,
where (pg o ;)71 = a0 gogl,

Proof (i) It is clear that ¢g o ¢! is bijective and its inverse is (4 0 @El. Thus
it suffices to verify that g o ¢! belongs to C?(¢a(Ua NUg), R™).

(i) We set V,, := ¢, (Uy), and g, is the parametrization belonging to (., U,)
for v € {a, p}. Further suppose z, € ¢, (Us NUp) with ga(za) = gs(zs) =: p.
Because g, is an injective C'7 immersion, Remark 9.9(d) gives open neighborhoods

5Here and nearby, we always assume that U, N U, s # 0 when working with the transition
function g o oal.
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U, of p and V,, of (z,0) in R™, as well as a ., € Diff?(V,,, U.,) such that ¢ (y, 0) =
g(y) for all y € V., with (y,0) € V. We now set

Vi={zeV,; (x,O)EIN/a}ﬂgOa(UaﬂUg)-

Clearly V' is an open neighborhood of z, in R™. Using the continuity of g., we
can (possibly by shrinking V') assume that g, (V') is contained in Ug. Therefore

Ppo @y (x) = wgl 0go(r) forzeV.

Because g, € C1(V,,R"), the chain rule shows that z/),gloga belongs to C4(V,R™).
It therefore follows that g o ¢ ! € C4(V,R™), because the image of wﬁ_l 0 Ga
coincides with that of g o 1 and therefore lies in R™. Because this holds for
every To € 9o(Ua NUg) and because belonging to the class C'? is a local property,
the claim is proved. m

9.16 Remarks (a) The dimension of a submanifold of R" is unique. Thus for
a given m-dimensional manifold, it makes sense to speak simply of its “charts”
instead of its “m-dimensional charts”.

Proof Suppose M is an m-dimensional C? submanifold of R™ and p € M. Then,
according to Theorem 9.13, there is an m-dimensional C? chart (p,U) around p. Let
(1,V) be an m/-dimensional C? chart around p. Then the proof of Proposition 9.15
shows that

Yol €Dt (UNV),p(UNV)),

where (U N V) is open in R™ and ¢(U NV) is open in R™ . This implies m = m/ (see
(7.2)), as desired. m

(b) Through the charts (¢1,U;), the charted territories Uy can described using
the local coordinates (x1,...,2™) = p1(q) € R™ for g € U. If (2, Us) is a second
chart, then Us has its own local coordinates (y!,...,y™) = ¢2(q) € R™. Thus U;N
U, has a description in two coordinate systems (z',...,2™) and (y',...,y™). The
transition function @9 o <p1_1 is nothing other than the coordinate transformation
(;U;, cox™) — (yb,...,y™) that converts the coordinates x into the coordinates
y. m

Exercises

1 Let H be a finite-dimensional real Hilbert space, and let ¢ : H — H be an isometry
with ¢(0) = 0. Verify that

(a) @ is linear;

(b) ¢"¢ =idmu;

SHere and elsewhere, we often apply the same symbol for a map and its restriction to a subset
of its domain of definition.
7Coordinate transformations will be discussed in detail in Volume III.



VII.9 Manifolds 257

(c) ¢ € Laut(H), and ¢~ is an isometry.

2 (a) For A € R"*", show these statements are equivalent:
(i) A is an isometry;
(if) A € O(n);

(ii) |det Al =1;

(iv) the column vectors af = (a},...,ap) for k=1,...,n form an ONB of R";
(v) the row vectors aj = (a],...,ad) for k =1,...,n form an ONB of R".

(b) Show that O(n) is a matrix group.
3 Prove the statement of Example 9.1(c).

4 Suppose M and N are respectively m and n-dimensional C'? submanifolds of R¥ and
R?. Prove that M x N is an (m 4 n)-dimensional C'? submanifold of RFHL,

5 Decide whether Laut(R") is a submanifold of L(R").
6 Define f: R®> — R? through

flz,y,2) = (> +zy —y — 2,22 + 3zy — 2y — 32) .
Show that f~'(0) is an embedded curve in R?.
7 Suppose f,g: R* — R? is given by

f(‘r7yazvu) = (.232 - y27yu7 ZQ,ZC’U, - yZ) )
g(z,y,z,u) == (2(962 + yu), 2(xu — yz),z2 +u? -2t - yQ) .

Verify that

(a) £71(0)\{0} is an embedded surface in R*;

(b) for every a € R*\{0}, g '(a) is an embedded curve in R*.

8 Which of the sets

(a) K :={(z,y) eR" xR ; |z|* =4},

(b) {(z,y) e K5 y>0},

(© K\ {(0,0)}

are submanifolds of R**1?

9 For A € Ry, show {x ER™; (z]Az) =1 } is a smooth hypersurface of R™. Sketch
the curve for n = 2 and the surface for n = 3. (Hint: Exercise 4.5.)

10 Show for the special orthogonal group SO(n) := { A € O(n) ; det A =1} that
(a) SO(n) is a subgroup of O(n);

(b) SO(n) is a smooth submanifold of R"*". What is its dimension?

11 Recursively define f, € C*°(R™,R"™) through

f2(y) = (y' cosy®,y' siny®) for y = (y',y%) € R?,
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and
far1(y) = (faly)siny™ "yt cosy™) fory = (y,y"") eR" xR.

Further let V2 := (0,00) x (0,27) and V;, := Vo x (0,7)" "2 for n > 3.
(a) Find f, explicitly.
(b) Show that

() 1 (L2, y™)] = 1 and [fa(y)] = 5"

(il) fn(Va) = R™\ H, with H, := RT x {0} x R"™%;

(iii) fu(Vn) =R™;

(iv) gn := fu|Va: Vi — R"\ H, is topological;

(v) det dfn(y) = (—1)"(y")" ' sin"2(y") - --- - sin(y?) for y € V;, and n > 3.
Thus g, is a C*° embedding of V,, in R™. The coordinates induced by f, are called
n-dimensional polar (or spherical) coordinates (see Example 9.11(a)).
12 Denote by f: R* — R* the cylindrical coordinates in R* (see Example 9.11(c)).
Further let V := (0, 00) x (0,27) x R and g := f|V. Prove that
(a) g is an C°° embedding of V in R?;
(b) g(1,-,-) is a C*° embedding of (0,27) x R in R3;
(c) f(V) = R®\ Hj (see Exercise 11);
(d) f(V) =R
13 (a) Show that the elliptical cylinder®

Moy = {(z,y,2) € R®; 2?/a® +y?/b* =1} for a,b€ (0,00) ,

is a C* hypersurface in R3.
(b) Suppose W := (0,27) x R and
fi: W —=R> for (p,2) — (acosg,bsing,z) ,
f2: W —=TR® for (p,2) — (—asing,bcos @, z) .
Further let U; := f;|W and ¢; := (f;|U;)" for j = 1,2. Show that {(¢1,2)} is an
atlas of M, and calculate the transition function ¢; o 5.

14 Suppose M is a nonempty compact m-dimensional C'* submanifold of R™ with m > 1.
Prove that M does not have an atlas with only one chart.

15 Show that the surface given by the last map of Example 9.11(e) is not a submanifold
of R3.

16 For g: (—7n/4,7/2) — R? t - sin(2t)(—sint, cost) verify that

(a) g is an injective C*° immersion;

(b) im(g) is not an embedded curve in R

17 Calculate the transition function ¢_ o ap;l for the atlas {¢—, p+}, where ¢4 are the
stereographic projections of S™.

SMa,a is the usual cylinder.
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18 Suppose M and N are respectively submanifolds of R™ and R™, and suppose that
{ (pa,Ua) ; a € A} and { (¥s,V3); B € B} are atlases of M and N. Verify that

{ (Yo x Vs, Ua x V3) ; (o,8) EAx B},

where o X 1¥3(p,q) == (va(p),¥s(q)), is an atlas of M x N.
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10 Tangents and normals

We now introduce linear structures, which make it possible to assign derivatives
to maps between submanifolds. These structures will be described using local
coordinates, which are of course very helpful in concrete calculations.

To illustrate why we need such a structure, we consider a real function
f: 5% — R on the unit sphere S? in R3. The naive attempt to define the deriv-
ative of f through a limit of difference quotients is immediately doomed to fail:
For p € S% and h € R® with h # 0, p+ h does not generally lie in S2, and thus
the “increment” f(p+ h) — f(p) of f is not even defined at the point p.

The tangential in R"

We begin with the simple situation of an n-dimensional submanifold of R" (see
Example 9.1(a)). Suppose X is open in R™ and p € X. The tangential space T, X
of X at point p is the set {p} x R" equipped with the induced Euclidean vector
space structure of R™ = (R", (+]-)), that is,

(p,v) + A(p.w) = (p,v + Mw) and ((p,0) | (p,w)), = (v]w)

for (p,v), (p,w) € T,X and A € R. The element (p,v) € T, X is called a tangential
vector of X at p and will also be denoted by (v),. We call v the tangent part of

(v)p-l

10.1 Remark The tangential space T, X and R™ are isometric isomorphic Hilbert
spaces. One can clearly express the isometric isomorphism by “attaching” R" at
the point pe X. m

Suppose Y is open in R and f € CHX,Y). Then the linear map
Tpf: T,X = Tp)Y . (p,v) — (f(p),0f(p)v)
is called the tangential of f at the point p.
10.2 Remarks (a) Obviously
Tpof € LT, X, Typ)Y) -
Because v — f(p)+0f(p)v approximates (up to first order) the map f at the point

p when v is in a null neighborhood of R", we know im(7}, f) is a vector subspace
of Tt(,)Y, which approximates (to first order) f(X) at the point f(p).

1We distinguish “tangential” from “tangent”: a tangential vector contains the “base point”
p, whereas its tangent part does not.
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(b) If Z is open in R® and g € C*(Y, Z), the chain rule reads

Tp(go f) =TrmygoeTpf -
In other words, the following are commutative diagrams.

f Tof

Trp)Y

T,X
gof\« »/9 Tp(gOf)\« ,/Tf(mg

Z To(s (o)

Proof This follows from the chain rule for C'* maps (see Theorem 3.3). m

(c) For f € Diff'(X,Y), we have

T,f € Lis(T, X, TyyY) and (T,f) ' =Ty f ' forpe X .

Proof This is a consequence of (b). m

The tangential space

In the rest of this section, suppose

e M is an m-dimensional C? submanifold of R";
q € N* U {oo};
p € M, and (p,U) is a chart of M around p;
(g,V) is the parametrization belonging to (¢, U).

The tangential space T}, M of M at the point p is the image of T},(,,)V under T}, g,
and therefore T,M = im(T,g). The elements of T, M are called tangential

vectors of M at p, and TM := {J,c,, T, M is the tangential bundle? of M.

2For p € M, we have the inclusion T, M C M x R™. Therefore TM is a subset of M x R™. We
use the simpler term “tangent” here because it is more standard and because there is no need
for the “bundle” of tangent parts.
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10.3 Remarks (a) 7,M is well defined, that is, it is independent of the chosen
chart (¢, U).

Proof Suppose (¢, U) is another chart of M around p with associated parametrization
(g, V). We can assume without loss of generality that the charted territories U and U
coincide. Otherwise consider UNU. Due to the chain rule (Remark 10.2(b)), the diagram

T,R"
Twy '\Tap)ﬁ
Tomy(@oe™) ~
Tom)V TomV

commutes. Because of Proposition 9.15 and Remark 10.2(c), T,y ($o¢~") is an isomor-
phism, which then easily implies the claim. m

(b) If M is an subset of R™, then the above definition of T, M agrees with that of
Remark 10.1. In particular, we have TM = M x R".

(c) The tangential space T, M is an m~-dimensional vector subspace of T,R™ and
therefore is an m-dimensional Hilbert space with the scalar product (-|-), induced
from T,R™.

Proof Let zo := ¢(p). For (v)z, € Tu,V, we have (Txy9)(v)zo = (p,0g(xo)v). It
therefore follows that
rank Ty, g = rank dg(zo) = m ,

which proves the claim. m

(d) Because Ty()9: TypV — TpR™ is injective and T, M = im(T,,)g), there
is exactly one A € Lis(T,M, T, V) such that (Ty,(,)9)(A) = i,a, where i, as
is the canonical injection of T, M into T,R™. In other words, A is the inverse of
Ty(p)g, when Ty, g is understood as a map of Ti,(,)V onto its image T),M. We
call T := A the tangential of the chart ¢ at point p. Further, (T,p0)v € T,V

is the representation of the tangential vector v € T, M in the local coordinates

induced by ¢. If (¢,U) is another chart of M around p, then the diagram

T,M
Tpp ~ ~ T
Top)(@ow™) s
Tomye(U) = T e(U)
commutes, where = means “isomorphic”.

Proof Without loss of generality, assume U = U. For G = im0 @', it follows from
G=(imop No(pop™)=go(pod ') and the chain rule of Remark 10.2(b) that

~ ~ 1
T5009 = T 9 L) (00 @)
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From this, the definition of T,¢ and T,$, Remark 10.2(c), and Proposition 9.15, we get
the relation )
~ ~—1y\ — ~ 1
L% = (Top (903 ) Tpp=Tow)(@oe™ ) oy,

which proves the claim. m

Tw (p) 14

(e) (the scalar product in local coordinates) Suppose zg := ¢(p) and
gir(z0) == (0;9(x0) | Org(wo)) for 1 < j k <m .

Then [gx] € R is called the (first) fundamental matrix of M with respect to

sym
the chart ¢ at p (or the parametrization g at xg). It is positive definite.

For v,w € T, M, we have?

m
(ww)y = Y gir(zo)viw® (10.1)
Jh=1

where v/ and wF are respectively the components of the local representation of
the tangent part of (T,¢)v and (T,¢)w with respect to the standard basis.

Proof For £,n € R™, we have
> gin(@o)&’n" = (9g(wo)¢ | Dg(xo)n) - (10.2)
k=1

In particular, because dg(xo) is injective, we have

([g;r)(z0)€ | €) = |0g(x0)E]* >0 for £ € R™\{0} .

Thus the fundamental matrix is positive definite.

Because v = Tug (Tpp)v and (Tpp)v =377, vie; it follows from the definition of
(-]")p that

(vl w)y = (Tro9) (Tpp)v | (Tzo9) (Typ)w),, = (9g(wo) Y- v'e; | Dg(ao) Y- whes) .

Consequently (10.1) implies (10.2). m

3See also Remark 2.17(c).
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10.4 Example (the tangential space of a graph) Suppose X is open in R™, and let
feCiXx, RZ). According to Proposition 9.2, M := graph(f) is an m-dimensional
C? submanifold of R™ x R® = R™. Then g(z) := (z, f(z)) for x € X is a C4
parametrization of M, and with p = (2o, f(z0)) € M, we have

(T209)(V)ay = (P, (v,0f (mo)v))  for (vV)ay € Tyy X .

Consequently, we find
T,M = { (p,(v,0f (zo)v)) ; vER™} |

that is, T, M is the graph of 9f(zo) “attached to the point p = (Jco, f(xo))”.

The representation of T, M in R" for n = m + ¢ is obtained by identifying (1), =
(p,n) € T,R"™ with p +n € R". Then it follows that

T,M > ((xo,f(xo))7 (v,af(%)v))
= (w0 +v, f(w0) + 0f (zo)v) ER™ xR =R" ,
and we get

T,M = { (2, f(z0) + 0 (z0)(z —20)) ; & € R™ }
= graph(z — f(x0) + 0f(w0)(z — 0)) .

This representation shows once more that 7}, M is the higher-dimensional general-
ization of the concept of the tangent to a curve (see Remark IV.1.4). m

Suppose € > 0 with ¢(p) +te; € V for t € (—¢,e) and j € {1,...,m}. Then

i (t) = g(p(p) +te;) forte (—ee),

is called the j-th coordinate path through p.
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10.5 Remark For zg := ¢(p), we have
TpM = Span{ (8lg(x0))pa ceey (amg(‘r()))p } 5

that is, the tangential vectors at p on the coordinate
paths «y; form a basis of T, M.

Proof For the j-th column of [89(9:0)}, we have

0jg(wo) = 9g(wo)e; = ;(0) .

The remark follows because g is an immersion, and consequently the column vectors of
[0g(wo)] are linearly independent, and dim T, M = m. m

Characterization of the tangential space

Tangential vectors of M at p can be described as tangential vectors of regular paths
in M. The next theorem provides a geometric interpretation of the tangential
space.

10.6 Theorem For every p € M, we have
T,M = {(U)p € T,R™ ;

Je >0, 3y € C'((—e,¢),R") such that im(y) C M, 7(0) = p, ¥(0) = v}.

In other words, for every (v), € T,M C T,R", there is a C! path in R” passing
through p that is entirely contained in M and has (v), as its tangential vector at
p. Every tangential vector of such a path belongs to T, M.

Proof (i) Suppose (v), € T,M and x¢ := ¢(p). Then there exists a £ € R™ such
that v = 9g(x)E. Because V = p(U) at R™ is open, there is an £ > 0 such that
xg+tE €V fort € (—e,e). We now set v(t) := g(zg + t§) for t € (—¢,¢), so that
v is a C! path in M with v(0) = p and §(0) = dg(xo)& = v.

(ii) Suppose v € C*'((—¢,¢),R"™) for im(y) C M and (0) = p. According
to Remark 9.9(d), there is an open neighborhood V of (20,0) in R™, an open
neighborhood U in R", and a ¢ € Dift?(V,U) such that ¢(z,0) = g(x) for z € V.
By shrinking &, we can assume that im(y) C U NU. From this, it follows that

Y(t) = (gopo)(t) = (gopram o™ 07)(t),

and we get from the chain rule that

Y(0) = dg(xo)(prgm o' 07)7(0) .
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For ¢ := (prgm 09~ 07)(0) € R™ and v := dg(x0)¢ € R™, we have (v), € T,M,
and we are done. m

If X is open in R" and the point ¢ € R is a regular value of f € C9(X,R"), we
know from Theorem 9.3 that M = f~1(c) is a C? submanifold of R™ of dimension
(n —£). In the next theorem, we show that an analogous statement holds for the
“linearization”, that is,

T,M = (T, f)"(c) = ker(T},f) .

10.7 Theorem (regular value) Suppose X is open in R", and ¢ € R is a regular
value of f € C4(X,R"). For the (n — f)-dimensional C? submanifold M := f~(c)
of R", we then have T,M = ker(T,f) forp € M.

Proof Suppose (v), € T,M C T,R™. According to Theorem 10.6, there is an
e > 0 and a path v € C'((—¢,¢),R") such that im(y) C M, with v(0) = p and
4(0) = v. In particular, we have f(y(t)) = c for every t € (—¢,¢), and we find by
differentiating this relation that

9f(7(0))7(0) = of(p)v =0

It follows that T, M C ker(T),f).

Because p is a regular point of f, we have
dim (im(7}, f)) = dim(im(9f(p))) = ¢ .
Consequently, the rank formula (2.4) gives
dim (ker(T},f)) =n — £ = dim(T,M) .

Therefore T, M is not a proper vector subspace of ker(7),f). m

Differentiable maps

Suppose N is a C" submanifold of R and 1 < s < min{g,r}. Also suppose
f € C(M,N) and (o, W) is a chart of N around f(p). Then U N f~1(W) is
an open neighborhood of p in M. Therefore by shrinking U, we can assume
without loss of generality that f(U) C W. The function f is said to be (s-times)
[continuously] differentiable at p if the map

fow =10 fop ™l p(U) — (W)

at point o(p) is (s-times) [continuously] differentiable.
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We say the map f € C(M, N) is (s-times) [continuously| differentiable if f
is (s-times) [continuously] differentiable at every point M. We denote the set of
all s-times continuously differentiable functions from M to N by C*(M, N), and

Diff*(M,N) := { f € C*(M, N) ; f is bijective, f~' € C*(N, M)}

is the set of all C*® diffeomorphisms from M to N. Finally, we say that M and N
are C*-diffeomorphic if Diftf* (M, N) is nonempty.

10.8 Remarks (a) The previous definitions are independent of the choice of charts.

Proof If (g, U) and (¢, W) are other charts of M around p and of N around f(p),
respectively, such that f(U) C W, then

fog=vofod =@y Nofouolpod ). (10.3)

This, with Proposition 9.15 and the chain rule, then gives the theorem. m

(b) If M and N respectively have dimension n and ¢, that is, M is open in R"
and N is open in Re, then the above definition agrees with the one in Section 5.

(c) The function f, 4 is the local representation of f in the charts ¢ and 1, or
the local coordinate representation. In contrast with the function f, which maps
between the “curved sets” M and N, f,, is a map between open subsets of
Euclidean spaces.

(d) Tt is generally not possible to define sensibly the concept of a C'* map between
M and N that is coordinate independent if s > min{q,r}.

Proof This follows from (10.3), because the transition functions only belong to C'? or

C", respectively. m

Suppose f: M — N is differentiable at p, and (¥, W) is a chart of N around
f(p) such that f(U) C W. Then the diagram

!
M>U W CN
o | =~ ~ |y (10.4)
®, _
R™ D ¢(U) (W) C R
commutes, where = means C'-diffeomorphic* and 7 is the dimension of N. We

4Note the local representation Pp,id = idy@)-
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now define the tangential T}, f of f at p by requiring the diagram

T, f
M Trp)yN
Ty | = = | Ty (10.5)
Tow)fow
Top(U) Ty(son (W)
commutes, where now = means “isomorphic”.

10.9 Remarks (a) The tangential T}, f is coordinate independent, and T,f €
L(T,M, Tf(p)N).

Proof Suppose ((Z, [7) is a chart of M around p and (1;, W) is a chart around f(p) such
that f(U) C W. Then (10.3) and the chain rule of Remark 10.2(b) gives
- ~—1
Tofo5 = Tom (Yot ) o fomo(pod™))
= Tyso) ($ 00 ™") 0 Ty Fous © Ty (0 @) -
The remark then follows from Remark 10.3(d). m

(b) Suppose O is another manifold, and g: N — O is differentiable at f(p). Then
we have the chain rule

Tp(go f)=Trpyg Tpf (10.6)
and
Tpidar = idr,ar - (10.7)
If f belongs to Diff* (M, N), then

T,f € Lis(T,M,Ty,yN) and (T,f) ' =Ty f~ " forpe M.

Proof The statements (10.6) and (10.7) follow easily from the commutativity of dia-
gram (10.5) and the chain rule of Remark 10.2(b). The remaining claims are immediate
consequences of (10.6) and (10.7). m

10.10 Examples (a) The canonical injection ips of M into R"™ is in C?(M,R"),
and for v := idg~, we have

Top)(int) g, = Tp(p)9 -
Thus Tpias is the canonical injection of T, M into T,R".

Proof This follows obviously from (inr)p.y =imo@ ' =g. m

(b) Suppose X is an open neighborhood of M and f € C*(X, Rz). Further suppose

f(M)C N. Then f := ﬂM belongs to C*(M, N) and

Tiyin Tpf = Tpf Tying forpe M,
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that is, the diagram

M Tpim
M X T,M T,X
f f T f Tpf
iN Trpyin ’
N R* Typ)N TrpR
commutes.

Proof Because N is a C" submanifold of R?, we can assume, possibly by shrinking W,
that there exists an open neighborhood W of W in Rf and a C" diffeomorphism ¥ of W
on an open subset of R such that ¥ > . Thus we find

fow=1vofop ' =TofogeC*(V,R").

Because this holds for every pair of charts (o,U) of M and (¢, W) of N such that
f(U) C W, we can conclude that f belongs to C°(M, N). Because in o f = f oin, the
last part of the claim is a consequence of the chain rule. m

(c) Suppose X is open in R", Y is open in R’ and f € Ci(X, Rz) with f(X) C Y.
Then f belongs to C4(X,Y), where X and Y are respectively understood as n-
and (-dimensional submanifolds of R” and R’. In addition, we have

T,f = (f(p),0f(p)) forpe X .

Proof This is a special case of (b). m

The differential and the gradient

If f: M — R is differentiable at p, then
Tpf : TyM — Ty,)R = {f(p)} xRCRxR.
With the canonical projection pry : R x R — R onto the second factor, we set
dpf :=pryoTpf € L(T,M,R) = (T,M)"

and call d, f differential of f at the point p. Therefore d, f is a continuous linear
form on T, M. Because the tangential space is an m-dimensional Hilbert space,
there is, using the Riesz representation theorem, a unique vector V, f := V]]DV[ fe
T, M such that

(dpf)v=(Vpflv)p forveT,M,

which we call the gradient of f at the point p.
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10.11 Remarks (a) Suppose X is open in R” and f € C'(X,R). Then

Vpf=(p.Vf(p) forpe X,

where V f(p) is the gradient of f at the point p, as defined in Section 2. Thus, the
two definitions of V, f and V f(p) are consistent.

Proof We describe the manifolds X using the trivial chart (idx,X). Then the local
representation of d,f agrees with df(p). Now the claim follows from the definition of
(-1')p and that of the gradient. m

(b) (representation in local coordinates) Suppose f € C1(M,R), and f, :=
f o1 is the local representation of f in the charts ¢ of M and idg of R, that is,
fo = fpids. Further suppose [¢7*] is the inverse of the fundamental matrix [g;]
with respect to ¢ at p. Then, in the local coordinates induced by ¢, the local
representation (Tp¢)V, f of the gradient V,, f € T, M> has tangent part

(Z 9" ()01 f (w0), ng’“ (20)0h fo o)

where zg := p(p).
Proof Using the definitions of V,, f and d, f, it follows from Proposition 2.8(i) that

(Vpflv)p = (dpflv=0(f o @71)(‘%0)(11?()0)” = Z 8jfw(x0)vj (10.8)

j=1

forv € T, M and (Tpp)v = > 7", vlej. For (Tpp)Vpf = Yo w? e, we get using Remark
10.3(e) that

(Voflv) Z gir(zo)w'v*  for v e T,M . (10.9)

7,k=1
Now (10.8), (10.9), and the symmetry of [g;x] imply

> gin(zo)w® = 8; fo(wo) for1<j<m,

and therefore, after multiplication by [gjx] ™" = [¢°"], we are done. m

The next theorem gives a necessary condition for p € M to be an extremal
point of a differentiable real-valued function on M. This generalizes Theorem 3.13.

10.12 Theorem Ifp € M is a local extremal point of f € C*(M,R), then V,, f = 0.

Proof Because f, € C'(V,R) has a local extremum at zo = ¢(p), we have
Ofo(xo) = 0 (see Proposition 2.5 and Theorem 3.13). Thus, for v € T,M and the
tangent part £ of (Tpp)v, we have

(Vpf|v)p = (dpf)v=0fp(20)6 =0 .m

5Compare this to formula (2.6).
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Normals

The orthogonal complement of T,,M at T,R" is called the normal space of M at p
and will be denoted by T;-M . The vectors in T;-M are the normals of M at p,

and T+ M := Upenr TPLM is the normal bundle of M.

10.13 Proposition Suppose X is open in R", and c is a regular value of f €
C9(X,R"). If M := f~Y(c) is not empty, {V,f*,...,V,f*} is a basis of T,- M.

Proof (i) According to Remark 10.11(a), V,f’ has the tangent part Vf7(p).
From the surjectivity of df(p), it follows that the vectors V£ (p),..., Vf{(p) in
R™ —and thus V,f!,...,V,f* in T,R" — are linearly independent.

(ii) Suppose v € T,M. From Theorem 10.6, we know that there is an € > 0
and ay € C'((—¢,e),R") such that im(y) C M, v(0) = p, and v(0) = v. Because
fI(y(t)) = for t € (—¢,¢), it follows that

0=(f709)(0) = (V7 (7(0))[4(0)) = (Vpf'[v), for1<j<e.

Because this is true for every v € T,M, we see V,,f1,...,V,f* belongs to Tle.
Then dim(T;-M) =n — dim(T,M) = (. =

10.14 Examples
(a) For the sphere S"~1 in R", we have
Sl = f=1(1) when

fiR" =R, z+ |z?.

Because V,f = (p,2p), we have

Ty5" ' = (p,Rp) .
(b) For X :=R*)\ ({0} x {0} x R) and

2
f(xlax%xS) = (\/ CE%‘FCE%*Q) +CU§ )

we have f € C°°(X,R), and® f~1(1) =
T3 .. Then normal vector at the point p =

(p1,p2,ps) is given by V,,f = (p,2(p — k)),
where

- ( 2p1 2p2 0)
Vi + 3 D+ 3

Proof This follows from Example 9.14(e) and recalculation. m

6See Example 9.11(f).
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(c) Suppose X is open in R" and f € C9(X,R). Then a unit normal, that is,
a normal vector of length 1, is given on M := graph(f) at p := (z, f(z)) by
vp = (p,v(z)) € T,R™! where

(-Vf(.%‘), 1) c RnJrl ]

VI IVE(@)]?

Proof For the parametrization g defined by g(z) := (Jc,f(m)) for z € X, we have

v(z) =

0;9(x) = (e;,0;f(x)) forzeX, 1<j<n.

Clearly v(z) is a vector of length 1 in R™! and is orthogonal to every vector 8;g(z).
Therefore the claim follows from Remark 10.5. m

Constrained extrema

In many applications, we seek to find extremal points of a function F': R®™ — R
subject to some constraint. In other words, the constraints mean that not every
point of R™ is allowed to extremize F', and instead the sought-for point must belong
to a subset M. Very often these constraints are described by equations of the form
h'(p) =0,...,h*(p) = 0, and the solution set of these equations is a submanifold,
namely, the set M. If F|M has a local extremum at p € M, then p is called an
extremal point of F' under the constraints h'(p) =0, ..., h¢(p) = 0.

The next theorem, which is important in practice, specifies a necessary con-
dition for a point to be a constrained extremal point.

10.15 Theorem (Lagrange multipliers) Suppose X is open in R" and we are given
functions F,h',... h* € C*(X,R) for { < n. Also suppose 0 is a regular value of
the map h := (h',... h%), and suppose M := h~1(0) is not empty. If p € M is

an extremal point of F' under the constraints h'(p) = 0,...,h*(p) = 0, there are
unique real numbers A1, ..., A\s, the Lagrange multipliers, for which p is a critical
point of

)4
F—=> M\ eCH(XR).

Jj=1

Proof From the regular value theorem, we know that M is an (n—¢)-dimensional
C' submanifold of R". According to Example 10.10(b), f := F|M belongs to
C'(M,R), and because igr = idr, we have T, f = T,,F Tpip. From this, it follows
that d, f = dpF Tpipr, and therefore

(Vof|()p), = dpFTpine(v)y = (VpF | Tpine (v)p) , = (VF(p) | v) (10.10)

for (v), € T,M C T,R".
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If p is a critical point of f, Theorem 10.12 says V, f = 0. Now VF(p) € TpLM
follows from (10.10). Therefore Proposition 10.13 shows there are unique real
numbers Ay, ..., As such that

4
VF(p) = Z A\ VR (p)

which, because of Remark 3.14(a), finishes the proof. m

10.16 Remark The Lagrange multiplier method turns the problem of finding the
extrema of F' under the constraints h'(p) = 0,...,h*(p) = 0 into the problem of
finding the critical points of the function

4
F =Y \hl e CH(X,R)

Jj=1

(without constraints). We determine the critical points and the Lagrange multi-
pliers by solving the £ + n equations

R(p)=0 for1<j</,

L
on(F =D N0 ) () =0 for1<k<n,
j=1

for the n+¢ unknowns p1, ..., pn, A1, . .., A¢, where p = (p',...,p"). Subsequently,
we must find which of these critical points are actually extrema. m

Applications of Lagrange multipliers

In the following examples, which are of independent interest, we demonstrate
nontrivial applications of the Lagrange multipliers. In particular, we give a short
proof of the principal axis transformation theorem, which is shown by other means
in linear algebra.

10.17 Examples (a) Given arbitrary vectors a; € R" for 1 < j < n, Hadamard’s
inequality says

n
|det[ay, ..., an]| < H la| .
j=1

Proof (i) From linear algebra, it is known that the determinant is an n-linear function
of column vectors. It therefore suffices to verify

—1 < detfa1,...,a,] <1 fora; € S" 'and1<j<n.



274 VII Multivariable differential calculus

(if) We set
F(z) :=det[z1,...,2,] for b’ (z):=|z;> -1, h=(h'...,h"),

and z = (z1,...,2n) ER" X - X R" = R™. Then F belongs to Cw(R"Q,R), h belongs
to C*(R™,R"), and”

[Oh(z)] = 2 e R

Clearly the rank of 9h(z) is maximal for every z € h™'(0). Therefore 0 is a regular value
of h, and M := h™'(0) is an n(n — 1)-dimensional C'** submanifold of R™. Further, M
is compact because M = S™7* x --- x S"7!. Therefore f := F|M € C°°(M,R) assumes
a minimum and a maximum.

(iii) Suppose p = (p1,...,pn) € M is a extremal point of f. Using Lagrange
multipliers, there are A\1,..., A, € R such that

n

VFE(p) = AVR (p) =2)_ X(0,...,0,p;,0,...,0)
= = (10.11)

n2
:2()\1]?1,.“,)\”])”) eR .
In addition, Example 4.8(a) implies

oF

%(p):det[pl,~-~,pj71,ek:,pj+1,---,pn] fOI‘lSj,kSn (1012)
J

We set B := [p1,...,pn] and denote by B := [bgk]lgj,kgn the cofactor matrix to B whose

entries are bu,C := (=1)7** det Bjx, where Bjj is obtained from B by removing the k-th
row and the j-th column (see [Gab96, § A.3.7]). Then (10.11) and (10.12) result in

oF

w(p) = bgk = 2)\3'29? :
J

Because B*B = (det B)1,, we have

Sijdet B="> " bipy =2X\i(ps|p;) for 1<i,j<n. (10.13)
k=1

By choosing ¢ = j in (10.13), we find

2\ = --- =2\, =det B . (10.14)

7ij means that z; is understood as a row vector.
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In the case det B = 0, the claim is obviously true. If det B # 0, then (10.13) and (10.14)
show that p; and p; are orthogonal for ¢ # j. Therefore B belongs to O(n), and we get
| det B] =1 (see Exercise 9.2). Now the claim follows because F'(p) = det B. m

(b) (principal axis transformation) Suppose A € Lgym(R™). Then there are real
numbers A\; > Ay > --- > A, and x1,...,z, € S such that Az = Mgz, for
1 < k < n, that is, zj is an eigenvector with eigenvalue Ag. The z1,...,x, form
an ONB of R". In this basis, A has the matrix [4] = diag(A1,...,\,). We also
have

A, = max{ (Az|z) ; xGS"_lﬂEk} fork=1,...,n,
where F1 :=R" and E} := (span{xl, . ,a:k_l})l fork=2,...,n

Proof (i) We set h°(z) := |z|*> — 1 and F(z) := (Az|z) for + € R”. Then 0 is a regular
value of h° € C*°(R™,R), and F has a maximum on S"~* = h~'(0). Suppose z; € S*~!
is a maximal point of f := F'|S"~!. Using Lagrange multipliers, there is a A1 € R such
that VF(z1) = 2Az1 = 2\ix1 (see Exercise 4.5). Therefore z1 is an eigenvector of A
with eigenvalue A1. We also have

A= Az |z) = (Azy|21) = f(x1)

because z; € S"71.

(ii) We now construct xa, ...,y recursively. Supposing z1,...,zk—1 are already
known for k > 2, we set h:= (h°,h*, ... h*™1) with h?(z) := 2(z;|x) for 1 < j <k — 1.
Then hfl(O) = S"71 N E} is compact, and there exists an zx € S" ! N Ej such that
f(z) < f(zy) for © € S*~ 1N Ej. In addition, one verifies (because rank B = rank B for
B € RF*™) that

rank Oh(z) = rank|z, z1,..., 2 1] =k forz e S" ' NE .

Therefore 0 is a regular value of h, and we use Theorem 10.15 to find real numbers
10y - - -5 h—1 such that

2Axy, = VF(xr) = kz 1 VR (z1) = 2poxy + 2 kzl,ujxj . (10.15)
3=0 j=1
Because (zr|z;) =0 for 1 < j <k —1, we have
(Azk|z;) = (v |Azj) = Nj(zr|z;) =0 for 1<j<k—1.
It therefore follows from (10.15) that
0= (Azk|z;)=p; forj=1,...;k—1.
We also see from (10.15) that xy is a eigenvector of A with eigenvalue uo. Finally we get
po = po(wk|wx) = (Azk |zx) = f(2k) -

Thus we are finished (see Remark 5.13(b)). m
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10.18 Remark Suppose A € Loym(R™) with n > 2, and let Ay > Ao > -+ > A,
be the eigenvalues of A. Further let z1,...,z, be an'ONB of R™, where z;, is an
eigenvector of A with eigenvalue \;. For x = Z;L:l &xj € R", we then have

(Az|z) = zn: A ()2 (10.16)
j=1
We now assume that
A2 2 A >0> Mg =00 > Ay
for some k € {0,...,m}. Then v € {—1, 1} is a regular value of the C°° map
a:R" >R, zw— (Az|z)
(see Exercise 4.5). Therefore, due to the regular value theorem,
al(y)={zeR"; (Az|z) =~}

is a C* hypersurface in R". Letting a; := 1/4/]\;], it follows from (10.16) that
SEY S (2) = 1017)

aj Parw ALY

for . =377, &aj € a”l().

If A is positive definite, then Ay > --- > A, > 0 follows from Remark 5.13(b).
In this case, we read off from (10.17) that a=1(1) is an (n—1)-dimensional ellipsoid
with principal axes ajx1,...,anz,. If A is indefinite, then (10.17) shows that
a~'(£1) is (in general) a hyperboloid with principal axes ajz1, ..., @, Tp,.

This extends the known even-dimensional case to higher dimensions.

= ) X
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These considerations clarify the name “principal axis transformation”. If one
or more eigenvalues of A vanishes, a=!(v) is a cylinder with an ellipsoidal or
hyperboloidal profile. m

Exercises

1 Denote by (gn,Vn) the regular parametrization of F;, := R™\ H, by n-dimensional
polar coordinates (see Exercise 9.11).
(a) Show that the first fundamental matrix [(gn)]k} of F,, with respect to g, is given by

|:(1) 22:| forn=2,

or, in the case n > 3, by
diag(l,r2 sinz(ys) Ceee sinz(yn),r2 sinz(y?’) Ceeeg? sinz(yn_l)7 ot sinQ(ys),TQ)
for (r,y>,...,y") € Vp.

(b) Suppose f € C'(F,,R), and let ¢, denote the chart belonging to g,. Calculate the
representation of V,, f in n-dimensional polar coordinates, that is, in the local coordinates
induced by ¢y,.

2 Let (g,V) be a parametrization of an m-dimensional C* submanifold M of R™. Also

denote by
VI(y) == /det[gn(y)] foryeV

the Gram determinant of M with respect to g. Verify these statements:

(a) If m =1, then \/g = |g|.
(b) If m = 2 and n = 3, then

o= O+ ey + (o) =

where X denotes the cross (or vector) product (see also Section VIII.2).

(c) Suppose V is open in R™ and f € C*(V,R). For the parametrization g: V — R"*1,
T — (;c,f(m)) of the graph of f, show that \/g = /14 |V f|2.

3 Determine 7},S* at p = (0,1,0) in

(a) spherical coordinates (see Example 9.11(b));

(b) the coordinates coming from the stereographic projection.

4 Determine TpT%l at p= (\/§7 V2, 1).

5 Suppose M is an m-dimensional C? submanifold of R™ and (¢,U) is a chart around
p € M. Show

(a) every open subset of M is an m-dimensional C'? submanifold of R";

(b) if U is understood as a manifold, then ¢ belongs to Diff? (U, ¢(U)), and the tangential
of the chart Tp¢ agrees with that of ¢ € C*(U,¢(U)) at the point p.
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6 Find TaGL(n) for A € GL(n) := Laut(R™).

7 Show the tangential space of the orthogonal group O(n) at 1, is a vector space of
skew-symmetric (n x n)-matrices, that is,

T1,0(n) = (1o, {A€R™"; A+ AT =0}) .
(Hint: Use Example 9.5(c) and Theorem 10.7.)

8 Show that the tangential space of the special orthogonal group SO(n) at 1, is
T1,50(n) = (1,, {A€R™™; tr(4)=0}) .

(Hint: For A € R™ ™ with tr(A) = 0, note y(t) = ‘4 for t € R, and see Theorem 10.6.)

9 Show

(a) for ¢ € Diff!(M, N) and p € M, we have Tptp € Lis(TpM, Ty, N);

(b) if M and N are diffeomorphic C? submanifolds of R", their dimensions coincide.
10 Show

(a) S* x R (see Exercise 9.4) and { (z,y,2) € R® ; #* + y*> =1} are diffeomorphic;
(b) S* x S" and T3, are diffeomorphic;

(¢) S™ and rS™ for r > 0 are diffeomorphic.

11 Suppose M := { (z,y,2) €ER®; & +4°% = 1} and

v: M—>52, (z,y,2) — (z,9,0) .

Then v € C*°(M, S?). Also Tpv is symmetric for p € M and has the eigenvalues 0 and 1.

12 Suppose X is open in R™ and f € C*(X,R). Also let v: M — S™ be a unit normal
on M := graph(f). Show that v belongs to C*° (M, S™) and that T,v is symmetric for
peM.

13 Suppose M and v are as in Exercise 12. Also suppose
Yo M —R"™ | psp+av(p)

for « € R. Show that there is an ap > 0 such that ¢ (M) is a smooth hypersurface
diffeomorphic to M for every a € (—aw, o).

14 Find the volume of the largest rectangular box that is contained within the ellipsoid
{(z,y,2) €R®; (z/a)® + (y/b)* + (2/c)> = 1} with a,b,c > 0.



Chapter VIII

Line integrals

In this chapter, we return to the theory of integrating functions of a real variable.
We will now consider integrals which are not only over intervals but also over
continuously differentiable maps of intervals, namely, curves. We will see that this
generalization of the integral has important and profound consequences.

Of course, we must first make precise the notion of a curve, which we do in
Section 1. In addition, we will introduce the concept of arc length and derive an
integral formula for calculating it.

In Section 2, we discuss the differential geometry of curves. In particular,
we prove the existence of an associated n-frame, a certain set of n vectors defined
along the curve. For plane curves, we study curvature, and for space curves we
will also study the torsion. The material in this section contributes mostly to your
general mathematical knowledge, and it will not be needed for the remainder of
this chapter.

Section 3 treats differential forms of first order. Here we make rigorous the
ad hoc definition of differentials introduced in Chapter VI. We will also derive
several simple rules for dealing with such differential forms. These rules represent
the foundation of the theory of line integrals, as we will learn in Section 4 when
differential forms emerge as the integrands of line integrals. We will prove the
fundamental theorem of line integrals, which characterizes the vector fields that
can be obtained as gradients of potentials.

Sections 5 and 6 find a particularly important application of line integrals
in complex analysis, also known as the theory of functions of a complex variable.
In Section 5, we derive the fundamental properties of holomorphic functions, in
particular, Cauchy’s integral theorem and formula. With these as aids, we prove
the fundamental result, which says that a function is holomorphic if and only if it
is analytic. We apply to general theory to the Fresnel integral, thus showing how
the Cauchy integral theorem can be used to calculate real integrals.

In Section 6, we study meromorphic functions and prove the important
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residue theorem and its version in homology theory. To this end, we introduce
the concept of winding number and derive its most important properties. To con-
clude this volume, we show the scope of the residue theorem by calculating several
Fourier integrals.
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1 Curves and their lengths

This section mainly proves that a continuously differentiable compact curve I" has
a finite length L(T") given by
b
- [iwla.
a

Here v is an arbitrary parametrization of I'.

In the following suppose

e E = (E,|-]) is a Banach space over the field K and
I = [a,b] is a compact interval.

The total variation

Suppose f: I — FE and 3 := (to,...,t,) is a
partition of I. Then

) =Z|f(tj) = fltj-1)l

is the length of the piecewise straight path
(f(to), ce f(tn)) in E, and

Var(f,I) :=sup{ L3(f) ; 3 = (to,...,ty) is a partition of I }

is called the total variation (or simply the variation) of f over I. We say f is of
bounded variation if Var(f,I) < oco.

1.1 Lemma For f: [a,b] — E and c € [a,b], we have

Var(f, [a, b}) = Valr(f7 [a, c]) + Var(f, e, b]) ) (1.1)

Proof (i) Suppose ¢ € [a,b]. Without loss of generality, we may assume that
Var(f, [a,c]) and Var(f,[c,b]) are finite, for otherwise the function f: [a,b] — F
would not be of bounded variation, and the claim would be already obvious.

(i) Suppose 3 is a partition of [a,b] and 3 is a refinement of 3 that contains
the point ¢. In addition, set 31 = 3 N [a, ] and 32 = 3 N [c, b]. Then

L3(f) < Ly(f) = Ly, (f) + Ly, (f) < Var(f, [a,d]) + Var(f,[c,0]) .
By forming the supremum with respect to 3, we find

Var(f, [a, b]) < Var(f, [a, c]) + Var(f, e, b]) .



282 VIII Line integrals

(iii) For & > 0, there are partitions 31 of [a, ] and 32 of [¢,b] such that
Ls,(f) > Vaur(f7 [a,c]) —¢/2 and Ls,(f) > Var(f, e, b]) —e/2.
For 3 := 31 V 32, we have
L3, (f) + L3, (f) = L3(f) < Var(f,[a,b]) ,
and thus
Var(f, [a, c]) + Var(f,[e,0]) < L3,(f) + L3,(f) + e < Var(f,[a,0]) +¢ .

The claim is now implied by (ii). m

Rectifiable paths

Interpreting v € C(I, E) as a continuous path in E, we also call Var(v,I) the
length (or arc length) of v and write it as L(vy). If L(y) < oo, that is, if v has a
finite length, we say +y is rectifiable.

1.2 Remarks (a) There are continuous paths that are not rectifiable.!

Proof We consider v : [0,1] — R with v(0) := 0 and ~(t) := tcos®(n/2t) for t € (0,1].
Then + is continuous (see Proposition I11.2.24). For n € N*| suppose 3, = (to,...,t2n)
is the partition of [0, 1] with to = 0 and ¢t; = 2/(2n + 1 — j) for 1 < j < 2n. Because

0 5 j - 2k7 0 S k S n,
() =19 , _
t;, j=2k+1, 0<k<n,
we have
2n n—1 1 n 1
L3, (7) =Y Ity) =yt = torsr = 2 > P
j=1 k=0 k=1

as n — oo. Therefore v is not rectifiable. m

(b) Suppose v: [a,b] — FE is Lipschitz continuous with Lipschitz constant A\. Then
7 is rectifiable, and L(v) < A(b — a).

Proof For every partition 3 = (to,...,tn) of [a,b], we have

Ly(v) =D I(ty) =v(ti—)| SAD [ty —tjma| = Ab—a) . m

Jj=1 Jj=1

(c) Of course, the length of a path v depends on the norm on E. However, that
it is rectifiable does not change when going to a different but equivalent norm. m

The path we considered in Remark 1.2(a) is indeed continuous but not dif-
ferentiable at 0. The next result shows that continuously differentiable paths are
always rectifiable.

10ne can also show that there are continuous paths in R? whose image fills out the entire
unit disc B (see Exercise 8). Such “space filling” paths are called Peano curves.
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1.3 Theorem Suppose v € C1(I, E). Then 7 is rectifiable, and we have

L) = [ K@l .

Proof (i) It suffices to consider the case a < b, in which I is not just a single
point.

(ii) The rectifiability of v follows immediately from the fundamental theorem
of calculus. That is, if 3 = (to,...,t,) is partition of [a, b], then

w:;wuj)— ;\/ 1t
si " () dt = /h )t

t]_1

Therefore

b
L) = Var( o)) < [ )]t (1.2)

(iii) Suppose now sg € [a,b). From Lemma 1.1, we know for every s € (sg, b)
that

Var(fy, [a, s]) — Var(’y, [a, so]) = Var('y, [s0, s]) .
We also find
7(s) = 7(s0)| < Var(y, so, / () dt

Here the first inequality follows because (so,s) is a partition of [sg, s], and the
second comes from (1.2).

Thus because sy < s, we have

~v(s) = v(s0) ‘ < Val‘(% la, S]) — Var(% la, SO]) < ! /s ()] dt .

S — 8o S — 8o

(1.3)

Because 7y has continuous derivatives, it follows from the mean value theorem in
integral form and from Theorem VI.4.12 that

’7(5)_7(80) < /l,y |dt ( )|

S — S0 3—>60 S*SO

[¥(s0)| = lim

S— S0

Thus (1.3) and like considerations for s < so show that s — Var(y,[a,s]) is
differentiable with

(%Var(fy, [a,s]) = |4(s)| for s € [a,b] .
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Therefore s ~— Var(v,[a,s]) belongs to C*(I,R). In addition, the fundamental
theorem of calculus gives

b
Var(7, [a.b]) = / 5 dt
because Var('y, [a, a]) =0.m

1.4 Corollary For v = (v1,...,7va) € C*(I,R"), we have

b . 2 . 2
Liy) = / V) + -+ Gu0) e

Differentiable curves

The image of a path is a set of points in E which does not depend on the par-
ticular function used to describe it. In other words, it has a geometric meaning
independent of any special parametrization. To understand this precisely, we must
specify which changes of parametrization leave this image invariant.

Suppose J; and J are intervals and ¢ € NU {oco}. The map ¢: J; — Jo is
said to be an (orientation-preserving) C9 change of parameters if ¢ belongs? to
Dift?(.Jy, J2) and is strictly increasing. If v; € C9(J;, E) for j = 1,2, then 7 is
said to be an (orientation-preserving) C'? reparametrization of 7, if there is a C?
change of parameters ¢ such that v; = 72 0 .

1.5 Remarks (a) When ¢ € Diff?(Jy, J3) is strictly decreasing, we then say ¢ is
an orientation-reversing C'? change of parameters. That said, in what follows, we
will always take changes of parameters to be orientation-preserving.

(b) A map ¢: J; — Jo is a C? change of parameters if and only if ¢ belongs to
C(Jy, J2), is surjective, and satisfies p(t) > 0 for ¢ € Jy.

Proof This follows from Theorems II1.5.7 and IV.2.8. m

(c) Let I; and I be compact intervals, and suppose v, € C (I, E) is a continuous
reparametrization of vo € C(l2, E). Then

Var(vy1, I1) = Var(ys, I2) .

Proof Suppose ¢ € Diff’(I1, I,) is a change of parameters satisfying y1 = vz 0 . If
3 = (to,...,tn) is a partition of I1, then (3) := (¢(to),...,¢(tn)) is a partition of Ia,
and we have

L3 (v, 1) = L3 (v2 09, 1) = Ly(3) (72, I2) < Var(qz, I2)

2If in addition J; and Jo are not open, then this means ¢: J; — Jz is bijective, and ¢
and @~ ! belong to the class C9. In particular, Diff®(Jy, J2) is the set of all topological maps
(homeomorphisms) of Jy to Ja.
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Thus we have the relation
Var(y1,I1) = Var(yz o ¢, I1) < Var(vys, I2) . (1.4)

Noting that v2 = (72 0 ) 0 ¢!, we see from (1.4) (if we replace v2 by 72 o ¢ and ¢ by
-1
»~ ") that

Var(vz, I2) = Var(('yg op)o @71,12) < Var(yz2 0, I1) = Var(y1, 1) . =

On the set of all C? paths in F, we define the relation ~ by
V1 ~ Yo <= 71 is a C'? reparametrization of 7y, .

It is not hard to see that ~ is an equivalence relation (see Exercise 5). The
associated equivalence classes are called C'? curves in E. Every representative of
a C9 curve I is a C? parametrization of I'. We may say a C° curve is continuous,
a C' curve is continuously differentiable, and a C*° curve is smooth. If the curve I
has a parametrization on a compact domain (or a compact parameter interval), we
say the curve is compact, and then, due to Theorem III.3.6, the image of I" is also
compact. We say a parametrization v of T is regular if 4(¢) # 0 for ¢t € dom(y).
When T has a regular parametrization, we call I' a regular curve. Sometimes we
write I' = [y] to emphasize that T' is an equivalence class of parametrizations that
contains 7.

1.6 Remarks (a) If " is a compact curve, every parametrization of it has a
compact domain of definition. If I is a regular C! curve, every parametrization of
it is regular.

Proof Suppose v € CY(J,E) is a parametrization of I, and let v1 € C(J1, E) be a
reparametrization of v. Then there is a ¢ € Diff?(J1, J) such that y1 = v o ¢. When J
is compact, this holds also for J; = ¢~ !(J) because continuous images of compact sets
are also compact (Theorem II1.3.6). From the chain rule, we find for ¢ > 1 that

A1(t) = "y(ap(t))gb(t) forte Ji.

Therefore, because (s) # 0 for s € J and ¢(t) # 0 for ¢t € J1, we also have 41 (t) # 0 for
teJi.m

(b) A regular curve can have a nonregular parametrization, which is, however, not
equivalent to its regular parametrization.

Proof We consider the regular smooth curve I" that is parametrized by the function
[1,1] = R?* | t(t) := (t,1) .

We also consider the smooth path 7: [~1,1] — R? with F(¢) := (¢*,+). Then im(y) =
im(¥) but 7(0) = (0, 0). Therefore 7 is not a C' reparametrization of . m
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(c) Suppose I — E, t+ v(t) is a regular C! parametrization of a curve I'. Then

5(t) = tim 1) =20

s—t S —

fortel

can be interpreted the “instantaneous velocity” of the curve I' at the point v(¢). m

Suppose I" is a continuous curve in E, and suppose v and 7, are (equivalent)
parametrizations of I'. Then clearly, im(v) = im(+;). Therefore the image of T is
well defined through

im(T) := im(y) .
If T is compact, dom(vy) = [a, ], and dom(y1) = [a1, b1], we have the relations
(@) =yi(ar) and (b)) =n(b1) -

Thus, for a compact curve, the initial point Ar := ~(a) and the end point Fr :=
~(b) are well defined.

If Ar and Er coincide, I' is closed or a loop. Finally, we often simply write
p €T for p € im(T).

Rectifiable curves

Suppose I is a continuous curve in E and v € C(J, F) is a parametrization of T'.
Also let a :=inf J and 8 := sup J. Then Var(fy, [a, b}) is defined fora < a < b < 3.
Then Lemma 1.1 implies for every ¢ € (a, 3) that the function

[c,8) = R, b+ Var(y,[c,b])
is increasing and that the map

(,c] =R, awr Var(y,[a,c)
is decreasing. Thus from (1.1) the limit

Var(y, J) := lilm Var(v, [a, b]) (1.5)
b18

exists in R, and we call it (total) variation of v over J. If v, € C(J1,E) is a
reparametrization of v, it follows from Remark 1.5(c) that Var(vy, J) = Var(y1, Ji1).
Therefore the total variation or length (or the arc length) of T' is well defined
through

L(T) := Var(T') := Var(y, J) .

The curve I is said to be rectifiable if it has a finite length, that is, if L(T") < oc.
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1.7 Theorem Suppose v € C1(J, E) is a parametrization of a C* curve I'. Then

L) = [ et (1.6)
J
If T is compact, T is rectifiable.

Proof This follows immediately from (1.5), Theorem 1.3, and the definition of
an improper integral. m

1.8 Remarks (a) Theorem 1.7 says in particular that L(I"), and thus also the
integral in (1.6), is independent of the special parametrization ~.

(b) Suppose T is a C7 curve imbedded in R™ as set out in Section VIL8. Also
suppose (¢, U) is a chart of ' and (g, V) is its associated parametrization. Then?3
I':=TNVU is aregular C? curve, and g is a regular C? parametrization of I'.

(c) Regular C? curves are generally not imbedded C? curves.

Proof This follows from Example VIL.9.6(c). m

(d) Because we admit only orientation-preserving changes of parameters, our
curves are all oriented, that is, they “pass through” in a fixed direction. m

1.9 Examples (a) (graphs of real-valued functions) Suppose f € C?(J,R) and
I := graph(f). Then T is a regular C9 curve in R?, and the map J — R?,
t— (t, f (t)) is a regular C'? parametrization of I". Also

L(T) = /J V14 [f/(6)] dt .

(b) (plane curves in polar coordinates) Suppose r,¢ € C4(J,R) and r(¢t) > 0 for
t e J. Also let

Y(t) := r(t)(cos(p(t)),sin(p(t))) forte J.
Identifying R? with C gives 7 the representation
y(t) =r(t)e'*® forte .

If [r(t)]2 + [r(t)gb(t)]z > 0, then v is a regular C'? parametrization of a curve I'
with

2

L(T) = /J VIO + [rhem) dt

Proof We have ,
A(t) = (F(t) +ir(t)p(t))e ? P,

3Here and in other cases where there is little risk of confusion, we simply write I" for im(T").
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and thus |¥()|* = [7'”(15)}2 + [r(t)gb(t)]Q, from which the claim follows. m

(c) Suppose 0 < b < 27. For the circular arc
parametrized by A

v:[0,b] = R?*, t— R(cost,sint) ]

or the equivalent one obtained through

b
v:[0,0] = C, t~ Re't,
identifying R? with C gives* L(T') = bR. 1 R
Proof This follows from (b). m
(d) (the logarithmic spiral) For A < 0 and a € R,
Yoo : [a,00) = R?* |t — e(cost,sint)
is a smooth regular parametrization of the curve I'y oo = [Y4,00]- It has finite
length e*v/1 4+ A2 /|l
When A > 0, we have analogously that
Veoo,at (—00,a] — R?, t eM(cost,sint)
is a smooth regular parametrization of the curve I'_ 4 := [Y—oo,a] With finite

length e**v/1+ A2 /X. For A # 0, the map
R — R?, t— eM(cost,sint)

is a smooth regular parametrization of a logarithmic spiral. Its leng;th is infinite.
When A > 0 [or A < 0], it spirals outward [or inward]. Identifying R* with C gives
the logarithmic spiral the simple parametrization t — e(A %)t

Proof Suppose A < 0. We set r(t) = e and ¢(t) =t for t € [a,00). According to (b),
we then have

V142 v/ 2
L(la,00) = lim \/1+)\2 eMdt = 1+)\ lim (e*’ — &™) = LA

b—oo o |)\|

The case A > 0 works out analogously. m

4See Exercise I11.6.12.
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A<0 A>0

(e) For R > 0 and h > 0, the regular smooth
curve I' parametrized by

v:R—=R*, tr (Rcost, Rsint, ht) (1.7)

is the helix with radius R and pitch 27wh. By

identifying® R? with C and therefore R® with
C x R, we give (1.7) the form t — (Re't, ht). 2mh
We have

L(v|la,b]) = (b—a)V/ R? + h?
for —o0 < a < b < 0o. The curve I lies on the cylinder with radius R whose axis

is the z-axis. In one revolution, it rises coaxially by 27h.

Proof Because |¥(t)|> = R® + h?, the claim follows from Theorem 1.7. m

Exercises

1 A disc rolls on a line without slipping. Find a parametrization for the path traced
by an arbitrary point fixed on the disc (or one “outside” the disc). Determine the arc
length of this path as the disc turns once.

2 Suppose —0 < a < 8 < oo. Calculate the length of these paths:

[0, 7] —

[1,00) = R?, tt *(cost,sint) ;

lov, B8] — R2 Lt (8,38°/2) 5
Bl —=R>, te(t,£°/2).

R?, ¢+ (cost+tsint,sint —tcost) ;

[a,

3 Approximate (for example, with the trapezoid rule) the length of the limagon of Pascal
(see Example VIL.9.1(c)).

5as a metric space
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4 Sketch the space curve I' = [y] with
~: [—=3m,37] — R, t+— t(cost,sint, 1) ,
and calculate its arc length.

5 Suppose 3 = (ao,...,am) for m € N* is a partition of a compact interval I and
q € N* U {oo}. A continuous path v € C(I, E) is a piecewise C? path in F (on 3) if
v = ylley-1,05] € CU([aj-1,0q;],E) for j = 1,...,m. A path n € C(J,E) that is
piecewise C? on the partition 3" = (Bo,...,B3m) of J is called a C? reparametrization
of v if there is a C? change of parameters ¢; € Diff?([o;—1, o], [3;-1,8;]) such that
v; :=m; 0p; for 5 =1,...,m. On the set of all piecewise C? paths in F, we define ~
through
v ~ 1 <= 1 is a reparametrization of «y .

(a) Show that ~ is an equivalence relation. The corresponding equivalence classes are
called piecewise C? curves in E. Every representative of a piecewise C? curve I is a
piecewise C'? parametrization of I'. When v € C(I, E) is a piecewise C? parametrization
of I', we write symbolically T' = 37" | T';, where I'; := [y;] for j =1,...,m

(b) Suppose I is a curve in F with parametrization v € C(I, E) that is piecewise C? on
the partition 3 = (ao,...,m). Define the length (or the arc length) of I' through

L(T) := Var(~,I) .
Show L(T") is well defined and

:Zm:L Z/a |4 (t)] dt .

j=1
(Hint: Remark 1.5(c) and Lemma 1.1.)

6 If " = [4] is a plane closed piecewise C? curve and («o, ..., an) is a partition for v,

Z/ " det [y (8), 55 (1)] dt

l\DI»i

is the oriented area contained in I'.
(a) Show that A(T") is well defined.

(b) Let —oo < av < 8 < o0, and suppose [ € C’l([a,ﬁ],R) satisfies f(a) = f(B8) = 0. Let
a:=aand b:= 283 — a, and define 7 : [a,b] — R? by

(t)— (a+ﬁ7t7f(a+67t))7 te[avﬁ]v
WL (a-prn0), te[8h] .
Show that

( ) I:= [ ] is a closed piecewise C'? curve (sketch it).

=[f by t) dt, that is, the oriented area A(I") equals the oriented area between
the graph of f and [a, f] (see Remark VI.3.3(a)).
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(c) Find the oriented area of the ellipse with semiaxes a,b > 0. Use the parametrization
[0,27] — R?, t+ (acost,bsint).
(d) The path ~: [-7/4, 37 /4] — R? with

{ cos(2t)(cost, sint) , te-w/4,7/4],
| cos(2t)|(—sint, — cost) , t € [r/4,3m/4]

parametrizes the lemniscate. Verify that I' =
[v] is a plane piecewise C'*° curve, and find
A(T).

7 Find A(T) if T is the boundary of a square.

8 Suppose f: R — [0,1] is continuous and 2-periodic with

_J o, telo,1/3],

f(t)_{ 1, te[2/3,1].

Also let
r(t) = i 277 £(3%%t) and af(t) := 27ri2_kf(32k_lt) forteR .
k=1 k=1

Show
(a) v: R >R t— r(t)(cosa(t),sina(t)) is continuous;
(b) v([0, 1]) = B.

(Hint: Suppose (ro, o) € [0,1] x [0, 27] are polar coordinates for (zo,yo) € B\{0, 0}. Also
define > 77, k2% and p e hk27% to be the respective expansions of ro and /27 as
binary fractions. For
{ Jk n =2k,
Qn 1=

hk 5 n=2k-1 5
show to :=23"2°  an37 """ €[0,1], f(3"t0) = an for n € N, and v(to) = (2o, ¥0).)

=1
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2 Curves in R"

In Section VII.6, we allowed curves to pass through infinite-dimensional vector
spaces. However, the finite-dimensional case is certainly more familiar from clas-
sical (differential geometry) and gains additional structure from the Euclidean
structure of R”. We now examine local properties of curves in R".

In the following, suppose

e n>2and vy € C'(J,R") is a regular parametrization of a curve I'.

Unit tangent vectors

For t € J,
t(t) = t,(t) :== (), 3(O)/17(1)]) € TyryR"

is a tangential vector in R™ of length 1 and is called the unit tangent vector of I’
at the point v(¢). Any element of

Rt(t) == (v(t),R¥(t)) C TyR"
is a tangent of " at (¢).

2.1 Remarks (a) The unit tangent vector t is invariant under change of para-
meters. Precisely, if ( = v o ¢ is a reparametrization of v, then t,(t) = t.(s) for
t = ¢(s). Therefore is it meaningful to speak of the unit tangent vectors of T'.

Proof This follows immediately from the chain rule and the positivity of ¢(s). m

(b) According to Corollary VI1.9.8, every to € J has an open subinterval Jy of
J around it such that T'g := im(yg) with 79 := 7|Jo is a one-dimensional C*
submanifold of R™. By shrinking Jy, we can assume that Iy is described by a
single chart (Up, o), where vo = ip, © goal. Then clearly the tangent to the
curve Ty at p := (to) clearly agrees with the tangential space of the manifold T
at the point p, that is, T,y = Rt(to).

Now it can happen that there is a t1 # to in J such that v(t1) = p = (o).
Then there is an open interval J; around ¢; such that I'; := im(y;) with v1 := v|J1
is a C! submanifold of R" for which 7,I'y = Rt(¢;). Thus it is generally not true
that T,I'o = T,T'1, that is, in general, t(¢g) # £t(¢1). This shows that I' can have
several such “double point” tangents. In this case, I' is not a submanifold of R",
although sufficiently small “pieces” of it are, where “sufficiently small” is measured
in the parameter interval.
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The limagon of Pascal from Example VII1.9.6(c) gives
a concrete example. Suppose I is a compact regular curve
in R? parametrized by

v: [-m, 7] = (1+2cost)(cost,sint) .

Letting to := arccos(—1/2) and t; := —to, we have y(tg) =
~(t1) = (0,0) € T. For the corresponding unit tangent
vectors, we find

t(t;) = ((0,0), ((=1), —\/g)/Q) for j=0,1.

Therefore t(tg) # t(t1). m

Parametrization by arc length

If v: J — R" is a parametrization of I such that |¥(t)| = 1 for every t € J, then
clearly L(I') = [, dt, and the length of the interval J equals the length of I'. We
say that v parametrizes I" by arc length.

2.2 Proposition Every regular C' curve in R™ can be parametrized by arc length.
This parametrization is unique up to a reparametrization of the form s — s+const.
Ifn: I — R" is a parametrization by arc length, then t,(s) = (n(s),7(s)) fors € I.

Proof Suppose v € C1(J,R") is a regular parametrization of I'. We fix an a € J
and set

¢
o(t) ::/ |¥(m)|dr forteJ and I:=@(J).

The regularity of v and |-| € C'(R™\{0},R) show that ¢ belongs to C*(J,R"). In
addition, ¢(t) = |¥(t)| > 0. Due to Remark 1.5(b), ¢ is a C'! change of parameters
from J onto I := ¢(J). Letting n :=~ o ¢!, this implies

() =13 (e 1)) (™) ()] = {;Ei_l((z;%n izgi_lgg

for s € I. Thus n parametrizes I' by arc length.

Suppose 77 € C! (f, R") also parametrizes I" by arc length and ¢ € Diff! (I, f)
satisfies n = 770 1. Then

I
|
—

L=i(s)| = [1(4(5) ()] = d(s) forsel,

and we find ¥(s) = s+ const. m
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2.3 Remarks (a) Suppose I is a regular C? curve and «: I — R"™ parametrizes
it by arc length. Then (§(s)|%(s)) = 0 for s € I. Thus the vector (y(s),%(s)) C

T, (s)R™ is orthogonal to the tangent Rt(s) C T, sR".

Proof From |§(s)|* = 1, we find (|§|°) (s) = 2(¥(s)|4(s)) =0for se I. m

(b) Parametrizing curves by arc length is a convenient tactic for much theoretical
work; see for example the proof of Proposition 2.12. However, for any concrete
example, performing such a parametrization comes at the cost of doing the arc
length integral, and the resulting new parametrization may not be an elementary
function.

Proof We consider the regular parametrization
v:[0,27] = R*, t (acost,bsint).

Its image is the ellipse (x/a)? + (y/b)®> = 1 with a,b > 0. The proof of Proposition 2.2
shows that every change of parametrization of v to one by arc length has the form

t
o(t) = / Va2 sin®s + b2 cos?s ds + const  for 0 < ¢ < 27 .
0

One can show that ¢ is not an elementary function.' m

Oriented bases

Suppose B = (b1,...,b,) and C = (cy,...,cp) are ordered bases of a real vector
space E of dimension n. Also denote by T ¢ = [t;i] the transformation matrix
from B to C, that is, ¢; = > j_, tjxbi for 1 < j < n. We say B and C are identically
[or oppositely] oriented if det Tz ¢ is positive [or negative].

2.4 Remarks (a) On the set of ordered bases of E, the assignment
B ~ C :<= B and C are identically oriented

defines an equivalence relation. There are exactly two equivalent classes, the two
orientations of E. By selecting the first and calling it Or, we say (E,Or) is
oriented. Every basis in this orientation is positively oriented, and every basis in
the opposite orientation, which we call —Or, is negatively oriented.

(b) Two ordered orthonormal bases B and C of an n-dimensional inner product
space are identically oriented if and only if T ¢ belongs to SO(n).?

(c) The elements of SO(2) are also called rotation matrices, because, for every
T € SO(2), there is a unique rotation angle « € [0,27) such that T has the
representation

cosa —sina
sin o COS (v

IThis ¢ is in fact given by an elliptic integral. For the related theory, see for example [FB95].
2See Exercises VIL.9.2 and VII.9.10.
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(see Exercise 10). Therefore any two identically oriented bases of a two-dimensional
inner product space are related by a rotation.

(d) If E is an inner product space and B is an ONB, then Tz ¢ = [(¢;|bx)].
Proof This follows immediately from the definition of T c. m

(e) An oriented basis of R" is positively oriented if its orientation is the same as
that of the canonical basis. m

The Frenet n-frame

In the following, we will set somewhat stronger differentiability assumptions on
I' and always assume that I' is a regular C™ curve in R"™ with n > 2. As usual,
let v € C™(J,R"™) be a parametrization of I'. We say T" is complete if the vectors
A(t), ...,y 1(t) are linearly independent for every t € .J.

Suppose I is a complete curve in R”. An n-tuple e = (eq,...,e,) of functions
J — R" is the moving n-frame or Frenet n-frame for T if

(FB1) e; € C1(J,R") for 1 < j < m;

(FBs) e(t) is a positive orthonormal basis of R™ for ¢t € J;

(FB3) v*)(t) € span{ei(t),...,ex(t)} for 1<k <n—1andte€ J;

(FB4) (5(t),...,v®(t)) and (ey(t),...,ex(t)) for t € J and k € {1,...,n — 1}
have the same orientation (as bases of span{el (t),... 7ek(t)}).

2.5 Remarks (a) From the chain rule, it follows easily that this concept is well
defined, that is, independent of the special parametrization of I, in the following
sense: If 5 := yo is a reparametrization of v and € is a moving n-frame for I" that
satisfies (FB3) and (FB4) when « is replaced by 7, then €(s) = e(t) for t = ¢(s).

(b) A C? curve in R? is complete if and only if it is regular.

(c) Suppose I' = [y] is a regular C? curve in R?. Also let e; := #/|¥| =: (e}, €?)
and ey := (—e?,el). Then (e, ez) is a Frenet two-frame of T.

(In these and similar maps we identify e;(t) € R? with the tangent part of
(’Y(t)vej (t)) € T“/(t)r')
Proof Obviously (e1(t),ez(t)) is an ONB of R? and is positive because

detler,e2] = (e1)* + (e1)’ =le1°=1.m
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2.6 Theorem Every complete C™ curve in R™ has a unique moving n-frame.

Proof (i) Suppose I' = [v] is a complete C™ curve in R". One can establish
the existence of a Frenet n-frame using the Gram—Schmidt orthonormalization
process (see for example [Art93, VII.1.22]). Indeed, as a complete curve, I' is
regular. Therefore e;(t) := ~(t)/|¥(t)| is defined for ¢t € I. For k € {2,...,n — 1},

we define ey recursively. Using the already constructed ey, ..., ex_1, we set
k-1
=" =N " (v® |ej)e; and ey =T/ [Ex] . (2.1)
j=1
Because
span(5(t), ... ,’y(k_l)(t)) = span(e1(t),...,ex—1(t)) (2.2)

and v®) (t) ¢ span(5(¢),...,7*~D(t)), we have & (t) # 0 for t € J, and thus ey is
well defined. In addition, we have

(ej(t)|ex(t)) = d; and ¥ (t) € span(ei(t), ..., ex(t)) (2.3)

for1<jk<n—1andtEeJ.

(ii) Now suppose Tj(t) is the transformation matrix from (§(t),...,7® (¢))
to (e1(t),...,ex(t)). From (2.1), we have for k € {2,...,n — 1} the recursion
formula

Te1(t) 0

Ti(t) =47 and Ti(t) = N RO

Thus det T),(t) > 0, which shows that (§(¢),...,7*)(¢)) and (e1(t),...,ex(t)) have
the same orientation.

(iii) Finally, we define e, (¢) for ¢t € J by solving the linear system

(ej(t)|z) =0 forj=1,....n—1 and detfei(t),...en1(t), 2] =1 (2.4)

for x € R". Because {el(t),...en,l(t)}L is 1-dimensional, (2.4) has a unique
solution. From (2.3) and (2.4), it now follows easily that e = (eq,...,e,) satisfies
the postulates (FB2)—(FBy).

(iv) It remains to verify (FBi). From (2.1), it follows easily that ey €
CY(J,R") for k =1,...,n — 1. Thus (2.4) and Cramer’s rule (see [Art93, § 1.5])
shows that e, also belongs to C1(J,R"). Altogether we have shown that e is a
Frenet n-frame of I'.
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(v) To check the uniqueness of e, suppose (d1,...,0,) is another Frenet n-
frame of . Then clearly we have e; = 61 = 4/|¥|. Also, from (FB3) and (FBs),
it follows that v(*) has the expansion

k
7 =3 (v16;)8;

Jj=1

for every k € {1,...,n—1}. Thuse; =d;for1 <j<k—land ke {2,...,n—1},
so (2.1) implies (v*¥)[8,)0x = ex[€k|. Hence, there is for every ¢t € J a real
number a(t) such that |o(t)] = 1 and 6x(t) = a(t)er(t). Since (61(t),...,0k(t))
and (ey(t),...,ex(t)) are identically oriented, it follows that «(t) = 1. Thus
(e1,...,en—1) and therefore also e,, are uniquely fixed. m

2.7 Corollary Suppose T' = [y] is a complete C™ curve in R" and e = (e1,...,e,)
is a Frenet n-frame of I'. Then we have the Frenet derivative formula

n

&= (&len)er forj=1,....n. (2.5)
k=1

We also have the relations

(&lex) = —(ejléx) for1<jk<n and (&ley) =0 forlk—jl>1.

Proof Because (e1(t),...,e,(t)) is an ONB of R" for every t € J, we get (2.5).

Differentiation of (e; |ex) = d, implies (&;|ex) = —(ej|éx). Finally (2.1) and (2.2)

show that e;(t) belongs to span(f'y(t)7 . ,y(j)(t)) for 1 < j < n. Consequently,
é;(t) € span(¥(t),. .. ,’y(jH)(t)) = span(ey(t),...,e41(t)) forteJ

and 1 < j < n—1, and we find (é|ey) = 0 for £ > j + 1 and therefore for

k—jl>1.m

2.8 Remarks Suppose I' = [y] is a complete C™ curve in R".

(a) The curvature

kj=(&lejp1) /|7 € C(J) with 1<j<n-1,
is well defined, that is, it is independent of the parametrization ~.
Proof This is a simple consequence of Remark 2.5(a) and the chain rule. m
(b) Letting wjr := (& |ex), the Frenet derivative formula reads

n
éj:ijkek forl1<j<n,
k=1



298 VIII Line integrals

where the matrix [wjx] is

0 K1
—K1 0 Ko
—K2 0 K3 O
o]
0
—Rnp—2 0 Rn—1
—RKn—1 0

Proof This follows from Corollary 2.7 and (a). m

In the remaining part of this section, we will discuss in more detail the im-
plications of Theorem 2.6 and Corollary 2.7 for plane and space curves.

Curvature of plane curves

In the following, I' = [4] is a plane regular C? curve and (e, e) is the associated
moving two-frame. Then e; coincides with the tangent part of the unit tangential
vector t = (,4/]%|). For every t € J,

n(t) = (V(t),eg(t)) S T,Y(t)RZ

is the unit normal vector of I at the point (¢). In the plane case, only ki is
defined, and it is called the curvature k of the curve I'. Therefore

K= (&1]e2) /1] - (2.6)

2.9 Remarks (a) The Frenet derivative formula reads®
t=|ykm and n=—|¥| kt. (2.7)

If n € C?(I,R?) parametrizes T’ by arc length, equation (2.7) assumes the simple
form
t=rn and fn=—rxt. (2.8)

In addition, we then have
k(s) = (é1(s)|ea(s)) = (i(s)‘n(s))n(s) forsel.

From (2.8) follows 7j(s) = k(s)ea(s), and thus |7j(s)| = |k(s)| for s € I. On these
grounds, k(s)n(s) € Tn(s)Rz is called the curvature vector of I' at the point 7(s).

3Naturally, () is understood to be the vector (y(t),é1(t)) € Ty)R?, etc.
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In the case k(s) > 0 [or k(s) < 0], the unit tangent vector t(s) spins in the
positive [or negative] direction (because (t(s)\n(s))n(s) is the projection of the
instantaneous change of t(s) onto the normal vector). One says that the unit

normal vector n(s) points to the convex [or concave] side of T

(b) Whenn: I — R?, s— (2(s),y(s)) parametrizes I by arc length, ey = (—7, 1)
and
Kk = &j — g2 = det[n, 7] .

Proof This follows from Remark 2.5(c) and from (2.6). m

For concrete calculations, it is useful to know how to find the curvature when
given an arbitrary regular parametrization.

2.10 Proposition When~: J — R?, ¢+ (z(t),y(t)) is a regular parametrization
of a plane C? curve,

j—gi _ det[s,4]
(@2 + @) 1P

R =

Proof From e; =+/]%, it follows that

O ke e B e P
AR 7 N o

& =

According to Remark 2.5(c), we have es = (—¢,)/|¥|, and the theorem then
follows from (2.6). m

2.11 Example (curvature of a graph) Suppose f € C?(J,R). Then for the curve
parametrized as J — R?, z — (ﬂc, f(m)), the curvature is

f// '
(1+(f)2)"?

R =

Proof This follows immediately from Proposition 2.10. =

From the characterization of convex functions of Corollary IV.2.13 and the
formula above, we learn that graph(f) at the point (CE, f (x)) is positively curved
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if and only if f is convex near x. Because, according to Remark 2.9(b), the unit
normal vector on graph(f) has a positive second component, this explains the
convention adopted in Remark 2.9(a), which defined the notions of convex and
concave.

Identifying lines and circles

Next, we apply the Frenet formula to show that line segments and circular arcs
are characterized by their curvature.

2.12 Proposition Suppose I' = [7] is a plane regular C? curve. Then
(i) T is a line segment if and only if k(t) =0 for t € J;
(ii) T is a circular arc with radius r if and only if |k(t)| = 1/r fort € J.

Proof (i) It is clear that the curvature vanishes on every line segment (see Propo-
sition 2.10).

Conversely, suppose k = 0. We can assume without losing generality that T’
has an arc length parametrization 7. It follows from Remark 2.9(a) that #j(s) =0
for s € J. The Taylor formula of Theorem IV.3.2 then implies that there are
a,b € R? such that 7(s) = a + bs.

(ii) Suppose I is a circular arc with radius 7. Then there is an m € R? = C
and an interval J such that I' is parametrized by J — C, t +— re'! +m or
t — re~** 4+ m. The claim now follows from Proposition 2.10.

Conversely, suppose k = §/r with § = 1 or 6 = —1. We can again assume
that n parametrizes I' by arc length. Denoting by (e1,e2) the moving two-frame
of T', we find from the Frenet formula (2.8) that

n=er, & = (0/r)ea, éx=—(/r)e;s.
From this follows
(n(s) + (r/8)e2)” =1(s) + (r/8)éa(s) =0 forsel.
Hence there is an m € R? such that n(s) + (r/6)ea(s) = m for s € I. Thus we get
[n(s) —m| =|rez(s)|=r forsel,

which shows that 1 parametrizes a circular arc with radius r. m

Instantaneous circles along curves

Suppose ' = [7] is a plane regular C? curve. If k(tg) # 0 at to € J, we call

r(to) :=1/|k(to)]
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the instantaneous radius and
m(to) = ’}/(to) + T(to)eg(to) c Rz

the instantaneous center of I' at the point (tp).
The circle in R? with center m(ty) and radius
r(to) is the instantaneously osculating circle of
T at y(to).

2.13 Remarks (a) The osculating circle has at «(¢y) the parametrization

[0,27] = R? |t m(to) + |k(to)] " (cost,sint) .

(b) The osculating circle is the unique circle that touches I at () to at least
second order.

Proof We can assume that 7 is a parametrization of I' by arc length with n(so) = v(to).
Also assume (a,b) is a positive ONB of R?. Finally, let
3 : [s0,80 4+ 21r] = R?* | 51— F(s)
with
Y(s) :==m +rcos((s — so)/r)a+ rsin((s — so)/r)b
parametrize by arc length the circle K with center m and radius r. Then I' and K touch

at 1(s0) to at least second order if ) (so) = 79 (s0) for 0 < j < 2 or, equivalently, if
the equations

n(so) =m+ra, in(so) =b, ij(so) =—a/r
hold. Because e; = 7, the first Frenet formula implies k(so)e2(so) = —a/r. Because the
orthonormal basis (—ez2(s0),e1(s0)) is positively oriented, we find that |x(so)| = 1/r and
(a,b) = (—e2(s0),e1(s0)) and m = n(so) + rea(so) = ¥(to) + [ (to)] _leg(to). ]

(c) When k(t) #0 for t € J,
t = m(t) = (t) + ea(t)/k(t)

is a continuous parametrization of a plane curve, the evolute of I'. m

\
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The vector product

From linear algebra, there is “another product” in R? besides the inner product. It
assigns to two vectors a and b another vector a x b, the vector or cross product of a
and b. For completeness, we recall how it is defined and collect its most important
properties.
For a,b € R?,
R* - R, ¢ detla,b,|

is a (continuous) linear form on R3. Therefore, by the Riesz representation theo-
rem, there is exactly one vector, called a x b, such that

(a x blc) = det[a,b,c] for c€ R? . (2.9)
Through this, we define the vector or cross product.

x:R¥xR* - R*, (a,b) —axb.

2.14 Remarks (a) The cross product is an alternating bilinear map, that is, x is
bilinear and skew-symmetric:

axb=—-bxa forabeR>.

Proof This follows easily from (2.9), because the determinant is an alternating® trilinear
form. m

(b) For a,b e R?, we have a x b # 0 if and only if a and b are linearly independent.
If they are, (a,b,a x b) is a positively oriented basis of R3.

Proof From (2.9), we have a x b =0 if and only if det[a, b, ¢] vanishes for every choice
of ¢ € R®. Were a and b linearly independent, we would have det[a, b, c] # 0 by choosing
¢ such that a, b and c are linearly independent, which, because of (2.9), contradicts the
assumption a X b = 0. This implies the first claim. The second claim follows because
(2.9) gives

det[a,b,a x b =|axb*>0.m

(¢) For a,b € R?, the vector a x b is perpendicular to a and b.

Proof This follows from (2.9), because, for ¢ € {a, b}, the determinant has two identical
columns. m

(d) For a,be R?, the cross product has the explicit form

axb= (a2b3 — agbg, a3b1 — albg, a1b2 — agbl) .

4An m-linear map is alternating if exchanging two of its arguments multiplies it by negative
one.
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Proof This follows again from (2.9) by expanding the determinant in its last column. m

(e) For a,b € R*\{0}, the (unoriented) angle ¢ := <((a, b) € [0, 7] between a and
b is defined by cos ¢ := (a|b)/|a| |b].> Then we have

> b = /l]a? [b]* = (a|b)? = |af [b[ sing .

This means that |a x b| is precisely the (unori-
ented) area of the parallelogram spanned by a
and b. : b

Proof Because of the Cauchy—Schwarz inequality,

<(a,b) € [0, 7] is well defined. The first equality can A

be verified directly from (d), and the second follows

from cos? ¢ +sin? ¢ =1 and singp > 0. m a

(f) When a and b are orthonormal vectors in R?, the (ordered) set (a,b,a x b) is
a positive ONB on R?.

Proof This follows from (b) and (e). m

The curvature and torsion of space curves

Working now in three dimensions, suppose I' = [] is a complete C* curve in R3.
Then T' has two curvatures x; and k5. We call x := k1 the curvature and 7 := ko
the torsion. Therefore

k= (e1|e2)/|y] and T = (& es)/|V|. (2.10)
Here we also call
n<t) = (V(t)ve2(t)) € T’y(t)R3
the unit normal vector, while

b(t) = (’)/(t),eg(t>) S T,y(t)R3

is the unit binormal vector of " at the point (¢). The vectors t(t) and n(t) span
the osculating plane of T" at the point (¢). The plane spanned by n(t) and b(¢) is
the normal plane of T" at ~(t).

2.15 Remarks (a) We have e3 = e; X ey, that is, b =t x n.

(b) When T is parametrized by arc length, the Frenet formula gives
é1:/<;e2, é2:71€61+7'637 égi*TeQ,

and therefore _
t=kn, n=—xt+7b, b=-—7n.

5This angle can be defined in any inner product space, not just R3. Also <(a, b) = <(b, a).
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(c) The curvature of a complete curve is always positive. When 7 is an arc length
parametrization,
w = [ijl = [ >l .
Proof Because e; = 7 and because (2.1) and Remark 2.3(a) imply that ex = 7j/|j|, we
get
k= (&1]e2) = (] /lijl) =il > 0.

The claimed second equality now follows from Remark 2.14(e). m
(d) When 7 is an arc length parametrization of T, we have 7 = det[), 1}, 7j] /K.

Proof Because 7j = ez |ij| = kez and from the Frenet derivative formula for ez, we
get il = kez — Kk%e1 + wres. Thus det[n, 7, 7j] = det[er, xe2, kTe3] = k*7. The proof is
finished by observing that (c) together with the completeness of I' implies that x vanishes
nowhere. m

The torsion 7(t) is a mea-
sure of how, in the vicinity
of y(t), the curve T' = [4]
“winds” out of the osculating
plane, shown in lighter gray at
right. Indeed, a plane curve is
characterized by vanishing tor-
sion, as the following theorem
shows.

2.16 Proposition A complete curve lies in a plane if and only if its torsion vanishes
everywhere.

Proof We can assume that 7 parametrizes I' by arc length. If 7(s) lies in a plane
for every s € I, so does 7(s), 7j(s), and 7j(s). With Remark 2.15(d), this implies

7 = det[n, i}, 7j] /k* = 0. Conversely, if 7 = 0, the third Frenet derivative formula
gives that ez(s) = eg(«a) for every s € I and an « € I. Because e;(s) L es(s),

(n(s)|es(@)) = (n(s)|es()) = (ex(s)|es(s)) =0 forsel.

Therefore (n(-) |es(a)) is constant on I, which means that the orthogonal projec-
tion of 7(s) onto the line Rez(a) is independent of s € I. Therefore I lies in the
plane orthogonal to es(c). m

Exercises
1 Suppose r € C?(J,R") has [r(t)]Q + [7'"(15)}2 >0 for t € J and v(t) := r(t)(cost,sint).
Show the curve parametrized by 7 has the curvature

2P =i ?

(r2 + [7]2)*°
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2 Calculate the curvature of

the limagon of Pascal [—m, 7] — R®, t~ (14 2cost)(cost,sint) ;
the logarithmic spiral R —R*, ¢t e(cost,sint) ;
the cycloid [0,20] = R® |, t— R(t—sint,1— cost) .

3 Supposey: J —R3 t— (m(t), y(t)) is a regular C? parametrization of a plane curve
I, and k(t) # 0 for t € J. Show that the evolute of I' is parametrized by ¢ — m(t), where

.2 .9 .2 .9
m = (:r:— m+y /Y + w+y x) .
Ty — Ty Ty — Ex
4 Prove that

(a) the evolute of the parabola y = 2?/2 is the Neil, or semicubical, parabola R — R,
— (=%, 14 3t%/2);

(b) the evolute of the logarithmic spiral R — R?, t s e*(cost,sint) is the logarithmic
spiral R — R2, ¢ — Ae** "™/ (cost, sint);

L Co (

(c) the evolute of the cycloid R — R?, ¢+ (t —sint, 1 — cost) is the cycloid R — R,
— (t +sint,cost — 1).

WY
7NV IV N

5 Let v € C3(J,R?) be a regular parametrization of a plane curve I', and suppose
k(t)k(t) # 0 for t € J. Also denote by m the parametrization given in Remark 2.13(c)
for the evolute M of I'. Show

(a) M is a regular C* curve;
(b) the tangent to I' at v(t) is perpendicular to the tangent to M at m(t);
(c) the arc length of M is given by

M) :/|/'i7|/<;;2dt.
J

(Hint for (b) and (c): the Frenet derivative formulas.)
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6 Show that the logarithmic spiral I' slices through straight lines from the origin at a
constant angle, that is, at any point along the spiral, the angle between the tangent to
I" and the line from the origin is the same.

7 Calculate the curvature and the torsion

(a) for the elliptic helix R — R*, ¢ — (acost,bsint,ct) with ab # 0 for a,b,c € R;

(b) for the curve R — R? ¢+ t(cost,sint, 1).

8 Suppose I is a regular closed C'* curve in the plane. Prove the isoperimetric inequality

AT A(T) < [L(D)]?

(see Exercise 1.6).

(Hints: (i) Identify R? with C and consider first the case L(I") = 2x. Then, without
loss of generality, let v € C 1([O, 27], (C) parametrize ' by arc length. Using Parseval’s
equation (Corollary VI.7.16) and Remark VI.7.20(b), show

o0

1 7 <12 21~ 2
1=— dt = k .
= D S

k=—o00
Further show

27
A(F):%/ Im 74 dt .
0

Thus from Exercise VI.7.11 and Remark VI.7.20(b), see that

ATy == Y k[FWl*,

k=—o0

and therefore
oo

AD) <7 > KRl =7 = [LD)]*/4r .

k=—o00

(ii) The case L(I") # 2m reduces to (i) by the transformation v — 27y/L(T).)
9 Suppose I and J are compact intervals and U is an open neighborhood of I x J in
R?. Further, suppose v € C*(U, R?) satisfies the conditions

(i) for every A € I, the function vy := y(X,-)|J : J — R? is a regular parametrization
of a C? curve T'y;

(i1) Ory(A,t) = ko, (E)nr, (1) for (A, t) € I x J.
Show that the function
:I—-R, A~ L))

has continuous derivatives and that
, £(X) )
E0) == [ O sy e,
0

where s(\) is the arc length paramater of I'y for A € I.

(Hint: Define v: I x J — R, (A t) — |017(\,t)|. Using the Frenet formulas and (ii),
conclude d1v = ,,{21,_)
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10 Show that for every T € SO(2), there is a unique a € [0, 27) such that

cosa —sina
sin « Ccos &

(Hint: Exercise VIL.9.2.)
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3 Pfaff forms

In Section V1.5, we introduced differentials in an ad hoc way, so that we could rep-
resent integration rules more easily. We will now develop a calculus for using these
previously formal objects. This calculus will naturally admit the simple calculation
rules from before and will also add much clarity and understanding. Simultane-
ously, this development will expand the concept of an integral from something
done on intervals to something that can be done on curves.

In the following let
e X be open in R™ and not empty; also suppose ¢ € NU {c0}.

Vector fields and Pfaff forms

A map v: X — TX in which v(p) € T,X for p € X is a vector field on X. To
every vector field v, there corresponds a unique function v: X — R", the tangent
part of v, such that v(p) = (p, v(p)). With the natural projection

pry: TX =X xR"—=R", (p,§) — ¢,

we have v = pry o v.

A vector field v belongs to the class C? if v € C1(X,R"™). We denote the set
of all vector field of class C? on X by VI(X).

Suppose F is a Banach space over K and E' := L(E,K) is its dual space.
The map
()Y E'xE—-K, (ee)—{ee):=¢),
assigns every pair (¢/,e) € E’' x E the value of ¢’ at the location e and is called
the dual pairing between FE and E’.

We will now think about the spaces dual to the tangential spaces of X. For
p € X, the space dual to 7}, X is the cotangent space of X at the point p and is
denoted Ty X. Also
X =) ;X
peEX

is the cotangential bundle of X. The elements of T, X, the cotangential vectors at
p, are therefore linear forms on the tangential space of X at p. The corresponding
dual pairing is denoted by

() TIX X T,X —R.

Every map a: X — T*X in which a(p) € T, X for p € X is called a Pfaff form
on X. Sometimes we call « a differential form of degree 1 or a 1-form.
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3.1 Remarks (a) If E is a Banach space over K, we have (-,-) € L(E', E;K).

Proof It is clear that the dual pairing is bilinear. Further, Conclusion VI.2.4(a) gives
the estimate
l(e",e)l =l () < ll€'ller llellp  for (¢'e) € B x E.

Therefore Proposition VII.4.1 shows that (-, -) belongs to L(E’, E;K). m
(b) For (p,e’) € {p} x (R™)’, define J(p,e’) € Ty X through

<J(p, 6,), (pa €)>p - <6/a €> for e € R"” ) (31)

where (-, -) denotes the dual pairing between R™ and (R™)’. Then J is an isometric
isomorphism of {p} x (R")" onto T,y X. Using this isomorphism, we identify T; X
with {p} x (R")".

Proof Obviously J is linear. If J(p,e’) = 0 for some (p,e’) € {p} x (R"*)’, then ¢’ =0
follows from (3.1). Therefore J is injective. Because

dim({p} x (R")") = dim({p} x R") = dim(7,X) = dim(7, X) ,

J is also surjective. The claim then follows from Theorem VII.1.6. m

Because Ty X = {p} x (R")’, there is for every Pfaff form o a unique map
a: X — (R"), the cotangent part of a, such that a(p) = (p, a(p)). A 1-form
belongs to the class C7 if o € C7(X, (R")"). We denote the set of all 1-forms of
class C? on X by Q) (X).

On V9(X), we define multiplication by functions in C7(X) by
CIUX)xVIX)—-VUX), (a,v)—av

using the pointwise multiplication (av)(p) := a(p)v(p) for p € X. Likewise, on
Qg (X), we define multiplication by functions in C9(X) by

CUX) x Q(X) = Qy(X) , (a,a) — acx

using the pointwise multiplication (ac)(p) := a(p)a(p) for p € X.

Then one easily verifies that V9(X) and Q4 (X) are modules® over the (com-
mutative) ring C?(X). Because C?(X) naturally contains R as a subring (using
the identification of A € R and A1 € C?(X)), we have in particular that V7(X)
and €2, (X) are real vector spaces.

3.2 Remarks (a) For o € Q,)(X) and v € VI(X),

(p = (ap)v(), = (alp),v())) € CU(X) .

LFor completeness, we have put the relevant facts about modules at the end of this section.
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(b) When no confusion is expected, we identify a € Q) (X) with its cotangent

part a = pry o ¢ and identify v € V9(X) with its tangent part v = pry o v. Then
VI(X) = CUX,R") and Q) (X)=CUX,(R")) .

(¢) Suppose f € C971(X), and
dpf =pryoT,f forpe X,

is the differential of f (see Section VIL.10). Then the map df := (p — d, f) belongs
to Q(g)(X), and we have d,,f = df(p). From now on, we write df (p) for d,f. m

The canonical basis

In the following, let (e1,...,e,) be the standard basis of R”, and let (¢!,...,&")
be the corresponding dual basis? of (R™)’, that is,?

<5j,ek>:5i for j, ke {l,...,n}.

We also set '
dz’ :=d(pr;) € Qooy(X) forj=1,...,n,

using the j-th projection pr;: R" — R, = = (21,...,7,) — ;.

3.3 Remarks (a) According to Remark 3.1(b), (), = (p,&’) belongs to Ty X for

every j =1,...,n, and ((El)p, . (8”)p) is the basis that is dual to the canonical
basis ((e1)p, - - -, (€n)p) of TpX.
(b) We have

de’ (p) = (p,e?) forpe Xandj=1,...,n
Proof The claim follows from Proposition VII.2.8, which gives

(dz’ (p), (ex)p), = (B(pr;)(p), ex) = Ok pr;( ik -
(c) Weset e;(p) := (p,e;) for1 <j<nandpe X. Then (ei,...,ey) is amodule
basis of V4(X), and (dz',...,dz") is a module basis of Q) (X). Also, we have
<d:vj(p),ek(p)>p = 5% for1<j,k<mandpe X, (3.2)

and (ey,...,e,) is the canonical basis of V4(X). Likewise, (dz!,... dz") is the
canonical basis of Q) (X).*

2T_he existence of dual bases is a standard result of linear algebra.
3(5% =6k = ik is the Kronecker symbol.
4These basis are dual to each other in the sense of module duality (see [SS88, § 70]).
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Finally, we define
(a,v): Qg)(X) x VI(X) — CUX)
through
(a,v)(p) = (a(p), v(p)), forpeX.
Then (3.2) takes the form

(dxj,ek>:5i for1<j,k<n.

Proof Suppose a € Qy)(X). We set
aj(p) = (a(p),e;(p)), forpeX.

Then, due to Remark 3.2(a), a; belongs to C?(X), and therefore 3 := 3" a; dz? belongs
to Qg (X). Also,

n

(B(p),ex(p)), =D a;(p)(da’ (), ex(p)), = ar(p) = (a(p),ex(p)), forpe X

Jj=1

and k = 1,...,n. Therefore @ = 3, which shows that (e1,...ey) and (dz',...,dz") are
module bases and that (3.2) holds. m

(d) Every a € Q4 (X) has the canonical basis representation

a= Z(a,q) da? .

Jj=1

(e) For f € C11(X),
df =0, fdat + -+ 0 fda™ .

The map d: C7(X) — Q) (X) is R-linear.
Proof Because

(df (p),e;(p)), = 0if(p) forpe X,

the first claim follows from (d). The second is obvious. m

(f) V4(X) and Q4 (X) are infinite-dimensional vectors spaces over R.

Proof We consider X = R and leave the general case to you. From the fundamental
theorem of algebra, it follows easily that the monomials { X™ ; m € N } in VI(R) = CY(R)
are linearly independent over R. Therefore V?(R) is an infinite-dimensional vector space.
We already know that Q) (R) is an R-vector space. As in the case of V4(R), we see that
{X™dx; meN} CQyR) is alinearly independent set over R. Therefore Q,)(R) is
also an infinite-dimensional R-vector space. m
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(g) The C(X)-modules V¥(X) and Q4 (X) are isomorphic. We define a module
isomorphism, the canonical isomorphism, through

n n
0: VIX) = Qp(X), > aje;— Y ajdal .
j=1 j=1

Proof This follows from (c) and (d). m
(h) For f € C9*1(X), we have @1 df = grad f, that is, the diagram®

is commutative.

Proof Due to (e), we have

o 'df = @*1(273 ajfdxj> - iajfe]- —gradf for f € CT(X) . m
j=1

j=1

Exact forms and gradient fields

We have seen that every function f € C97(X) induces the Pfaff form df. Now
we ask whether every Pfaff form is so induced.

Suppose a € 4 (X), where in the following we apply the identification rule
of Remark 3.2(b) If there is a f € C4T1(X) such that df = a, we say « is exact,
and f is an antiderivative of .

3.4 Remarks (a) Suppose X is a domain and o € Q)(X) is exact. If f and g

are antiderivatives of «, then f — g is constant.
Proof First, « = df = dg implies d(f — g) = 0. Then apply Remark VII.3.11(c). m

b) Suppose a = .7 . a;dx? € Q()(X) is exact. Then it satisfies integrability
j=1%j (1)
conditions
Ora; = 0jar, for1 <jk<n.

Proof Suppose f € C?(X) has df = a. From Remarks 3.3(d) and (e), we have a; = 9; f.
Thus it follows from the Schwarz theorem (Corollary VII.5.5(ii)) that

Ogaj; = Ok0;f = 00kf =0jar, for 1 <jk<n.m

5 Analogously to the notation df, we write grad f, or V f, for the map p — V,f (see Section
VIIL.10). In every concrete case, it will be clear from context whether grad f(p) means the value
of this function at the point p or the tangent part of Vy f.
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(c) If X C R, every form o € Q) (X) is exact.
Proof Because X is a disjoint union of open intervals (see Exercise 111.4.6), it suffices to

consider the case X = (a,b) with a < b. According to Remark 3.3(c), there is for every
a € Qg (X) an a € CU(X) such that o = adx. Suppose po € (a,b) and

P
f(p) ::/ a(z)dz for p € (a,b) .
Po

Then f belongs to C97(X) with f/ = a. Therefore df = adx = o follows from Re-
mark 3.3(e). m

With the help of the canonical isomorphism © : V9(X) — Q4 (X), the prop-
erties of Pfaff forms can be transferred to vector fields. We thus introduce the
following notation: a vector field v € V4(X) is a gradient field if there is an
f € C(X) such that v = Vf. In this context, one calls f a potential for v.

Remarks 3.3 and 3.4 imply immediately the facts below about gradient fields.

3.5 Remarks (a) If X is a domain, then two potentials of any gradient field on
it differ by at most a constant.

(b) If v = (v1,...,v,) € VYX) is a gradient field, the integrability conditions
Orv; = Ojvy, hold for 1 < j,k < n.

(c) A Pfaff form a € Q) (X) is exact if and only if O~ o € V(X)) is a gradient
field. m

3.6 Examples (a) (central fields) Suppose X := R™\{0} and the components of
the Pfaff form

o= Zaj dz? € Qg (X)

j=1

have the representation a;(x) := 2/p(|z|) for z = (2!,...,2") and 1 < j < n,
where ¢ € C’q(((), oo),R). Then « is exact. An antiderivative f is given by
f(z) := ®(|z]) with

O(r) == / to(t)dt forr >0,

To

where 1 is a strictly positive number. Therefore
the vector field v := 2?21 aje; = O lais a gra-
dient field in which the vector v(x) € T,(X) lies
on the line through = and 0 for every z € X. The
equipotential surfaces, that is, the level sets of f,
are the spheres rS™~! for r > 0, these spheres
are perpendicular to the gradient fields (see Ex-
ample VIIL.3.6(c)).
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Proof It is clear that ® belongs to C?"'((0,00),R) and that ®(r) = re(r). It then
follows from the chain rule that

9 f(x) =@ (|z|)a’ /|z| = 27 o(|z]) = aj(z) for j=1,...,nandz € X .

The remaining claims are obvious. m

(b) The central field z +— cx/|z|" with ¢ € R* and n > 2 is a gradient field. A
potential U is given by

clog || , n=2,
U(.’E) = 2—n
¢z /(2 —n), n>2,

for  # 0. This potential plays an important role in physics.® Depending on the
physical setting, it may be either the Newtonian or the Coulomb potential.

Proof This is a special case of (a). m

The Poincaré lemma

The exact 1-forms are especially important class of differential forms. We already
know that every exact 1-form satisfies the integrability conditions. On the other
hand, there are 1-forms that are not exact but still satisfy the integrability con-
ditions. It is therefore useful to seek conditions that, in addition to the already
necessary integrability conditions, will secure the existence of an antiderivative.
We will now see, perhaps surprisingly, that the existence depends on the topolog-
ical properties of the underlying domain.

A continuously differentiable Pfaff form is a closed if it satisfies the integra-
bility conditions. A subset of M of R" is star shaped (with respect to zg € M) if
there is an xg € M such that for every € M the straight line path [zg, 2] from
ro to x lies in M.

star shaped not star shaped

6The name “potential” comes from physics.
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3.7 Remarks (a) Every exact, continuously differentiable 1-form is closed.
(b) If M is star shaped, M is connected.
Proof This follows from Proposition I11.4.8. m

(c) Every convex set is star shaped with respect to any of its points. m

Suppose X is star shaped with respect to 0 and f € C1(X) is an antiderivative
of a =37 ajda’. Then a; = 9;f, and Remark 3.3(c) gives

(altz),e;) = a;(te) = 9 f(tx) = (V[f(tx)|e;) forj=1,....n.

Therefore {a(tz),z) = (Vf(tx)’x) for z € X, and the mean value theorem in
integral form (Theorem VII.3.10) gives the representation

1 1
f(z)— £(0) = / (Vf(t)| ) dt = / (alte), z) dt | (3.3)
0 0
which is the key to the next theorem.

3.8 Theorem (the Poincaré lemma) Suppose X is star shaped and ¢ > 1. When
a € Qg (X) is closed, a is exact.

Proof Suppose X is star shaped with respect to 0 and o = Z;L:l aj dz?. Because,
for x € X, the segment [0, z] lies in X,

= 1ax X = Y 1a x:ﬂk or xr .
f(:v).f/0<(t), )dt ;/0 g(tz)zk dt for z € X (3.4)

is well defined. Also
[(t,z) = (a(tz),z)] € CI([0,1] x X)) ,

and, from the integrability conditions d;ar = dra;, we get

%@y(m‘), x) = a;(tr) + Z trkOpa;(tr) .
k=1

Thus Proposition VIL.6.7 implies that f belongs to C?(X) and that

0;f(x) = /01 a;(tx) dt + /01 t(kzn:_l xkakaj(tx)) dt .

Integrating the the second integral by parts with u(t) := ¢ and v;(t) = a;(tz)
gives

1 1
0;f(x) = / a;(tz) dt + taj(tx)|é 7/ a;(tr)dt = aj(x) forxze X .
0 0
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Finally, since 9, f = a; belongs to C4(X) for j = 1,...,n, we find f € C7(X)
and df = « (see Remark 3.3(e)).

The case in which X is star shaped with respect to the point o € X can
clearly be reduced to the situation above by the translation x — = — zg. =

3.9 Remarks (a) The central fields of Example 3.6(a) show that a domain need
not be star shaped for a potential (or an antiderivative) to exist.

(b) The proof of Theorem 3.8 is constructive, that is, the formula (3.4) gives an
antiderivative. m

Until now, we exclusively used in Q4 (X) the canonical module basis con-
sisting of the 1-forms dx!, ..., dz". This choice is natural if we are using in V4(X)
the canonical basis (eq,...,e,) (see Remark 3.3(c)). In other words, if we under-
stand X as a submanifold of R", the module basis (dz?, ..., dz™) is adapted to the
trivial chart ¢ = idx. If we describe X using another chart ¢, we anticipate that
a € Q) (X) will be better represented better in a module basis adapted to "
To pass from one representation to another, we must study how the Pfaff forms
transform under change of charts.

Dual operators

We first introduce —in a generalization of the transpose of a matrix — the concept
of the “transpose” or “dual” of a linear operator.

Suppose E and F are Banach spaces. Then, to each A € L(FE, F), we define
a dual or transposed operator through

AT F' S E, fl—floA.

3.10 Remarks (a) The operator dual to A is linear and continuous, that is,
AT € L(F',E). Also®

(ATf e) = (f',Ae) forec Eand f' € F', (3.5)

and
IA | cer mry < NAllee,ry for A€ L(B,F) . (3.6)

Proof From A € L(E,F) it follows that A" f’ belongs to E’ for f' € F'. It is obvious
that AT : F/ — E’ is linear and that (3.5) holds. The latter implies

(AT )l = [ A < I HIAell < I IIAN flell - for e € E and f' € F.

"We will gain a better understanding of this issue in Volume III when we study differential
forms on manifolds.

81n functional analysis, it is shown that AT is characterized by (3.5) and that (3.6) holds with
equality.
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From this we read off (see Remark VII.2.13(a)) the inequality
AT < IANISN for e F'

Therefore we get (3.6) from the definition of the operator norm (see Section VI.2). Now
Theorem VI.2.5 guarantees that AT is continuous. m

(b) If € = (e1,...,en) and F = (f1,..., fm) are bases of the finite-dimensional
Banach spaces E and F, then [AT]g 7 = ([A]gf)T, where M T € K"*™ denotes
the matrix dual to M € K™*" and £ and F’ are the bases dual to £ and F.

Proof This follows easily from the definition of the representation matrix (see Section
VII.1) and by expanding f’ in the basis dual to F. m

(c) If G is another Banach space,
(BA)T = ATBT for A€ L(E,F) and B € L(F,G) ,

and (].E)T = 1E"-
(d) For A € Lis(E,F), AT belongs to Lis(F', E’), and (AT)"! = (A~1)T.

Proof This follows immediately from (c). m

Transformation rules

In the following, suppose X is open in R™ and Y is open in R™. In the special
casesn = 1 or m = 1, we also allow X or Y (as the case may be) to be a perfect
interval. Also suppose ¢ € C?(X,Y’) with ¢ € N* U {oo}.

Using ¢, we define the map
o*: RY - RY |
the pull back, through
O f:=foyp for feRY.

is the pull back of functions.”

*

More precisely, ¢
For Pfaff forms, we define the pull back by ¢ through

o Q(qfl)(}/) - Q(qfl)(‘X> , am9a
with
o a(p) = (Trp)  a(e(p)) .

From its operand, it will always be obvious whether ¢* means the pull back of
functions or of 1-forms. The pull back take functions (or 1-forms) “living” on Y
to ones on X, whereas the original ¢ goes the other way.

9This definition is obviously meaningful for f € Z¥ and any sets X, Y, and Z.
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3.11 Remarks (a) The pull backs of f € C9(Y) and ax € Q(,_1)(Y) are defined
through the commutativity of the diagrams

® Ty
Y TX

NS sa\ S

R

X TY
SD*

where (T'p)v € TY for v € TX is determined through

(Te)v) (¢(p)) = (Tpp)v(p) forpe X .
(b) For a € Q(q_1y(Y),

v alp) = (Tye) Tale(p) = (p, (9p(p) "a(pp))) € T;X forpe X .
Proof From the definition of ¢*a, we have

(¢ a(p),v(p), = (a(e®), (Tre)v (),
= (a(e(p)), 0p(p)o(p)) = ((9¢(p)) " a(p(p)), v(p))
for p € X and v € V4(X), and the claim follows. m

(c) The maps
" CUY) — CUX) (3.7)

and
90* : Q(q—l)(Y*) - Q(q—l)(AX) (38)

are well defined and R-linear. It should be pointed out specifically that in (3.8)
the “order of regularity” of the considered Pfaff forms is ¢ — 1 and not ¢, whereas
q is the correct order of regularity in (3.7). Because the definition involves the
tangential map, the one derivative order is “lost”.

Proof The statements about the map (3.7) follow immediately from the chain rule. The
properties of (3.8) are likewise implied by the chain rule and (b). m

In the next theorem, we gather the rules for pull backs.

3.12 Proposition Suppose Z is open in R’ or (in the case £ = 1) is a perfect
interval. Then
(i) (idx)* = idr(x) for F(X) := CUX) or F(X) := Qg—1)(X),
and
(Y o)t = Y* for p € CUX,Y) and ¢ € C1(Y, Z);
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(i) @*éfg) = (¢"f)(¥"g) for f,g € CU(Y),
an
©*(ha) = (p*h)p*a for h € C4)(Y) and a € Q-1 (Y);

(i) @*(df) = d(p*f) for f € CUY), that is, the diagram

d
cUY) Q-1 (Y)
©* ©"
d
C1(X) Qg-1)(X)

commutes.
Proof (i) The first claim is clear. To prove the second formula, we must show
o) f=(p od")f for feCi(Z),

and
(Yop)a= (g oy")a for acQy_1)(Z).

For f € C1(Z), we have
(o) f=Ffo(Pop)=(fop)op="flop=(p"0y")f.

For a € Q(q_1)(Y'), it follows from the chain rule of Remark VII.10.2(b) and from
Remark 3.10(c) that, for p € X,

(Wop)alp) = (Twop) alWop®) = (Tamv)oT; pw)Ta(z/)( ®))
= (Tpp) " (Tpim¥) (v (2(p))) = (Tpp) " a(p(p))
=" a(p) .

(ii) The first statement is clear. The second follows, for p € X, from

¢ (ha)(p) = (Tye) " (ha) (2(p)) = (Tpp) "h(p(p)) e (( )
= h(e(p)(Tpe) "a(elp) = ( ©*h)p*a)(p)

(iii) From the chain rule for the tangential map and the definition of differ-
entials, we get

*(df)(p) = (Tpp) "df (¢(p)) = df (¢(p)) o Tpp
=pry 0 Ty(p) foTpp =pryo Tp(fop) =d(¢"f)(p) ,

and therefore the claim. m
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3.13 Corollary For ¢ € DiffY(X,Y’), the maps
o CUY) = C1(X)
and
¢": Qg1 (Y) = Qg-1)(X)
are bijective with (¢*)~! = (p~1)*.
Proof This follows from Proposition 3.12(i). m

3.14 Examples (a) Denote points in X and Y by x = (2!,...,2") € X and
y=(y*,...,y™) €Y, respectively. Then

erdy’ =dy’ = Zﬁkgojdxk for1<j<m.
k=1

Proof From Proposition 3.12(iii), we have
@*dy’ =" d(pr;) = d(¢ pr;) =de’ = Oy’ da"
k=1
where the last equality is implied by Remark 3.3(e). m

(b) For a = Z;nzl a; dy’ € Qo) (Y), we have

n

Z i 0 0)Opy’ da®
=1 k=1

Proof Proposition 3.12(ii) and the linearity of ¢* give
" <Z a; dyj) => ¢ (aydy’) =D (¢ a;) (" dy’)
j=1 j=1 j=1
The claim then follows from (a). m

(c) Suppose X is open in R and o € Q(0)(Y). Then
o a(t) = (a(pt)),¢(t))dt forte X .

Proof This is a special case of (b). m

(d) Suppose Y C R is a compact interval, f € C(Y), and a := fdy € Q) (Y).
Also define X := [a,b], and let p € C1(X,Y). Then, according to (b),

e a =" (fdy) = (fop)dp=(fop) ds.
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Thus, the substitution rule for integrals (Theorem VI.5.1),

b , »(b)
/(fw)tp da::/ 7 dy
a w(a)

can be written formally with using the Pfaff forms o = fdy and ¢*« as

/X oo = /@(X) o (3.9)

Because Q)(X) is a one-dimensional C(X)-module, every continuous 1-
form B on X can be represented uniquely in the form g = bdx for b € C(X).
Motivated by (3.9), we define the integral of § = bdx € Q) (X) over X by

[ o= [0 (3.10)

where the right side is interpreted as a Cauchy—Riemann integral. Thus we have
replaced the previously formal definition of the “differential”, which we gave in
Remarks VI.5.2, with a mathematically precise definition (at least in the case of
real-valued functions). m

Modules

For completeness, we collect here the most relevant facts from the theory of modules.
In Volume III, we will further study the modules V*(X) and €, (X) through some
examples.

Suppose R = (R, +, ) is a commutative ring with unity. A module over the ring R,
an R-module, is a triple (M, +, -) consisting of a nonempty set M and two operations: an
“inner” operation +, addition, and an “outer” operation -, multiplication, with elements
of R. These must satisfy

(M1) (M,+) is an Abelian group;
(Mz) the distribute property, that is,

A(vtw)=xv+Aw, A+p)-v=Av+p-v for \,u € Randv,we€ M ;
Mz) Ao (p-v)=A-p)-v, 1l-v=v for\,u€ Randv € M.

3.15 Remarks Suppose M = (M, +,) is an R-module.

(a) As in the case of vector spaces, we stipulate that multiplication binds stronger than
addition, and we usually write Av for A - v.

(b) The axiom (Ms) shows that the ring R operates on the set M from the left (see
Exercise 1.7.6).
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(c) The addition operations in R and in M will both be denoted by + . Likewise, we
denote the ring multiplication in R and the multiplication product of R on M by the
same -. Finally, we write 0 for the zero elements of (R, +) and of (M, +). Experience
shows that this simplified notation does not lead to misunderstanding.

(d) If R is a field, M is a vector space over R. B

3.16 Examples (a) Every commutative ring R with unity is an R-module.

(b) Suppose G = (G, +) is an Abelian group. For (z,g) € Z x G, let'°

ZZ:197 z2>0,
Z-g:i= 0, z=0,
-39, z2<0.

Then is G = (G, +,-) is a Z-module.

(c) Suppose G is an Abelian group and R is a commutative subring of the ring of all
endomorphisms of G. Then G together with the operation

RxG—-G, (T,9)—Tg,
is an R-module.

(d) Suppose M is an R-module. A nonempty subset U of M is a submodule of M if
(UM;) U is a subgroup of M,

(UM2) R-UCU.

It is not hard to verify that a nonempty subset U of M is a submodule of M if and only
if U is a module with the operation induced by M.

If {Us ; @ € A} is a family of submodules of M, then [, Ua is also a submodule
of M. m

Suppose M and N are modules over R. The map T: M — N is a module homo-
morphism if

T+ pw) = XT'(v) + pT'(w) for \,u € Rand v,w € M .

A bijective module homomorphism is a module isomorphism. Then the inverse map
T-': N — M is also a module homomorphism. When there is a module isomorphism
from M to N, we say M and N are isomorphic, and we write M = N.

Suppose M is an R-module and A C M. Then
span(A) := ﬂ{ U ; U is a submodule of M with U D A}

is called the span of A in M. Clearly span(A) is the smallest submodule of M containing
A. When span(A) equals M, we call A a generating system of M.

The elements vo,...,vx € M are said to be linearly independent over R if \; € R
and 25:0 Ajv; = 01imply Ao = --- = Ap = 0. A subset B of M is free over R if every
finite subset of B is linearly independent. If span(B) = M for some subset B over R,
then B forms a basis of M. An R-module that has a basis is called a free R-module.

10See Example 1.5.12.
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3.17 Remarks (a) These statements are equivalent:
(i) M is a free R-module with basis B.
(ii) Every v € M is of the form v = 25:0 Ajv; for unique \; € R* and v; € B.
Proof Refer to texts on algebra (for example [SS88, §§ 19 and 22]). m
(b) Suppose M and N are modules over R and M is free with basis B. Further suppose

S and T are module homomorphisms from M to N with §|B =T |B. Then S =T, that
is, a homomorphism over a free module is uniquely determined by how it maps its basis.

(c) Suppose B and B’ are bases of a free R-module M. Then one can show that
Num(B) = Num(B’) if R is not the null ring (for example [Art93, § XII.2]). Thus
the dimension of M is defined by dim(M) := Num(B).

(d) Zs is not a free Z-module.

Proof From Exercise 1.9.2, we know that Zz is a ring. Therefore (Zz,+) is an Abelian
group, and Example 3.16(b) shows that Z2 is a Z-module. Suppose B is a basis of Zs
over Z. Then the coset [1] belongs to B. On the other hand, [0] = 2 - [1] shows that [1]
is not linearly independent over Z, that is, [1] ¢ B. m

(e) Suppose M is an R-module and M = span(B) for B C M. Then'" B does not
(generally) contain a basis of M.

Proof We consider in the Z-module'? Z the set B = {2,3}. From Z = Z(3 — 2), we
have span(B) = Z. Further, it follows from

3.2—2-3=0andz-2#5#2-3 forzeZ
that neither {2, 3} nor {2} nor {3} is a basis of Z. m

(f) Suppose M is a free R-module and U is a free submodule of M with basis B’. Then
B’ does not (generally) generate a basis of M.

Proof Z is a free module over Z. The even integers 2Z form a free submodule of Z.
However, neither {2} nor {—2} generates a basis of Z. Also, dim(Z) = dim(2Z) = 1. m

(g) If R is a field, the above notions of “span”, “linear independence”, “bases”, and
“dimension” agree with those of Section 1.12. m

Exercises

1 Suppose E, F and G are Banach spaces; also let A € L(E,F) and B € L(G,E).
Prove

(a) (AB)T = BTAT;

(b) For A € Lis(E,F), we have A" € Lis(F',E') and [AT]7' =[A7"]".

2  Which of these 1-forms are closed?

(a) 2zy° dz + 32%y° dy € Qo) (R?).

1 Suppose V is a K vector space and V = span(B). The it is proved in linear algebra that B
contains a basis of V.
I2Note that Z is a free Z-module.
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(b) 2(z? —y? — 1) dy — day dx
(22 + y2 — 1)2 + 4y2

3 Suppose X :=R*\ {(-1,0),(1,0)},

€ Q(o0)(X), where X := R? \ {(—1,0)7 (1,0)}.

e: X =R\ {(0,00}, (z,9)— (2*+y* —1,2y)

and
_udv—vdu

2
v e {0.0)})
Show that @™« coincides with the 1-form of Exercise 2(b).

4 Suppose X is open in R™ and a € Q(1)(X). Denote by a € C'(X,R™) the cotangent
part of @ 'a.. Prove that « is closed if and only if da(z) is symmetric for every z € X.

5 Suppose
a:=xdy—ydx € Q(oo)(RQ) and (:= a/(w2 +3°) e Q(Oo)(RQ \ {(0,0)})
and
¢: (0,00) x (0,27) — RQ\{(O,O)} , (r,0) — (rcos@,rsinb) .
Calculate p*« and ¢* 3.
6 Determine p*a for o := xdy — ydz — (z + y) dz € Qo) (R?) and

v:(0,2m) x (0,7) — R® (61,02) — (cos 6y sin 62, sin 01 sin Bz, cos 62) .

7 Suppose X and Y are open in R", ¢ € Diff?(X,Y), and o € Q(4_1)(Y) for some
q > 1. Prove

(a) a is exact if and only if "« is exact;

(b) for ¢ > 2, « is closed if and only if "« is closed.

8 Suppose X is open in R? and a € Q)(X). A function h € C'(X) is an Euler
multiplier (or integrating factor) for a if ha is closed and h(z,y) # 0 for (z,y) € X.

(a) Show that if h € C*(X) satisfies h(z,y) # 0 for (z,y) € X, then h is an Euler
multiplier for a = adx + bdy if and only if

ahy — bha + (ay —bz)h =0 . (3.11)
(b) Suppose a,b,c,e > 0, and let
B:=(c—ex)yde+ (a —by)zdy .
Show that (8 has an integrating factor of the form h(z,y) = m(zy) on X = (0, 00)%

(Hint: Apply (3.11) to find a differential equation for m, and guess the solution.)

9 Let J and D be open intervals, f € C(J x D,R) and o :=dx — fdt € Q)(J x D).
Further suppose u € C'(J, D), and define ¢, : J — R?* t — (t,u(t)). Prove that
pna =0 if and only if w solves & = f(¢,x).

10  Verify that V(X) and Q4 (X) are C?(X)-modules and that V" (X) and Q(,11)(X)
are respectively submodules of V?(X) and Q4 (X).
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11 Suppose R is a commutative ring with unity and a € R. Prove

(a) aR is a submodule of R;

(b) aR # 0 <= a # 0;

(c) aR # R <= a has no inverse element.

A submodule U of an R-module M is said to be nontrivial if U # {0} and U # M. What
are the nontrivial submodules of Zs and of Zg?

12 Prove the statements of Example 3.16(d).

13 Suppose M and N are R-modules and T: M — N is a module homomorphism.
Verify that ker(T) := {v € M ; Tv = 0} and im(T") are submodules of M and N,
respectively.
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4 Line integrals

In Chapter VI, we developed theory for integrating functions of a real variable over
intervals. If we regard these intervals as especially simple curves, we may then
wonder whether the concept of integration can be extended to arbitrary curves.
This section will do just that. Of course, we can already integrate functions of
paths, so to develop a new way to integrate that depends only on the curve, we
will have to ensure that it is independent of parametrization. It will turn out that
we must integrate Pfaff forms, not functions.

In these sections, suppose
e X is open in R";
I and I are compact perfect intervals.

In addition, we always identify vector fields and Pfaff forms with their tangent
and cotangent parts, respectively.
The definition

We now take up the substitution rule for integrals. Suppose I and J are compact
intervals and ¢ € C(I,J). Further suppose a € C(J) and o = a dy is a continuous
1-form on J. Then according to 3.14(d) and Definition (3.10), the substitution

rule has the form
/ CYZ/(,O*O&:/(GO(Q)@dt. (4.1)
(1) I I

Because () (/) is a one-dimensional C'(.J)-module, every a € Qg)(./) has a unique
representation « = a dy such that a € C(J). Therefore (4.1) is defined for every
a € Q) (J). The last integrand can also be expressed in the form

(a(e(t), (1)) dt = (a(p(t)), o(t)1) dt .
This observation is the basic result needed for defining line integrals of 1-forms.
For o € Q(0y(X) and v € C(I, X)

/70‘ ::/ﬂ*a:/l<a(v(t))d(t)>dt

is the integral of o along the path ~.

4.1 Remarks (a) In a basis representation a = >77_, a; daz, we have

La:é/j(ajoy)ﬁjdt.

Proof This follows directly from Example 3.14(b). m
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(b) Suppose ¢ € C'(I1,I) and 71 := 7o . Then

1)
/a /a for a € Q) (X) .
Y 71

Proof Proposition 3.12(i) and the substitution rule (3.9) give
/a—/ v o) a—/ (v a) /’ya—/a for a € Qpy(X) . m
I I

This result shows that the integral of o along v does not change under a
change of parametrization. Thus, for every compact C' curve I in X and every
a € Q) (X), the line integral of o along T’

few= e

is well defined, where « is an arbitrary C'' parametrization of T.
4.2 Examples (a) Let I be the circle parametrized by ~: [0,27] — R?, t —
R(cost,sint). Then
/Xdy—Ydﬂc:27rR2 .
r

Proof From
v*dx = dy' = —(Rsin) dt and v* dy = dv* = (Rcos) dt
it follows that v*(X dy — Y dx) = R?dt, and the claim follows. m

(b) Suppose o € Qo) (X) is exact. If f € C*(X) is an antiderivative,'

/Fa:/rdf:fwﬂ—fmp) ,

where Ar and Er are the initial and final points of I'.

Proof We fix a C'' parametrization v: [a,b] — X of I. Then it follows from Proposi-
tion 3.12(iii) that

v df =d(y"f) =d(fov) =(for)dt.
Therefore we find

/Fa:/Fdf:/abfy*df:/ab(fov)'dthOﬂZZf(EF)—f(AF)

because Er = v(b) and Ar = v(a). m

I This statement is a generalization of Corollary VI.4.14.
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(c) The integral of an exact Pfaff form along a C! curve I' depends on the initial
and final points, but not on the path between them. If I' is closed, the integral
evaluates to 0.

Proof This follows directly from (b). m

(d) There are closed 1-forms that are not exact.
Proof Suppose X :=R>\ {(0,0)} and a € Q(oo)(X) with

rdy —ydx

o for (z,y) € X .

a(z,y) =

One easily checks that « is closed. The parametrization v: [0,27] — X, t — (cost,sint)
of the circle T gives v*a = dt and therefore

27
/a:/ dt=2m#0.
r 0

Then (c) shows « is not exact. m

(e) Suppose g € X and v, : I — X, t+> . This means that 7,, parametrizes
the point curve I', whose image is simply {x¢}. Then

/ a=0 foraeQqg(X).
gt

=0

Proof This is obvious because Y, = 0. ®

Elementary properties
Suppose I = [a,b] and v € C(I, X). Then
Y I—=X, tevy(a+b—1)

is the path inverse to v, and —I" := [y7] is the curve inverse to I' := [y]. (Note
that T" and —T" have the same image but the opposite orientation).

EN A:N

Ar E_r

r I

Now let ¢ € N*U{oo}. Further suppose v € C(I, X) and (to, ..., t,) is a partition
of I. If?
v =] [tj—1,t5] € CU([tj-1,t], X) for1<j<m,

2See Exercise 1.5 and the definition of a piecewise continuously differentiable function in
Section VI.7. Here we also assume that ~ is continuous.
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then we say < is piecewise-C? path in X or a sum of the C'? paths ;. The
curve I' = [y] parametrized by ~ is said to be a piecewise C? curve in X,
and we write I' := I'y + -+ + I[';;,, where

['; := [y;]. Given a piecewise C' curve

T =T+ +Tpin X and a € Q) (X) I

we define the line integral of « along I" by

r
Ja=3 [ a. :
r j=17Ts

Finally, we can also join piecewise C'? curves. So let I' := E;n:l I'; and
[= Z;il fj be piecewise C' curves with Er = Ax. Then ¥ = %; +---+ X4 5

with
» _{ Fja 1§j§m7

T Tyomy, mH1<j<m+m,

is a piecewise C? curve, the sum?® of T' and L. In this case, we write I' + =%

and set
/ a::/a for o € Q) (X) .
I+ by

Clearly, these notations are consistent with the prior notation I' =T +--- + T,

for a piecewise C' curve and the notation [ = [. . . « for line integrals.

The next theorem lists some basic properties of line integrals.

4.3 Proposition Suppose I, T'y and Ty are piecewise C' curves and o, oy, a0 €
Q(O) (X) Then
(1) JrAron 4+ Aoao) = A1 [pon + Ao [p oz, A A2 €R,
that is, fr : Q(0)(X) — R is a vector space homomorphism;
(i) [ po=—[ra,
that is, the line integral is oriented;
(iii) if T’y + T’y is defined, we have

1+ Iy Iy

that is, the line integral is additive with respect to its integrated curves;
(iv) fora=3"_  ajde’ and a: =0 a=3"_ aje; = (ar,...,a,) € V°(X), we
have

’/Fa‘ < I;lé;mlg(|a(x)|L(I‘) .

3Note that for two piecewise C curves I' and f‘, the sum I'+ T is only defined when the final
point of I" is the initial point of T".
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Proof The statements (i) and (iii) are obvious.
(ii) Due to (iii), it is sufficient to consider the case where I' is a C'? curve.

Suppose v € C! ([a, b], X) parametrizes I'. Then we write v~ as 7~ = v o ¢,
where ¢(t) == a+b—t for t € [a,b]. Because p(a) = b and ¢(b) = a, it follows
from Propositions 3.12(i) and (3.9) that

/ 0‘7/ /b(vw) /ab¢*<7*a)/ba7*a/ab7*a
-

(iv) The length of the piecewise C! curve I' =T'y + - - + I, is clearly equal
to the sum of the lengths of its pieces? T';. Thus it suffices to prove the statement
for one C* curve I' := [y]. With the help of the Cauchy—Schwarz inequality and
Proposition VI.4.3, it follows that

| / of = | / v = / (a(r(). 4(0) di| = | / (al+(0)) (1)) ]
< [le®)] 130t < malata) [ 360 a

= rgggla( z)| L(T),

where we identify (R")” with R", and in the last step, we have applied Theo-
rem 1.3. m

The fundamental theorem of line integrals

4.4 Theorem Suppose X C R" is a domain and a € Q) (X). Then these
statements are equivalent:

(i) « is exact;

(ii) [« =0 for every closed piecewise C! curve in X.

Proof The case “(i)=-(ii)” follows from Example 4.2(b) and Proposition 4.3(iii).

“(ii)=-(1)” Suppose 9 € X. According to Theorem III.4.10, there is for
every ¢ € X a continuous, piecewise straight path in X that leads to = from zg.
Thus there is for every = € X a piecewise C' curve I'y, in X with initial point zg
and final point . We set

f: X—=R, xl—>/ o
FTL‘

4See Exercise 1.5.
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To verify that f is well defined, that
is, independent of the special curve
I';;, we _choose a second piecewise Ct
curve I'; in X with the same end
points. Then ¥ := T', + (fI‘z) is a
closed piecewise C! curve in X. By
assumption we have fza = 0, and
we deduce from Proposition 4.3 that
0= a- ffm a. Therefore f is well
defined.

Suppose now h € RT with B(z,h) C X and II; := [r;] with

m:[0,1]] =X, t—a+the; forj=1,...,n.

Then I'y +1I; and IT; = (—T';) 4+ (T’ +II;) are curves X. Because I'y, and 'y +11,
have the same initial point z,

f(:v+h6j)f(x)/Fﬁnja/rwa/nja.

Letting a; := (o, e;), we find

1 1 1
/ a= / o= / (a(z + thej), hej) dt = h/ a;(x + the;) dt .
I, 0 0 0

Therefore
e hey) = £(0) = ay(@h = b [ fay(o +the;) = aya)] de = ofh)

as h — 0. Thus f has continuous partial derivatives 0;f = a; for j = 1,...,n.
Now Corollary VII.2.11 shows that f belongs to C1(X), and Remark 3.3(e) gives
df =a.m

4.5 Corollary Suppose X is open in R" and star shaped, and let xo € X. Also
suppose ¢ € N* U {oo} and o € Q) (X) is closed. Let

f(x) ::/ a forze X,
Ty
where I, is a piecewise C' curve in X with initial point x¢ and final point . This
function satisfies f € C1t1(X) and df = «.

Proof The proof of the Poincaré lemma (Theorem 3.8) and of Theorem 4.4 guar-
antee that f € C1(X) and df = o. Because 9;f =aj € C4(X) for j =1,...,n, it
follows from Theorem VIL.5.4 that f belongs to C9T!(X). m

This corollary gives a prescription for constructing the antiderivative of a
closed Pfaff form on a star shaped domain. In a concrete calculation, one chooses
the curve I';, that makes the resulting integration the easiest to do (see Exercise 7).
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Simply connected sets

In the following, M C R™ denotes a nonempty

path-connected set. Every closed continuous

path in M is said to be a loop in M. Two

loops® v0,71 € C(I, M) are homotopic if there

isan H € C(Ix[0,1], M), a (loop) homotopy,

such that

(1) H(a O) =70 and H(a 1) = V15

(ii) vs = H(:,s) is a loop in M for every
s€(0,1).

When two loops 79 and y; are homotopic, we write y9 ~ 1. We denote by 7z,

the point loop [t — x¢] with g € M. Every loop in M that is homotopic to a

point loop is null homotopic. Finally, M is said to be simply connected if every

loop in M is null homotopic.

4.6 Remarks (a) On the set of all loops in M, ~ is an equivalence relation.

Proof (i) It is clear the every loop is homotopic to itself, that is, the relation ~ is
reflexive.

(ii) Suppose H is a homotopy from vy to 1 and
H™(t,s):=H(t,1—s) for (t,s) eI x][0,1].

Then H™ is a homotopy from 7; to 0. Therefore the relation ~ is symmetric.

(iii) Finally, let Hy be a homotopy from 79 to 71, and let H; be a homotopy from
Y1 to v2. We set

) Ho(t,2s), (t,s) e I x[0,1/2],
Ht, ) = { Hi(t,2s—1), (t,s) e I x[1/2,1] .

It is not hard to check that H belongs to C(I x [0, 1], M); see Exercise I11.2.13. Also,
H(-,0) =0 and H(:,1) = 72, and every H(-,s) isaloop in M. m
(b) Suppose v is a loop in M. These statements are equivalent:
(i) 7 is null homotopic;
(ii) v ~ vz, for some xog € M;
(iii) ~ ~ 7y, for every z € M.

Proof It suffices to verify the implication “(ii)=-(iii)”. For that, let v € C(I,M) be a
loop with v ~ 7, for some xo € M. Also suppose x € M. Because M is path connected,
there is a continuous path w € C(I, M) that connects zo to x. We set

H(t,s):=w(s) for (t,s) € Ix][0,1],

and we thus see that v, and v, are homotopic. The claim now follows using (a). m

5It is easy to see that, without loss of generality, we can define 79 and -1 over the same
parameter interval. In particular, we can choose I = [0, 1].
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(c) Every star shaped set is simply connected.

Proof Suppose M is star shaped with respect to o and v € C(I, M) is a loop in M.
We set
H(t,s) :=z0 + s(y(t) —zo) for (t,s) € I x[0,1] .

Then H is a homotopy from vz, to v. m

(d) The set @ := By\T with T := ((—1/27 1/2) x {O}) U ({O} x (=1, O)) is simply
connected, but not star shaped.

for (d)

The homotopy invariance of line integrals

The line integral of closed Pfaff forms is invariant under loop homotopies:

4.7 Proposition Suppose o € Q;)(X) is closed. Let o and 1 be homotopic
piecewise C! loops in X. Then f% o= f% a.

Proof (i) Suppose H € C’(I x [0, 1], X) is a homotopy from g to 1. Because I X
[0, 1] is compact, it follows from Theorem II1.3.6 that K := H(I>< [0, 1]) is compact.
Because X is closed and X¢ N K = (), there is, according to Example 111.3.9(c),
an € > 0 such that

|H(t,s) —y| >¢e for (t,s) € I x[0,1] and y € X°.

Theorem II1.3.13 guarantees that H is uniformly continuous. Hence there is a
& > 0 such that

|H(t,s) — H(r,o)| <e for[t—7|<d, |s—0a|<d.
(ii) Now we choose a partition (¢o,...,tn) of I and a partition (so, ..., s¢) of
[0,1], both with mesh < §. Letting A; j := H(t;, sx), we set

t—t;

Ve(t) = Aj1k +
tj —tj—1

(Aj’k — Ajfl’k) for tj,1 S t S tj s

1<j<m,and 0 < k < /.
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Ajo ~ Aj Ajr—1
T Ajk

Aj-1.k
Aoo Ao k-1 Ao,k Aj1k—1

Clearly every 7; is a piecewise C! loop in X. The choice of § shows that we can
apply the Poincaré lemma in the convex neighborhood B(A;_1 x—1,€) of the points
Aj_1k—1. Thus we get from Theorem 4.4 that

/ a=0 forl<j<mandl1<k</,
Vi k

where 0V}, denotes the closed piecewise straight curve from A;_1x—1 to Ajr_1
to Ajr to Aj_1, and back to A;_1 1. Therefore

/ a:/a forl1<k</{,
Fr—1 Vi

because the integral cancels itself over the “connecting pieces” between 71 and
k. Likewise, using the Poincaré lemma we conclude that f% a = f’Yo o and

J. a= [ a, as the claim requires. m
e Ye

As an application of homotopy invariance theorem, we now get a wide-
reaching generalization of the Poincaré lemma.

4.8 Theorem Suppose X is open in R™ and simply connected. If o € Q(1)(X) is
closed, « is exact.

Proof Suppose 7 is a piecewise C' loop in X and zg € X. According to Re-
mark 4.6(b), v and -y, are homotopic. Then Proposition 4.7 and Example 4.2(e)
give fw a= fw a =0, and the claim follows from Theorem 4.4. m

=0

4.9 Examples (a) The “punctured plane” R? \ {(O7 O)} is not simply connected.
Proof This follows from Theorem 4.8 and Example 4.2(d). m
(b) For n > 3, the set R™\{0} is simply connected.

Proof See Exercise 12. m

4.10 Remarks (a) Suppose X is open in R" and simply connected. Also, suppose
the vector field v = (v1,...,v,) € V1(X) satisfies the integrability conditions
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0jv = Oyv; for 1 < j,k < n. Then v has a potential U, that is, v is a gradient
field. If xg is any point in X, then U can be calculated through

U(z) := /0 (v(72(¢)) |fym(t)) dt forzxe X,

where v, : [0,1] — X is a piecewise C' path in X for which 7,(0) = x¢ and
Y2 (1) = z.

Proof The canonical isomorphism © defined in Remark 3.3(g) assigns to v the Pfaff
form o := Ov € Q(1)(X). Because v satisfies the integrability conditions, « is closed and
therefore exact by Theorem 4.8. Because, in the proof of Corollary 4.5, we can replace
the Poincaré lemma by Theorem 4.8, it follows that, with I'y := [vs],

U(x)::/ a forze X,

z

defines a potential for . m

(b) Suppose o = Y7, ajda’l € Qy(X), and let @ := @' = (a1,...,04) €
V(X)) be the associated vector field. It is conventional to write o symbolically as
a scalar product

a=a-ds

using the vector line element ds := (dx!,... dx™). Then, due to Remark 3.3(g),

the line integral
/ a-ds:= / Oa

is well defined for every vector field a € V(X) and for every piecewise C! curve I’
in X.

(c) Suppose F' is a continuous force field (for example, the electrostatic or grav-
itational field) in an open subset X of (three-dimensional Euclidean) space. If a
(small) test particle is guided along the piecewise C! curve I' = [y], then the work
done by F' along I is given by the line integral

/F~ds.
r

In particular, if 7 is a piecewise C' parametrization of I', then

_ / Fods— / (F(+(0) | 5(t)) dt

is a Cauchy-Riemann integral. Therefore it is approximated by the Riemann sum

> F((t1) At )t — 1)



336 VIII Line integrals

where 3 := (tg,...,t,) is a suitable partition of I. Because

V() —v(tj-1) = V(ti-1)(t; — tjim1) +o(D3)
where A3 is the mesh of 3, the sum

n

ST F((t-1)) - (v(t5) = 3 (ti-1)

j=1

represents, for a partition with sufficiently small mesh, a good approximation for
A which, by passing the limit A3 — 0, converges to A (see Theorem VI.3.4). The
scalar product

F(y(tj-1)) - (v(t;) = v(tj-1))

is the work of a (constant) force F(y(tj—1)) done on a particle displaced on a
line segment from ~y(t;_1) to y(¢;) (“work = force x distance” or, more precisely,
“work = force x displacement in the direction of the force”).

A force field F is said to be conservative if it has a potential. In that case,
according to Example 4.2(c), the work is “path independent” and only depends
on the initial and final position. If X is simply connected (for example, X is
the whole space) and F' has continuous derivatives, then F', according to (a) and
Theorem 4.8, is conservative if and only if the integrability conditions are satisfied.
If the latter is the case, one says that the force field is irrotational.’ m

Exercises

1 Calculate
/(JC2 — ) dz + 3zdy + dzy dz
r

along one winding of a helix.

2 Suppose ¢ € C* ((0,00),R) and

a(z,y) = zp(\/22 +y2) dy — yo(v/22 + y2) dz for (z,y) € R* .

What is the value of fra when T' is the positively oriented” circle centered at 0 with
radius R > 07

3 Calculate
/ 2zy° dz + 3z%y° dy |
r

where T' is parametrized by [a, 8] — R?, ¢~ (¢,t2/2).

6We will clarify this language in Volume III.
7A circle is by convention positively oriented when it is traversed in the counterclockwise
direction (see Remark 5.8).
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4 Suppose I'y are I'_ are positively oriented circles of radius 1 centered at (1,0) and
(=1, 0), respectively. Also suppose

2(2% — y? — 1) dy — 4wy dz

@ A gy © e (BEA{(-1,0),(10)}) -

Prove

(Hint: Exercise 3.3.)

5 Suppose X is open in R™ and I is a C* curve in X. For ¢ > 0, prove or disprove that

[0~z an fo
r r

is a C?(X) module homomorphism.

6 Suppose X and Y are open in R™ and R™, respectively, and a € 4 (X xY"). Further
suppose I is a C' curve in X. Show that

f:Y =R, y'—>/roc(-,y)

belongs to C(Y,R). Calculate V[ for ¢ > 1.

7 Suppose —co < a;j < 3 < oo for j=1,...,n and X := H;lzl(()éj,ﬁj). Also suppose

a=>"a; da’ € Q)(X) is closed. Determine (in a simple way) all antiderivatives

of a.

8 Suppose X := (0,00)? and a,b,c,e > 0. According to Exercise 3.8(b),
a:=(c—ex)ydr+ (a — by)zdy

has an integrating factor h of the form h(z,y) = m(zy). Determine all antiderivatives of
ha. (Hint: Exercise 7.)

9 Suppose X is open in R”™ and T is a compact piecewise C' curve in X with the
parametrization 7. Also suppose f, fr € C(X,R") for k € N. Prove

(a) if (v* fx) converges uniformly to v* f,
hm/Zf,gdxf:/Zfﬂ'dmj ;
kJrid ris
(b) if 3=, ¥" fr converges uniformly to v* f,

Zk:/rjzn;fgdsz/rifjdxj.
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10 Suppose a; € C*(R™,R) is positively homogeneous of degree A # —1 and the 1-form
a:=3 ", a;da’ is closed. Show that

IR
f(z) ::/\—HE aj(x) forz=(z", ..., 2") eR"
Jj=1

defines an antiderivative for «. (Hint: Apply the Euler homogeneity relation (see Exer-
cise VIL.3.2).)

11 Show that if v € C(I, X) is a loop, there is a change of parameter ¢ : [0,1] — I such
that v o ¢ is a loop.

12 (a) Suppose X is open in R™ and « is a loop in X. Show that v is homotopic to a
polygonal loop in X.

(b) Show that R"\R"a is simply connected for a € R™\{0}.

(c¢) Suppose 7 is a polygonal loop in R™\{0} for n > 3. Show that there is a half ray
R*a with a € R™\ {0} that does not intersect the image of .

(d) Prove that R™\{0} is simply connected for n > 3.
13 Prove or disprove that every closed 1-form in R™\{0} is exact for n > 3.

14 Suppose X C R" is nonempty and path connected. For v1,v2 € C([O, 1],X) with
71(1) = 72(0),

n(2t) 0<t<1/2,

: 0,1 X, t
2 & 01~ H{w@tl), 1/2<t<1

is the path joining ~2 to v1. For x¢ € X, define

Seo = {v€C([0,1], X) ; v(0) =y(1) =0 } .
Also denote by ~ the equivalence relation induced by the loop homotopies of Sy, (see
Example 1.4.2(d)).

Verify that
(a) the map

(Szo/~) X (Sao/~) = Sao /s (Iml][r2]) = 2 @]

is a well defined operation on Su,/~, and II1(X,zo) = (Sz,/~,®) is a group, the
fundamental group, or the first homotopy group, of X with respect to xo;

(b) for xo,z1 € X, the groups I11 (X, zo) and II; (X, x1) are isomorphic.

Remark Part (b) justifies speaking of the “fundamental group” II;1(X) of X; see the
construction in Example 1.7.8(g). The set X is simply connected if and only if IT; (X) is
trivial, that is, if it consists only of the identity element.

(Hint for (b): Let w € C([0, 1], X) be a path in X with w(0) = zo and w(1) = z1. Then
the map [y] — [w @y @ w™] is a group isomorphism from IT; (X, zo) to II1 (X, z1).)
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5 Holomorphic functions

Line integrals becomes particularly useful in complex analysis, the theory of com-
plex functions. With the results from the previous section, we may deduce almost
effortlessly the (global) Cauchy integral theorem and the Cauchy integral formula.
These theorems form the core of complex analysis and have wide-reaching conse-
quences, some of which we will see in this section and the next.

Here, suppose
e Uisin Cand f: U — C is continuous.

Also in this section, we often decompose z € U and f into real and imaginary
parts, that is, we write

z=x+iy e R+iR and f(2) = u(z,y) +iv(x,y) e R+iR .

Complex line integrals

Suppose I C R is a compact interval, and suppose T is a piecewise C! curve in U
parametrized by

I—-U, twz(t)=a)+iyt) .

/fdz::/f(z)dz::/ud:rfvdy+i/udy+vdx
r r r r

is the complex line integral of f along I'.!

Then

5.1 Remarks (a) We denote by (U, C) the space of continuous complex 1-forms
and define it as follows:

On the product group (Q(O)(U) x Qo) (U), —I—), we define an outer multipli-
cation

C(U,C) x [Q0)(U) x Qoy(U)] = Q) (U) x Qp(U) ,  (f,) = fer,
where
fa:= ((ua1 —oby) dx + (uag — vbs) dy, (uby + vay) dx + (vag + ubs) dy)
for o = (a1 dz + aa dy, by dz + by dy). Then one immediately verifies that

QU,C) := () (U) x Q) (U), +,-)

'n this context, the curve I may also be called the contour.



340 VIII Line integrals

is a free module over C'(U, C). In addition, we have

1(a1 dx + a2 dy,0) = (a1 dz + a2 dy,0) ,
i(ay dz + azdy,0) = (0,a1 dz + as dy)
for a1 dx +as dy € Qo) (U). Therefore we can identify Qq)(U) with Q) (U) x {0}
in Q(U,C) and represent (a1 dz + a2 dy, b1 dz + ba dy) € Q(U,C) uniquely in the
form
ay dz + az dy + i (b1 dx + ba dy)

which we express through the notation
Q(U, (C) = Q(O)(U) + iQ(o)(U) .

Finally, we have
(a1 +ib1)(dx,0) = (a1 dx, by dz) |

(az +1ib2)(dy, 0) = (a2 dy, bz dy) ,
and thus

(a1 4+ ib1)(dx,0) + (ag + ib2)(dy,0) = (a1 dz + a2 dy, by dx + b2 dy) .
This means we can also write (a; dx + az dy, by dz + by dy) € Q(U, C) uniquely as
(a1 =+ lbl) dx + (ag =+ Zbg) dy s

that is,
Q(U,C) = {adx+bdy; a,be C(U,(C)} .

(b) With u, := 01u etc, we call
df = (uz +1v) dz + (uy +ivy) dy € Q(U,C)
the complex differential of f. Clearly, dz = dx + i dy, and we get?
fdz= (u+iv)(dx +idy) =udr—vdy +i(udy +vdx) (5.1)
for f=u+ive C(U,C). n

5.2 Proposition Suppose I' is a piecewise C' curve parametrized by I — U,
t — z(t). Then

() Jrf(2)dz= [} f(2(2))2(t) dt;

(i) | [ f(2)dz| < max.er |f(2)] L(T).

2Compare (5.1) with the definition of the complex line integral of f.
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Proof (i) For the piecewise C! path v: I — R?, ¢+ (z(t),y(t)), we have

/Ffdz:/Ify*(udvady)+i/1fy*(udy+vdx)
:/[(uo'y)ﬁc—(UO'y)y']dt—l—i/[(uoy)y—&-(vo'y)jﬂ dt
I I
:/I(uoy—&—ivoy)(i‘—&-iy)dt

- [ rewzmar

(ii) This statement follows from (i) by estimating the last integral using
Theorem 1.3 and Proposition VI1.4.3. m

5.3 Examples (a) Suppose zp € C and r > 0, and let z(t) := 29 + re’t for
t € [0,27]. Then, for T := [z], we have

/F<220)mdz{ 0, m € Z\{-1},

2mi m=-1.
Proof Because
27 . . 2w
/(z —z0)" dz = / e Mirett dt = ir™ ! / etmtt gy
r 0 0

the claim follows from the 27i-periodicity of the exponential function. m

(b) Suppose I' is as in (a) with zo = 0. Then for z € C, we have

L / AFleAz gy = G for k e N
27 I k! '

Proof From Exercise 4.9, it follows that

/)\—k—le)\zd)\zzz_'/)\n—k—ld)\7
r n=0 nJr

and the claim is implied by (a). m

(c) Suppose I' is the curve in R parametrized by I — C, ¢+ t. Then

[seras= [ .

that is, the complex line integral and the Cauchy—Riemann integral from Chapter
VI agree in this case.
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Proof This follows from Proposition 5.2(i). m

(d) For the curves I'y and I'y parame-
trized respectively by

Iy
[0,71] = C, trs ™t
and
Iy
[-1,1] = C, t—t, ) g 1
we have
/ |z| dz = fi/ e (Tt gt = ¢ (71 g =2
I 0
and

1
/ |z|dz:/ [t|dt =1.
I's —1

Thus complex line integrals generally depend on the integration path and not only
on the initial and final points. m

Holomorphism

A holomorphic function f is a function that has continuous complex derivatives,
that is, f € C1(U,C). We call f continuously real differentiable if

U—R*, (2,9) (uz,y) v(zy)
belongs to C*(U,R?) (see Section VIIL.2).

5.4 Remarks (a) At the end of this section we will show that the assumption of
continuous complex derivatives is unnecessary, that is, every complex differentiable
function has a continuous derivative and is therefore holomorphic. We apply here
the stronger assumption of continuous complex differentiability because it brings
us more quickly to the fundamental theorem of complex analysis, that is, of the
theory of complex-valued functions of a complex variable.

(b) A function f is holomorphic if and only if it is continuously real differentiable
and satisfies the Cauchy—Riemann equations

Uy = Vy and uy = —v, .

In this case, f = uy, + iv,.

Proof This a reformulation of Theorem VII.2.18. m
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(c) According to Remark 5.1(b), we have
fdz=udr—vdy+i(udy+vdx) .

If f is holomorphic, the Cauchy—Riemann equations say that the 1-forms u dr—v dy
and u dy 4+ v dx are closed.

(d) Suppose U is a domain and f is holomorphic. Then f is constant if and only
if these conditions are satisfied: >

(i) u = const;
(ii) v = counst;
(iii) f is holomorphic;
(iv) |f| = counst.
Proof If f is constant, (i)—(iv) clearly hold.

Because f' = uy + ivy, it follows from the Cauchy—Riemann equations and from
Remark VIL.3.11(c) that either (i) or (ii) implies f is constant.

(iii) If f and f are holomorphic, so is u = (f + f)/? Since Im(u) = 0, it follows
from (ii) that u is constant and therefore, by (i), so is f.

(iv) It suffices to consider the case f # 0. Because |f| is constant, f vanishes
nowhere. Therefore 1/f is defined and holomorphic on U. Thus f = |f|*/f is also
holomorphic in U, and the claim follows from (iii). m

The Cauchy integral theorem

We have seen in Example 5.3(d) that complex line integrals generally depend on
more than the initial and final points of the integration path. However, in the case
of holomorphic integrands, the theorems of the previous sections give the following
important results about path independence.

5.5 Theorem (the Cauchy integral theorem) Suppose U is simply connected and
f is holomorphic. Then, for every closed piecewise C' curve I' in U,

Afm:o.

Proof According to Remark 5.4(c) the 1-forms o := udr—vdy and as := udy+
vdx are both closed. Because U is simply connected, it follows from Theorem 4.8
that ay and as are exact. Now Theorem 4.4 implies

/fdz:/a1+i/a2:0
r r r

for every closed, piecewise C! curve I' in U. m

3See Exercise V.3.5.
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5.6 Theorem Suppose U is simply connected and f is holomorphic. Then f has
a holomorphic antiderivative. Every antiderivative ¢ of f satisfies

/F fdz = p(Er) — p(Ar)

for every piecewise C' curve I' in U.

Proof We use the notation of the previous proofs. Because o1 and «y are exact,
there are hi, hy € C?(U,R) such that dh; = a1 and dhy = ao. From this, we read
off

(M)e=u, (h)y=-v, (h2)a=v, (ha)y=u.

Therefore ¢ := hy + ihy satisfies the Cauchy—Riemann equations. Thus ¢ is
holomorphic, and

o' =(h)s+ilh2)e=u+iv=f.
This shows that ¢ is an antiderivative of f. The second statement follows from
Example 4.2(b). m

5.7 Proposition Suppose f is holomorphic and v, and 72 are homotopic piecewise
C" loops in U. Then
/ fdz= / fdz.
71 2

Proof This follows from Remark 5.4(c) and Proposition 4.7 (see also the proof
of Theorem 5.5). m

The orientation of circles

5.8 Remark We recall the notation D(a,r) = a 4+ rD for an open disc in C with
center a € C and radius r > 0. In the following, we understand by 9dD(a,r) =
a + 0D the positively oriented circle with center a and radius r. This means
that OD(a,r) is the curve I' = [y] with v: [0,27] — C, t +— a + re'’. With this
orientation, the circle is traversed so that the disc D(a,r) stays on the left side,
or it is traversed counterclockwise. This is equivalent to saying that the negative
unit normal vector —n always points outward.

Proof From Remark 2.5(c) and the canonical identification of C with R?, it follows
that the Frenet two-frame is given by e; = (—sin, cos) and es = (— cos, —sin). Letting
z(t) = a+ r(cost,sint) € OD(a,r), we have the relation

z(t)+rex(t)=a for0<t<2m.

Thus ex(t) points inward along dD(a,r), and its negative points outward. m
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The Cauchy integral formula

Holomorphic functions have a remarkable integral representation, which we derive
in the next theorem. The implications of this formula will be explored in later
applications.

5.9 Theorem (the Cauchy integral formula) Suppose f is holomorphic and
D(zp,r) C U. Then
1 f(©)

270 Jon(z,r) € — 2

fz) =

d¢ for z € D(zp,7) .

Proof Suppose z € D(zp,7) and & > 0. Then there is an § > 0 such that D(z,§) C
U and
[f(Q) = f(2)| e for ¢ €D(2,9) . (5:2)
We set ' := 9D(z,d) and T := 0D(zp,7). Exercise 6 shows that I's and I' are
homotopic in U\{z}. In addition,
Uz} =C, (—1/(C-2)

is holomorphic. Therefore it follows from Proposition 5.7 and Example 5.3(a) that

| = /Fé o =2 (5.3)

Uz} =C, ¢ (f(¢) = f()/(¢~2)

is also holomorphic, we know from Proposition 5.7 that

/ f = d¢ = Md{ ) (5.4)

I's ¢—=z

Because

Combining (5.3) with (5.4), we get

1 fQ . 1 f(z) f(Q) = f(z)
2mi Fszdci%/sz 2m/ (—z dq

— )+ 5 [ O

Then Proposition 5.2(ii) and (5.2) imply the estimate

‘27”/ O - 12) C— d(‘ s—2mi=c,

27T2/r"<!-f(—<)z dc =z )‘

Because € > 0 was arbitrary, the claim is proved. m

and we find
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5.10 Remarks (a) Under the assumptions of Theorem 5.9, we have

r[?" f(zo + re’t)

it
=— . dt for z € D(2o,
o7 ) Fogreiio ol or z € D(zo,7)

f(2)

and, in particular,
2

flz0) = fzo +rett)dt .

2r Jo
(b) A function f has the mean value property if, for every zo € U, there is an
ro > 0 such that

2w

flz0) = o |, f(zo +re't)dt for r € [0,70] .

It follows from (a) that holomorphic functions have the mean value property.

(¢) If f has the mean value property, then so does Re f, Im f, f, and Af for A € C.
If g € C(U,C) also has the mean value property, then so does f + g.

Proof This follows from Theorems III.1.5 and I11.1.10 and Corollary VI1.4.10. m

(d) The Cauchy integral formula remains true for essentially general curves, as we
will show in the next section. m

Analytic functions

As another consequence of the Cauchy integral formula, we now prove the funda-
mental theorem, which says that holomorphic functions are analytic. We proceed
as follows: Suppose zg € U and r > 0 with D(zp,7) C U. Then the function

D(z0,7) = C, 2z f(Q)/((—2)

is analytic for every ¢ € 9D(zp,7) and admits a power series expansion. With the
help of the Cauchy integral formula we can transfer this expansion to f.

5.11 Theorem A function f is holomorphic if and only if it is analytic. Therefore

CY(U,C) = C*(U,C) .

Proof (i) Suppose f is holomorphic. Let zgp € U and r > 0 with D(zg,7) C U.
We choose z € D(zp,7) and set 7 := |z — 2o|. Then 79 < r, and

|z — 20| _T 4 for ¢ € T := 0D(zo,7) .
€=zl 7
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Therefore the geometric series S a* with a := (2 — 20)/(¢ — 20) converges and has

the value
> /2 — 2 ko 1 _(—20
Z(C—Zo) S 1l—(2—20)/(C—2) (—z

k=0

Then

= Bl () I B LG

(—2 (~2&\{—zn) ~ &)

Because T' is compact, there is an M > 0 such that |f({)] < M for ¢ € T. It
follows that

M M k
k‘ K (T—O) for el .
r

Because rq/r < 1, the Weierstrass majorant criterion (Theorem V.1.6) says that
the series in (5.5) converges uniformly with respect to ¢ € T'. Setting

a := ! /Lodg for ke N, (5.6)
r

= om (C — zo)FH1
it follows* from Proposition VI.4.1 that

_ 1 f©)
f(Z)_% r (¢ —2)

Because this is true for every zg € U, we find f can be expanded in the neighbor-
hood of every point in U in a convergent power series. Therefore f is analytic.

(ii) When f is analytic, it has continuous complex derivatives and is thus
holomorphic. m

5.12 Corollary (Cauchy’s derivative formula) Suppose f is holomorphic, z € U,
and r > 0 with D(z,7) C U. Then

f‘”’(z):i/ Ldg forneN .
0

2mi D(z,r) (C - Z)n+1

4See also Exercise 4.9.
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Proof From Theorem 5.11, Remark V.3.4(b), and the identity theorem for ana-
lytic functions, it follows that f is represented in D(z,r) by its Taylor series, that
is, f =7 (f,z). The claim now follows from (5.6) and the uniqueness theorem for
power series. m

5.13 Remarks (a) Suppose f is holomorphic and z € U. Then the above proof
shows that the Taylor series 7 (f, z) replicates the function f in at least the largest
disc that lies entirely in U.

(b) If f is holomorphic, u and v belong to C*°(U,R).
Proof This follows from Theorem 5.11. m
(¢) If f is analytic, then so is 1/f (in U\ f~1(0)).

Proof From the quotient rule, 1/f has continuous derivatives in U\ f~*(0) and is there-
fore holomorphic. Then the claim follows from Theorem 5.11. m

(d) Suppose V is open in C. If f: U — C and ¢g: V — C are analytic with
f(U) C V, the composition go f: U — C is also analytic.

Proof This follows from the chain rule and Theorem 5.11. m

Liouville’s theorem

A function holomorphic on all of C said to be entire.

5.14 Theorem (Liouville) Every bounded entire function is constant.

Proof According to Remark 5.13(a), we have

~

> £(k)
f(Z):Zf k'(() & forzeC.
k=0 '

By assumption, there is an M < oo such that |f(z)| < M for z € C. Thus it
follows from Proposition 5.2(ii) and Corollary 5.12 that

‘ F™(0) ‘
k!

=

<— forr>0.
T

For k > 1, the limit » — oo shows that f(*)(0) = 0. Therefore f(2) equals f(0)
for every z € C. m

5.15 Application Liouville’s theorem helps with an easy proof of the fundamental
theorem of algebra, that is, every nonconstant polynomial on C[X] has a zero.

Proof We write p € C[X] in the form p(z) = Y. p_,arz" with n > 1 and a, # 0.
Because

— 4n-1 , ., 90
p(z) =z (an+ , +--+ ),

Zn
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we have |p(z)| — oo for |z|] — oo. Thus there is an R > 0 such that |p(z)| > 1 for
z ¢ RD. We assume that p has no zeros in RD. Because RD is compact, it follows
from the extreme value theorem (Corollary II1.3.8) that there is a positive number € such
that |p(z)| > e. Therefore 1/p is entire and satisfies |1/p(z)| < max{1,1/e} for z € C.
Liouville’s theorem now implies that 1/p is constant and thus so is p, a contradiction. m

The Fresnel integral

The Cauchy integral theorem also can be used to calculate real integrals whose
integrands are related to holomorphic functions. We can regard integrals with real
integration limits as complex line integrals on a real path. Then the greater free-
dom to choose the integration curve, which is guaranteed by the Cauchy integral
theorem, will allow us to calculate many new integrals.

The next theorem demonstrates this method, and we will generalize the tech-
niques in the subsequent sections. Still more can be learned from the exercises.

5.16 Proposition The following improper Fresnel integrals converge, and

/ cos(t?) dt :/ sin(t?) dt = var .
0 0 4

Proof The convergence of these integrals follows from Exercise VI.8.7.

Consider the entire function z — e~ A
along the closed piecewise C' curve I' = a+ia
I'y + 'y + I's that follows straight line seg-
ments from 0 to a > 0 to a + i« and finally
back 0. From the Cauchy integral theorem,
we have

—/ e_zzdz:/ e‘zzdz+/ e dz . .
I's I I's ”

Fl «Q

I's
Ty

v

Application VI.9.7 shows

/efzzdz:/ eftzdt—>/ efthtZ\/—E (v = 0) .
r 0 0 2

The integral over I's can be estimated as

[0 [0} [0
‘/ e—zz dz’ _ ’/ 6_(O‘+it)2i dt‘ S/ e~ Re(a+it)? dt — 6_0‘2/ etz g
Ty 0 0 0

Noting
[ [ 1
/ e’ dt < / e dt = —(6“2 -1),
0 0 o
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we find .
‘/ efzzdz‘g—(l—efaz)—w) (a0 — 00) .
I o

Thus we get

lim (— /1“3 e dz) = \/TE . (5.7)

a—00

With the parametrization ¢t +— t 4 it of —I's, we have

—/ e dz:/ e_(lﬂ)ztz(l—&-i)dt:(l—&—i)/ e 2 gt
I's 0 0
:(1+z’)(/ cos(2t2)dt—i/ sin(2t2)dt) .
0 0

By the substitution v/2¢ = 7 and the limit & — oo, we find using (5.7) that

x e N
/Ocos(TZ)dez/O sm(TZ)deme(lfz).I

The maximum principle

We have already seen in Remark 5.10(b) that holomorphic functions have the mean
value property. In particular, the absolute value of a holomorphic function f at
the center of a disc cannot be larger than the maximum absolute value of f on the
boundary.

5.17 Theorem (generalized maximum principle) Suppose the function f has the
mean value property. If |f| has a local maximum at zo € U, then f is constant in
a neighborhood of z.

Proof (i) The case f(zo9) = 0 is clear. Because f(zp) # 0, there is a ¢ such that
|c] = 1 and cf(29) > 0. Because c¢f also has the mean value property, we can
assume without loss of generality that f(zo) is real and positive. By assumption,
there is an ro > 0 such that D(20,70) C U and |f(2)| < f(20) for z € D(z0,70)-
Also

f(z0) = 5 OQW f(zo +rettydt forr e [0,7o] .
(ii) The function h: U — R, z+ Re f(z) — f(#0) satisfies h(zp) = 0 and
h(z) <[f(2)] = f(z0) <0 for z € D(20,70) -
According to Remark 5.10(c), h also has the mean value property. Therefore

1

27
/ h(zo +rett)dt for 0 <r<rg. (5.8)
0
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Because h(zg + re’t) < 0 for r € [0,70] and t € [0,27], Proposition VI1.4.8 and
(5.8) imply that h vanishes identically on D(zg,79). Therefore Re f(z) = f(zo) for
z € D(z0,70). Now it follows from |f(2)| < |f(20)| = Re f(zo) that Im(f(z)) = 0,
and therefore f(z) equals f(z¢) for every z € D(zg,70). m

5.18 Corollary (maximum principle) Suppose U is connected and f has the mean
value property.

(i) If |f] has a local maximum at zy € U, then f is constant.

(ii) If U is bounded and f € C(U,C), then |f| assumes its maximum on dU,
that is, there is a zo € OU such that |f(20)| = max_ g |f(2)].

Proof (i) Suppose f(z9) = wp and M := f~!(wp). The continuity of f shows
that M is closed in U (see Example I11.2.22(a)). According to Theorem 5.17, every
z1 € M has a neighborhood V such that f(z) = f(z0) = wo for z € V. Therefore
M is open in U. Thus it follows from Remark II1.4.3 that M coincides with U.
Therefore f(z) = wy for every z € U.

(ii) Because f is continuous on the compact set U, we know | f| assumes its
maximum at some point zg € U. If 2y belongs to AU, there is nothing to prove. If
2o lies inside U, the claim follows from (i). m

Harmonic functions

Suppose X is open in R”™ and not empty. The linear map
A: C*(X,K) - C(X,K), fr> 0if
j=1

is called the Laplace operator or Laplacian (on X). A function g € C?(X,K) is
harmonic on X if Ag = 0. We denote the set of all functions harmonic on X by
Harm(X, K).
5.19 Remarks (a) We have A € Hom(C?(X,K),C(X,K)), and
Harm(X,K) = A71(0) .

Thus the harmonic functions form a vector subspace of C?(X,K).
(b) For f € C%*(X,C), we have

f € Harm(X,C) < Re f,Im f € Harm(X,R) .
(c) Every holomorphic function in U is harmonic, that is, C* (U, C) C Harm(U, C).

Proof If f is holomorphic, the Cauchy—Riemann equations imply

of = 0:0yv — i0:0yu , Oif = —0y0uv + 19y0su .
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Therefore we find Af = 0 because of Corollary VIL5.5(ii). m
(d) Harm(U,C) # C¥(U,C).

Proof The function U — C, z + iy — x is harmonic but not holomorphic (see Re-
mark 5.4(b)). m

The previous considerations imply that the real part of a holomorphic func-
tion is harmonic. The next theorem shows that on simply connected domains
every harmonic real-valued function is the real part of a holomorphic function.

5.20 Proposition Suppose u: U — R is harmonic. Then we have these:

(i) Suppose V := D(zg,r) C U for some (z9,7) € U x (0,00). Then there is a
holomorphic function g in V such that u = Reg.

(ii) If U is simply connected, there is a g € C* (U, C) such that u = Reg.

Proof Because u is harmonic, the 1-form o := —u, dx + u, dy satisfies the inte-
grability conditions. Therefore « is closed.

(i) Because V is simply connected, Theorem 4.8 says there is a v € C*(V,R)
such that dv = a|V. Therefore v, = —uy, |V and v, = u,|V. Setting g(z) :=
u(z,y) + iv(z,y), we find from Remark 5.4(b) and Theorem 5.11 that g belongs
to C¥(V,C).

(ii) In this case, we can replace the disc V' in the proof of (i) by U. m

5.21 Corollary Suppose u: U — R is harmonic. Then
(i) uwe C=(U,R);
(ii) w has the mean value property;

(iii) if U is a domain and there is a nonempty subset V' of U such that u|V =0,
then u = 0.

Proof (i) and (ii) Suppose V :=D(zp,r) C U for some r > 0. Because differen-
tiability and the mean value property are local properties, it suffices to consider u
on V. Using Proposition 5.20, we find a g € C¥(V,C) such that Reg = u|V, and
the claims follow from Remark 5.13(b) and Remarks 5.10(b) and (c).

(iii) Suppose M is the set of all z € U for which there is a neighborhood V
such that |V = 0. Then M is open and, by assumption, not empty. Suppose
zp € U is a cluster point of M. By Proposition 5.20, there is an r > 0 and
ag € C’“(]D)(zo,r),(C) such that Reg = u|D(zg,r). Further, M N D(zg,r) is
not empty because zp is a cluster point of M. For z; € M N D(zp,r), there
is a neighborhood V of z; in U such that w|V = 0. Therefore it follows from
Remark 5.4(d) that g is constant on V ND(zp, 7). The identity theorem for analytic
functions (Theorem V.3.13) then shows that g is constant on D(zg,r). Therefore
u =0 on D(zp,7), that is, zop belongs to M. Consequently M is closed in U, and
Remark I11.4.3 implies M =U. =
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5.22 Corollary (maximum and minimum principle for harmonic functions)
Suppose U is a domain and v: U — R is harmonic. Then

(i) if u has a local extremum in U, then u is constant;

(ii) if U is bounded and u € C(U, R), then u assumes its maximum and its
minimum on OU.

Proof According to Corollary 5.21(ii), v has the mean value property.

(i) Suppose zp € U is a local extremal point of u. When u(zp) is a pos-
itive maximum of u, the claim follows from Theorem 5.17 and Corollaries 5.18
and 5.21(iii). If u(zo) is a positive minimum of u, then z — [2u(z0) — u(z)] has a
positive maximum at zg, and the claim follows as in the first case. The remaining
cases can be treated similarly.

(ii) This follows from (i). m

5.23 Remarks (a) The set of zeros of a holomorphic function is discrete. However,
the set of zeros of a real-valued harmonic function is not generally discrete.

Proof The first statement follows from Theorem 5.11 and the identity theorem analytic
functions (Theorem V.3.13). The second statement follows by considering the harmonic
function C - R, z+iy+— z. ®

(b) One can show that a function is harmonic if and only if has the mean value
property (see for example [Con78, Theorem X.2.11]). m

Goursat’s theorem

We will now prove, as promised in Remark 5.4(a), that every complex differentiable
function has continuous derivatives and is therefore holomorphic. To prepare,
we first prove Morera’s theorem, which gives criterion for proving a function is
holomorphic. This criterion is useful elsewhere, as we shall see.

Suppose X C C. Every closed path A of line segments in X that has exactly
three sides is called a triangular path in X if the closure of the triangle bounded
by A lies in X.

5.24 Theorem (Morera) Suppose the function f satisfies | A fdz =0 for every
triangular path A in U. Then f is analytic.

Proof Suppose a € U and r > 0 with D(a,r) C U. It suffices to verify that
f1D(a,r) is analytic. So suppose zg € D(a,r) and

F:D(a,r)—C, z~— f(w)dw .
la,2]

5A subset D of a metric space X is said to be discrete if every d € D has a neighborhood U
in X such that U N D = {d}.
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Our assumptions imply the identity

F(z) = /[[ S /H e =FGo) [ s

HZo,ZH

Therefore
%ﬁ;(%) — f(z0) = ijo /[[ZO,Z]] (f(w) — f(zo)) dw forz+#zy. (5.9)

Suppose now ¢ > 0. Then thereis a d € (0,7 —|zo—al) such that | f(w)— f(z0)| < €
for w € D(29,d). Thus it follows from (5.9) that

‘F(Z)*F(Zo)

—f(zo)‘<€ for 0 < |z — 20| <0 .
zZ— 20

Therefore F'(z9) = f(z0), which shows that F' has continuous derivatives. Then
Theorem 5.11 shows F belongs to C¥ (]D)(a, T), (C), and we find that F/ = f|D(a,r)
belongs to C¥ (]D)(a, T), (C). [

5.25 Theorem (Goursat) Suppose f is differentiable. Then | A fdz =0 for every
triangular path A in U.

Proof (i) Suppose A is a triangular path in U. Without loss of generality, we
can assume that A bounds a triangle with positive area. Then A has the vertices
20, 21, and 2o, and zo € [z0,21]. Thus fA z)dz = 0, as is easily verified. We
denote by K the closure of the triangle bounded by A.

By connecting the midpoints
of the three sides of A, we get
four congruent closed subtriangles
Kq,...,K4 of K. We orient the
(topological) boundaries of the K
so that shared sides are oppositely
oriented and denote the resulting
triangular paths by Aq,...,A4.
Then

‘/Af(Z)dz"g/Ajf(z)dz <41m]ax4‘/ f(z dz )

Of the four triangular paths Aq,...,Ay4, there is one, which we call A', that

satisfies
‘ f(z) = max ’ / fz dz .
Al

‘/Af(z)dz’ 34‘ N f(z)dz‘ .

Then
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(ii) To A', we apply the same decomposition and selection procedure as we
did for A. Thus we inductively obtain a sequence (A™) of triangular paths and
corresponding closed triangles K™ such that

K'DK?>--->K"D--- and‘ A f(z)dz‘§4’/A +1f(z)dz’ (5.10)

for n € N*. Clearly { K™ ; n € N* } has the finite intersection property. There-
fore it follows from the compactness of K! that (), K™ is not empty (see Exer-
cise 111.3.5). We fix a zo in [ K™.

(iii) The inequality in (5.10) implies

’/A f(z)dz’ <4

In addition, we have the elementary geometric relations

£(2) dz‘ . (5.11)
A'n,

L(A™1) = L(A")/2 and diam(K"™*!) = diam(K™)/2 for n € N* .
From this follows
L(A"™) = ¢/2" and diam(K") = d/2" for n € N*

where ¢ := L(A) and d := diam(K).
(iv) Suppose € > 0. The differentiability of f at zo implies the existence of a
§ > 0 such that D(zp,d) C U and

|f(z) — f(20) — ['(20)(z — 20)| < % |z — 20| for z € D(20,0) .

We now choose an n € N* with diam(K™) = d/2" < §. Because zg € K™, we then
have A™ C D(zp, d). The Cauchy integral theorem implies

0= dz:/ zdz .
A‘VL n

Thus

‘ AT

fE)de| =] [ (7E) = 7o) = f0)(z — 20)) 2
9

= % erélaA)g |z — 20| L(A™) < %diam(K")L(An) - =

Now (5.11) finishes the proof. m

5.26 Corollary If f is differentiable, f is holomorphic.

Proof This follows from Theorems 5.24 and 5.25. m
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The Weierstrass convergence theorem

As a further application of Morera’s theorem, we prove a theorem due to Weier-
strass concerning the limit of a locally uniformly convergent sequence of holo-
morphic functions. We have already applied this result—in combination with
Theorem 5.11 —in Application VI.7.23(b) to prove the product representation of
the sine.

5.27 Theorem (Weierstrass convergence theorem)  Suppose (g,) is a locally
uniformly convergent sequence of holomorphic functions in U. Then g := lim g,
is holomorphic in U.

Proof According to Theorem V.2.1, g is continuous. From Remark V.2.3(c) we
know that (g,) is uniformly convergent on every compact subset of U. There-
fore (gn) to g converges uniformly on every triangular path A in U. Therefore
Proposition VI.4.1(i) implies

/ gdz = lim gndz =10, (5.12)
A A

n—oo
where the last equality follows from the Cauchy integral theorem applied to g,.

Because (5.12) holds for every triangular path in U, Morera’s theorem finishes the
proof. m

Exercises

1 If f: U — C is real differentiable,

(Ouf +i0yf)

N | =

N | =

ow f:=

are called the Wirtinger derivatives® of f.

Show

(a) Bwf = 0w, and Bw ] = Bw f;

(b) f is holomorphic <> dw f = 0;

(c) 40w Ow f = 40w Ow f = Af if f is twice real differentiable;

() det{ v } zdet{ ngfi gg; } — 10w £I? — [Fw 1.

2 Suppose dZ := d(z +— Z). Then dz = dz — i dy and

df = dufdx+ 0y fdy = f' dz = 8w fdz +Ow fdZ for f € C'(U,C) .

6Usually, the Wirtinger derivative will be denoted by & (or 9). However, when this notation
might collide with our notation 9 for the derivative operator, we will write Oy (or respectively
ow ).
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3 The 1-form a € Q)(U,C) is said to be holomorphic if every zo € U has a neighbor-
hood V such that there is an f € C*(V,C) with df = a|V.

(a) Show these statements are equivalent:
(i) « is holomorphic.

(ii) There is a real differentiable function a € C(U,C) such that « = adz and « is
closed.

(iii) There is an a € C* (U, C) such that o = adz.
(b) Show that

_ xdx +ydy +Z,mdyfydm
72 + y2 72 + 32

is a holomorphic 1-form in C*. Is « is globally exact, that is, is there a holomorphic
function f in C* such that o = f dz?
4 Suppose U is connected and u: U — R is harmonic. If v € C*(U,R) satisfies the
relations v, = —uy and vy = uz, we say that v is conjugate to u. Prove
(a) if v is conjugate to u, then v is harmonic;
(b) if U is simply connected, then to every function harmonic in U there is a harmonic
conjugate. (Hint: Consider u, — iuy.)
5 Prove the Weierstrass convergence theorem using the Cauchy integral formula. Also

show that, under the assumptions of Theorem 5.27, for every k € N the sequence ( flk))neN

of k-th derivatives converges locally uniformly on U to F®, (Hint: Proposition VIL.6.7).

6 Suppose zp € U and r > 0 with D(z0,r) C U. Further suppose z € D(zo,7) and § > 0
with D(z,d) C U. Verify that dD(z,4) and dD(zo,r) are homotopic in U\{z}.

7 With the help of the Cauchy integral theorem, show [*_dz/(1+ z?) = 7.

8 Supposep=>__,arX" € C[X] is such that a, = 1. Let R := max{1, 250, lak|}
Show

[2]"/2 < |p(2)| < 2|z|* for z € RD" .
9 Suppose 0 < rg <r <r1 <ooand f is holomorphic in D(zo,r1). Prove that

rn! ma |
—_— x
(r —ro)™t! weab(zq,r)

1F™ ()] < f(w)| for z € D(z0,70) and n € N .

10 Given an entire function f, suppose there are M, R > 0 and an n € N such that
|f(2)] < M |z|" for z € RD°. Show f is a polynomial with deg(f) < n. (Hint: Exercise 9.)

11 Suppose I'; and T's are compact piecewise C' curves in U and f € C(U x U,C).

Show
/ ( f(w,z)dw) dz:/ ( f(w,z)dz) dw .
Ty Ty ry ~Jre
(Hint: Exercise VIL.6.2).

12 Suppose I is a compact piecewise C' curve in U and f € C(U x U, C). Also suppose
f(w,-) is holomorphic for every w € U. Show that

F:U—-C, zt—>/f(w,z)dw
r
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is holomorphic and that F' = [ daf(w, ) dw.
(Hint: Exercise 11, Morera’s theorem, and Proposition VII.6.7.)

13 Suppose L = a+Rb, a,b € Cis a straight line in C, and f € C(U, C) is holomorphic
in U\ L. Show f is holomorphic in all of U. (Hint: Morera’s theorem.)

14 Suppose U is connected and f is holomorphic in U. Prove the following.

(a) If | f| has a global minimum at zp, then either f is constant or f(zo) = 0.

(b) Suppose U is bounded and f € C’(U, C). Show either that f has a zero in U or that

| f] assumes its minimum on OU.

15 For R >0,
Pr: ROD x RD — C, ((,2)+— %
is called the Poisson kernel for RD.
Prove
(a) Pr(¢,2) =Re((¢+2)/(¢ — z)) for (¢,2) € ROD x RD;
(b) for every ¢ € ROD, the function Pr((,-) is harmonic in RD;
(c) for 7 € [0, R] and ¢, 6 € [0, 27),
R2 _ 2

Pr(Re'® reit) — )
R(Re™ e R2 — 2Rrcos(§ —t) + 72’

(d) P(1,re'ty =302 rlmle™ for 7 €[0,1), and t € R;
(e) OQW Pr(Re'?, z)df = 2r for z € RD.
(Hint for (d): 322 ,(re’")* = 1/(1 —re'?).)

16 Suppose p > 1 and f is holomorphic in pD. Show that
L[ i0 i0
fz)=— Pi(e',z)f(e'")df for ze€D.
2m Jo

(Hints: (i) For g € C*(poD, C) with pg > 1, show

1 27 g(eiO)

(if) For z € D, po := min(p,1/|z]), g: poD — C, show w — f(w)/(1 — wZz) is holomor-
phic.)
17 Show these:
(a) For g € C(9D, R),
2m . .
D—-C, z+~ Pi(e'? 2)g(e'?) do
0

is harmonic.
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(b) If f € C(]I_)),R) is harmonic in D, then
1 27

:%O

f(z) Pi(e? 2)f(e'?)do for zeD .

(Hints: (a) Exercise 15(b) and Proposition VIL.6.7. (b) Suppose 0 < 7, < 1 with
limr, =1 and fi(z) := f(rrz) for z € r;,'D. Exercise 16 gives

27 . .
fk(z):L/ Pi(e? 2) fu(e?)dz for zeD.
27 Jo

Now consider the limit k — c0.)
18 Suppose a € C and a # Rea. Show that for vo: R — C, s+ a+is, we have

1
et = — eMA—a)"tdx fort>0.
2mi J,,

(Hint: The Cauchy integral formula gives
ta 1
e

= — eMA—a)"tdx forteRandr>0.
27y oD(a,r)

Now apply the Cauchy integral theorem.)
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6 Meromorphic functions

In central sections of this chapter, we explored complex functions that were holo-
morphic except at isolated points. Typical examples are

C*—>C, zrell? C\{£i} - C, z»—>1/(1+22),

)

C*—=C, zw—sin(2)/z, C\rZ—-C, zrcotz.

It turns out that these “exceptional points” lead to an amazingly simple classifica-
tion. This classification is aided by the Laurent series, which expands a function
as a power series in both positive and negative coefficients. It thus generalizes the
Taylor series to one that can expand holomorphic functions.

In this context, we will also extend the Cauchy integral theorem and prove
the residue theorem, which has many important applications, of which we give
only a few.

The Laurent expansion

For ¢ := (c,) € C%, we consider the power series

ne = Z cp, X" and he = Z c_, X" .

n>0 n>1

Suppose their convergence radii are p; and 1/pg, and 0 < pg < p; < co. Then the
function nc [or hc] represented by nc [or hc] in p1D [or (1/p9)D] is holomorphic
by Theorem V.3.1. Because z — 1/z is holomorphic in C* and |1/z| < 1/pg for
|z| > po, Remark 5.13(d) guarantees that the function

z he(l/z) = Z Ccnz™"
n=1

is holomorphic at |z| > pg. Therefore
(oo} (oo} oo
Z E cpzt = E e+ E c_pz ™
n=-—oo n=0 n=1

is a holomorphic function in the annulus around 0 given by
Q(po, p1) == piD\poD ={z€C; po < |z| <p1} .
Suppose now zy € C. Then

Z en(z —20)" = Z en(z —20)" + Z con(z—20)7" (6.1)

nez n>0 n>1
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is called the Laurent series about the expansion point zp, and (c,) is the se-
quence of coefficients. In (6.1), >, -, c—n(z — 20)”™ is the principal part and
Y >0 Cn(z — 20)™ is the auxiliary part. The Laurent series (6.1) is convergent [or
norm convergent] in M C C if both the principal part and the auxiliary part are
convergent [or norm convergent| in M. Its value at z € M is by definition the sum
of the value of the principal and auxiliary parts in z, that is,

o0
E en(z — 20)" E en(z — 20) +E con(z—20)"".

n=—oo

From these preliminaries and Theorem V.1.8, it follows that the Laurent series
> nez Cn(z — 20)" converges normally in every compact subset of the annulus
around zg given by

20+ Qpo, ;1) ={z2€C; po <|z— 2| <p1}

and that the function

20+ Qpo,p1) = C, 2 Y calz—20)"

n=-—oo

is holomorphic. The considerations above show that, conversely, every function
holomorphic in an annulus can be represented by a Laurent series.

6.1 Lemma Forp>0andac€C,
/ dz _{2m’, la| < p
wpz—a L 0. la>p.

Proof (i) Suppose |a| < p and § > 0 with D(a,d) C pD. Because dD(a,d) and
pOD are homotopic in C\{a} (see Exercise 5.6), the claim follows from Proposi-
tion 5.7 and Example 5.3(a).

(i) If |a| > p, then pdD is null homotopic in C\ {a}, and the claim again
follows from Proposition 5.7. m

6.2 Lemma Suppose f: Q(rg,m1) — C is holomorphic.

(i) Forr,s € (rg,r1), we have

[ tera= | e
roD 50D

(ii) Suppose a € Q(po, p1) with ro < pg < p1 < r1. Then

_ 1 f(z) 1 f(z)
f(a)—%/plammdz—%/pngadz.
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Proof (i) Because rdD and sD are homotopic in Q := Q(rg, r1), the claim follows
from Proposition 5.7.

(ii) Suppose g: @ — C is defined through
sy [ VO = f@)/c=a). zen\(a},
’ f(a) , z=a.
Obviously g is holomorphic in Q\{a} with

J(z) = f'(2)(= (Z)_GJ;Z) + f(a)

With Taylor’s formula (Corollary IV.3.3)

for z € Q\{a} . (6.2)

F(2) = f@) + F@)(z — a) + 51" (@)z — ) + ol —af)  (63)

as z — a, we find

9(2) — g(a) _ 1 (f(z) — f(a) _f/(a)) = lf”(a) n O(|z—a|2)

z—a = z—a z—a 2 (z — a)?
as z — a in Q\{a}. Thus g is differentiable at a with ¢’(a) = f”(a)/2. Therefore
g is holomorphic in Q. The claim follows by applying Lemma 6.1 and (i) to g. m

Now we can prove the aforementioned expansion theorem.

6.3 Theorem (Laurent expansion) Every function f holomorphic in 2 := Q(rg, r1)
has a unique Laurent expansion

flz)= i ez for ze€ Q. (6.4)

n=—oo

The Laurent series converges normally on every compact subset of 2, and its
coefficients are given by

1 f(Q)
nZQ_M/raDC”HdC forne€Zandro<r<ry. (6.5)

Proof (i) We first verify that f is represented by the Laurent series with the
coefficients given in (6.5). From Lemma 6.2(i) it follows that ¢,, is well defined for
n € 7Z, that is, it is independent of r.

Suppose rg < so < s1 < 11 and z € Q(sg, s1). For ¢ € C with [¢| = s1, we
have |z/¢| < 1, and thus

1 1 1 2"
A P S

n=0
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with normal convergence on s10D. Therefore we have
1 f(©) -
27TZ /slaD C*Z C T;)an

(see Exercise 4.9). For ¢ € C with || = s, we have |(/z| < 1, and therefore

1 1 1 0 ¢cm

— = F— = —
(—=z z 1-(/z o

with normal convergence on sq0D. Therefore

1 fQ . L m o\ me
% SOBDCZdC__mz_:O(% 306Df<<)< dC)z 1

oo
=— E c_nz .
n=1

Thus we get from Lemma 6.2(ii) the representation (6.4).

(ii) Now we prove the coefficients in (6.4) are unique. Suppose f(z) =

ZZOZ_ ~ Gn2"™ converges normally on compact subsets of 2. For r € (rg,r;) and

m € Z, we have (see Example 5.3(a))

1  R—
— f(z)z7m v de = — a / 2y = ay,
270 Jyop 2m nzz_:oo " Jron "
This shows a,, = ¢, for m € Z.

(iii) Because we already know that the Laurent series converges normally on
compact subsets of €2, the theorem is proved. m

As a simple consequence of this theorem, we obtain the Laurent expansion
of a function holomorphic in the open punctured disc

D*(z0,7) =20 + Q0,7) ={2€C; 0< |z — 20| <7} .

6.4 Corollary Suppose f is holomorphic in D*(zq,r). Then f has a unique Laurent

expansion
o0

f(z)= Z en(z — 20)"  for z € D*(20,7) ,

n—=—oo

where

1
Cn;:__/ lez forn € Z and p € (0,7) .
270 Jop(zo,p) (2 — 20)"T
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The series converges normally on every compact subset of D*®(zo,7), and

len] < p™™ max  |f(z)| forn€Zand pe (0,r). (6.6)
2€0D(z0,p)

Proof With the exception of (6.6), all the statements follow from Theorem 6.3
applied to z — f(z + z9). The estimate (6.6) is implied by (6.5) and Proposi-
tion 5.2(ii). m

Removable singularities

In the following suppose
e U is an open subset of C and zj is a point in U.

Given a holomorphic function f: U\{zo} — C, the point z; is a removable sin-
gularity if f has a holomorphic extension F': U — C. When there is no fear of
confusion, we reuse the symbol f for this extension.

6.5 Example Let f: U — C be holomorphic. Then zj is removable singularity of
9: U\{z20} = C, z+ (f(Z)*f(Zo))/(Z*ZO) :

In particular, 0 is a removable singularity of

zr—sin(z)/z, z+—(cosz—1)/z, zw—log(z+1)/z.
Proof This follows from the proof of Lemma 6.2(ii). m

Removable singularities of a function f can be characterized by the local
boundedness of f:

6.6 Theorem (Riemann’s removability theorem) Suppose f: U\{z} — C is
holomorphic. Then the point zg is a removable singularity of f if and only if f is
bounded in a neighborhood of z.

Proof Suppose 7 > 0 with D(zp,r) C U.
If 29 is a removable singularity of f, there is an F' € C*(U) such that F' D f.
From the compactness of D(zg,7), it follows that

sup |f(z)[= sup |F(z)] < max |F(z)| <oo.
z€D®(zo,r) z€D*®(z0,7) z€D(z0,T)

Therefore f is bounded in the neighborhood D*(zg,7) of zp in U\{z0}.

To prove the converse, we set

= fi .
M(p) ZG%?Z,,J)U(Z)' or p € (0,7)
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By assumption, there is an M > 0 such that M (p) < M for p € (0,7) (because | f|
is continuous on D(29,7)\ {20} and thus is bounded for every 0 < 7o < r on the
compact set D(zg, ) \D(20,70)). Thus it follows from (6.6) that

len| < M(p)p™™ < Mp™ forne€Zandpe (0,r).

Therefore the principal part of Laurent expansion of f vanishes, and from Corol-
lary 6.4 it follows that

f(z) = ZCn(Z —z0)" for z € D*(z0,7) .
n=0
The function defined through
o0
z Z en(z — 29)"  for z € D(zo,7) ,
n=0

is holomorphic on D(zg,r) and agrees with f on D*(z9,r). Therefore 2 is a
removable singularity of f. m

Isolated singularities

Suppose f: U\{z} — C is holomorphic and r > 0 with D(z9,7) C U. Further

suppose
o0

flz)= Z en(z — 20)" for z € D*(z0,7)

n—=—oo

is the Laurent expansion of f in D*(zg, 7). If 2¢ is a singularity of f, it is isolated
if it is not removable. Due to (the proof of) Riemann’s removability theorem, this
is the case if and only if the principal part of the Laurent expansion of f does not
vanish identically. If zo is an isolated singularity of f, we say 2 is a pole of f if
there is an m € N* such that c_,, # 0 and c_,, = 0 for n > m. In this case, m
is the order of the pole. If infinitely many coefficients of the principal part of the
Laurent series are different from zero, zg is an essential singularity of f. Finally,
we define the residue of f at zy through

Res(f,z0) :=c—1 .

A function g is said to be meromorphic in U if there is a closed subset P(g)
of U on which g is holomorphic in U\ P(g) and every z € P(g) is a pole of g.!
Then P(g) is the set of poles of g.

1P(g) can also be empty. Therefore every holomorphic function on U is also meromorphic.
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6.7 Remarks (a) Suppose f: U\{z0} — C is holomorphic. Then we have

Res(f, 20) = —— /8 BRRLCLE

21

for every r > 0 such that D(zp,7) C U. The residue of f at 2y is therefore (up
to the factor 1/2mi) what is “left over” (or residual) after integrating f over the
path OD(zg, 7).

Proof This follows from Corollary 6.4 and Example 5.3(a). m

(b) The set of poles P(f) of a function f meromorphic in U is discrete and
countable, and this set has no cluster point in U.?

Proof (i) Suppose 2o € P(f). Then there is an r > 0 such that D(z0,r) C U. Hence f
is holomorphic in D*(zo, ). Therefore P(f) ND(zo,7) = {20}, which shows that P(f) is
discrete.

(if) Assume P(f) has a cluster point zo in U. Because P(f) is discrete, zo does not
belong to P(f). Therefore zo lies in an open set U\ P(f), and we find an r > 0 with
D(z0,7) C U\P(f). Therefore 2o is not a cluster point of P(f), which is a contradiction.

(iii) For every z € P(f), there is an 7. > 0 with D*(z,7.) N P(f) = 0. If K is a
compact subset of U, then KN P(f) is also compact. Therefore we find zo, ..., zm € P(f)
such that

-

KnP(f) C | JD(z,rs,) -

7=0
Consequently K N P(f) is a finite set.

(iv) To verify that P(f) is countable, we set
Kj={2z€U; d(z,0U)>1/j, |z|<j} forjeN*.

Due to Examples 111.1.3(1) and I11.2.22(c) and because of the Heine-Borel theorem, every
K is compact. Also |J; K; = U, and K; N P(f) is finite for every j € N*. It then follows
from Proposition 1.6.8 that P(f) =, (K; N P(f)) is countable. m

The next theorem shows that a function is meromorphic if and only if it is
locally the quotient of two holomorphic functions.?

6.8 Proposition The function f is meromorphic in U if and only if there is a
closed subset A of U and these conditions are satisfied:

(i) f is holomorphic in U\ A.

(ii) To every a € A, there is an r > 0 such that D(a,r) C U, g,h € C¥(D(a,r))
with h # 0, and f = g/h in D*(a,r).

2However, it is entirely possible that the f’s poles may accumulate on the boundary of U.
3This explains the name “meromorphic”, which means “fractional form” , while “holomorphic”
can be translated as “whole form”.
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Proof (a) Suppose f is meromorphic in U. Then, for a € P(f) =: A, there is an
r > 0 with D(a,r) C U such that f has the Laurent expansion

oo

f(z) = Z en(z —a)" for z € D*(a,r)

n=—m

in D*(a,r) for a suitable m € N*. The holomorphic function
D*(a,r) = C, 2z (z2—a)"f(z ch m(z —a)F (6.7)

has a removable singularity at a. Thus there is a g € C¥ (]D)(a, r)) such that
9g2)=(z—a)"f(z) forO<|z—a|]<r.

Therefore f has the representation f = g/h in D*(a,r) with h := (X —a)™ €
cv(C).

(b) Suppose the given conditions are satisfied. If h(a) # 0, we can assume
(by shrinking r) that h(z) # 0 for z € D(a,r). Then f = g/h is holomorphic
in D(a,r). In the case h(a) = 0, we can assume that there is an m € N* such that
h has the power series expansion

oo
E csza (z —a) E Cntm(z —a)"
k=m

n=0

in D(a,r), where ¢, is distinct from zero because h # 0. Therefore the function
defined through

= Z Cntm(z —a)® for z € D(a,r)

is holomorphic on D(a, r) (see Proposition V.3.5) with ¢(a) = ¢y, # 0. Thus there
is a p € (0,7) such that ¢(2) # 0 for |z —a| < p, which implies g/¢ € C*(D(a, p)).
Denoting by ZnZO bn(z — a)™ the Taylor series for g/, we find

oo

(2) = Z bp(z —a)"™™ for z € D*(a,p) .

n=0

9(2) 1 9
h(z) (z—a)™¢

From this expression and from the uniqueness of the Laurent expansion, we learn
that a is a pole of f. m
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6.9 Examples (a) Every rational function is meromorphic in C and has finitely
many poles.

(b) The tangent and the cotangent are meromorphic in C. Their sets of poles are
respectively 7(Z + 1/2) and 7Z. The Laurent expansion of the cotangent in 7D°
reads

cotz =

IS

o0
2k
— 22 Cfrzk) 221 for z € 7D° .
k=1

Proof Because tan = sin /cos and cot = 1/ tan, the first two claims follow from Propo-
sition 6.8. The given representation of the cotangent is implied by (VI.7.18), Theorem
VI.6.15, and the uniqueness of the Laurent expansion. m

(c) The gamma function is meromorphic in C. Its set of poles is —N.

Proof The Weierstrass product representation of Proposition V1.9.5 and the Weierstrass
convergence theorem (Theorem 5.27) implies that I is the reciprocal of an entire function
whose set of zeros is —N. The claim then follows from Proposition 6.8. m

(d) The Riemann ¢ function is meromorphic in C.
Proof This follows from Theorem VI.6.15. m

1/z

(e) The function z — e'/# is not meromorphic in C.

Proof Because e!/* = exp(1/z), we have

el/z:i 1 :1+1+L+ for z € C*
P z 222 '
k=0
1/z

Therefore 0 is an essential singularity of z — e ]

Simple poles

As we shall see, the residues of meromorphic functions play a particularly impor-
tant role. Therefore, we should seek ways to determine residues without explicitly
carrying out the Laurent expansion. This is especially easy for first order poles,
the simple poles, as we show next.

6.10 Proposition The holomorphic function f: U\{zo} — C has a simple pole at
zo if and only if z — g(z) := (2 — 20) f(z) has a removable singularity at zo with
g(z0) # 0. Then

Res(f, z0) = lim (z — z0) f(2) .

z—20

Proof Suppose g is holomorphic in U with g(z9) # 0. Then there is an r > 0
with D(z,7) C U and a sequence (b,) in C such that

g(z) = Z bn(z - ZO)n for z € ]D)(zOvr) and g(Zo) =by#0.

n=0
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Because

f(z) = 9(2) = Z cn(z — 20)"  for z € D*(z0,7) ,

zZ — 20

n=-—1

where ¢, := by+1 and c_1 := by # 0, the point zq is a simple pole, and

Res(f, z0) = c—1 = by = g(z0) = lim (z — 20) f(2) .

Z—20
Conversely, if zg is a simple pole of f, there is an r > 0 such that D(zg,r) C U and
oo
f(z)= Z en(z — 20)" for z € D*(2,7r) and c_1 £ 0 .
n=—1

From this follows
(z—20)f(2) = ch,l(z —z0)" for z € D*(z0,7) .
n=0

Now the claim is implied by the Riemann removability theorem and the identity
theorem for analytic functions. m

6.11 Examples (a) Suppose g and h are holomorphic in U and h has a simple
zero at zg, that is,* h(z9) = 0 and h'(29) # 0. Then f := g/h is meromorphic in
U, and zj is a simple pole of f with Res(f, z9) = g(z0)/h'(20) if g(z0) # 0.

Proof The Taylor formula gives
h(z) = (2 — 20)h' (20) + o(|z — z0]) (2 — 20) ,

and therefore h(z)(z — 2z0) ™' — R/(20) for z — 2. This implies

lim (2 —20)f(2) = lim g(2)/(h(z)(z = 20)"") = g(20)/(20) ,

z—2( z—2z(

and the claim then follows from Theorems 6.8 and 6.10 and the Riemann removability
theorem. m

(b) The tangent and the cotangent have only simple pole poles. Their residues
are given by

Res(tan, m(k 4+ 1/2)) = — Res(cot, kn) = —1 fork € Z .

Proof This follows immediately from (a). m

4A simple zero is a zero of order 1 (see Exercise IV.3.10).
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(c) The gamma function has only first order poles, and
Res(I', —n) = (=1)"/n! forneN.

Proof From (VI.9.2) we obtain for z € C\(—N) with Rez > —n — 1 the representation

I'(z4+n+1)
(z+1)- - (z4n—-1) "

(z+n)l(z) =
z
Therefore (z + n)I'(z) converges for z — —n to (—1)"T’(1)/n!. Because I'(1) = 1, the
claim is implied by Example 6.9(c) and Proposition 6.10. m
(d) The Riemann ¢ function has a simple pole at 1 with residue 1.
Proof This follows from Theorem VI.6.15. m

(e) Suppose p € R and a > 0. Then the function defined by f(z) := e~P* /(22 +a?)
is meromorphic in C and has simple poles at £ia with

Res(f, +ia) = +e*P%/2iq .

Proof Obviously (z Fia)f(z) = e *P?/(z + ia) is holomorphic at +ia, and
lim (zFia)f(z) = £e?*/2ia .

z—+ia

The claim therefore follows from Proposition 6.10. m

(f) For p € R and f(2) := e~ 'P?/(2*+1), the function f is meromorphic in C and
P(f)y={z = et (m/4tim/2) j=0,...,3}.

Every pole is simple, and every residue has

Res(f,z;) = efipzj/élz?’ for0<j<3.

Proof An elementary calculation gives

3

H (zj — z1,) = 425 .
k=0
k#j

Therefore this claim also follows from Proposition 6.10. m

The winding number

We have already seen in the last section that the homotopy invariance of line inte-
grals of holomorphic functions (Proposition 5.7) can be used to effectively calculate
other integrals. We will now derive a like result for meromorphic functions. For
this we must know more about the position of the poles relative to the integration
curve.
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In the following
e T is always a closed compact piecewise C' curve in C.

For a € C\T,
1 dz

T = —
w(T’,a) 2mi Jrz—a

is called the winding number, the circulation number, or the index of I' about a.

6.12 Examples (a) Suppose m € Z* and r > 0. Then for zy € C, the para-
metrization vy, : [0,27] — 2o + re'™! is that of a smooth curve 'y, := [, (20,7),
whose image is the oriented circle 9D(zg, r). If m is positive [or negative], then I'y,
is oriented the same as [or opposite to] 9D(zg, r). Therefore OD(zg, ) will circulate
|m| times in the positive [or negative] direction as ¢ goes from 0 to 27r. On these
grounds, we call I';,, the m-times traversed circle with center zy and radius r. We
have

m, la — 2z <71,

w(lp,,a) = {

0, la — 2| > 1 .

Proof As in the proof of Lemma 6.1, it follows in the case |a — zo| < 7 that

27 . ;
dz dz T imret™ df — 9mi
z—a z—z20 retmt T emm
r T 0 0

m

When |a — 20| > 7, the curve I'y, is null homotopic in C\{a}. m

(b) For zy € C, suppose I',, is a point curve with im(I",;) = {z0}. Then
w(l,,,a) =0 for a € C\{zo}.

(c) If 71 and 72 are homotopic piecewise C! loops in U and a € U¢, then
w(l'1,a) = w(ls,a)

for T'y = [11] and T'y = [y2].

Proof For a € U°, the function z — 1/(z — a) is holomorphic in U. Therefore the claim
follows from Proposition 5.7. m

(d) If U is simply connected and I' C U, then w(I',a) = 0 for a € U°.
Proof This follows from (b) and (c). m

According to Example 6.12(a), the winding number w(I',,, a) of the m-times
traversed circle Ty, := Ty, (20,7) is the (signed) number of times T, “winds
around” the point a. We next show that this geometric interpretation of the
winding is valid for every closed piecewise C' curve, but we must first prove a
technical result.
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6.13 Lemma Suppose I is a perfect compact interval and v: I — C* has piecewise
continuous derivatives. Then there is a continuous and piecewise continuously
differentiable function ¢: I — C such that exp o ¢ = . Here, v and ¢ have
continuous derivatives on the same interval I.

Proof (i) We define log, := Log |(C\R"e!®) for « € R. Then from Propo-
sition T11.6.19 and Exercise I111.6.9, log,, is a topological map of C\R¥e'® onto
R +i(a, a 4 27) satisfying

exp(log, 2) = z for z € C\R"e'™ . (6.8)

From this we find (see Example IV.1.13(e)) that log,, is a C! diffeomorphism of
C\RTe'™ onto R + i (a, a + 27) satisfying

(log,)'(z) =1/z for z € C\RTe'™ . (6.9)

(ii) Because (I) is compact, there exists an r > 0 with rD N ~(I) = 0.
From the uniform continuity of v, there is a partition (¢o,..., %) of I such that
diam (y|[tj—1,t;]) < r/2 for 1 < j < m. Because v has piecewise continuous
derivatives, we can choose this partition so that «|[t;—1,¢;] is continuously dif-
ferentiable for 1 < j < m. Because the disc D; := ]D)(fy(tj),r) has no zeros, we
can fix an a; € (—m,m) such that RYet® N l_)j =P forl1 <j <m. Then we
set log; := log, and ¢; := log; o v|[tj—1,t;]. From (i), we know ¢; belongs to
C'([tj-1,t;]), and because v(t) € D; N Djiq for ¢ € [tj_1,t;], we find using (6.8)
that

exp(p;(t;)) = (t;) = exp(pj41(t;)) for L <j<m—1.
Consequently, Proposition II1.6.13 and the addition theorem for the exponential
function guarantee the existence of k; € Z such that

(Pj(tj) — (Pj+1(tj) = 27Ti/€j for 1 S j S m—1. (610)
Now we define ¢ : I — C by

j—1
o(t) == p;(t) +2mi > kn fort; 1 <t<tjand1<j<m, (6.11)

n=0

where ko := 0. Then it follows from (6.10) and the continuous differentiability
of log; and ~|[t;1,t;] that ¢ has piecewise continuous derivatives. Finally, we
get exp o ¢ = « from (6.8), the definition of ¢;, and the 2mi-periodicity of the
exponential function. m

6.14 Theorem For every a € C\T, the index w(T',a) is a whole number.

Proof Suppose 7 is a piecewise C! parametrization of I' and (tg,...,t,) is a
partition of the parameter interval I such that +|[t;_1,¢;] is continuously differ-
entiable for 1 < j < m. Then, according to Lemma 6.13, to a € C\T' there is
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a ¢ € C(I) such that ¢|[t;—1,t;] € C’l[J 1,t;] for 1 < j < m, and e® = vy — a.
From this it follows that 4(¢) = ¢(¢) ('y — a) fort; 1 <t<tjand1<j<m.
Therefore we get

/deja :Z/tj (S) Z/ o(t)dt = p(tm) — (o) . (6.12)

j=1"ti-1 v tj-1

Because T is closed, we have

exp(@(tm)) = Br —a = Ar — a = exp(e(to)) ,

and therefore ¢(tn,) — ¢(to) € 2miZ, according to Proposition IT1.6.13(i). So
w(T',a) is whole number. m

6.15 Remarks (a) Suppose the assumptions of Lemma 6.13 are satisfied. With
the notation of its proof, we denote by arg;(y(t)) for 1 < j <m and t € [t;_1,1;]
the unique number 7 € (o, o; + 27) such that Im(¢;(t)) = n. Then it follows
from

elos () — v ()| = |eg0(t)| — oReo(®)

that
;(t) = log; y(t) = log|y(t)| + i arg; (v(t)) (6.13)
fort;_1 <t<t; and 1 <j<m. Now we set

arg, . (t) := arg; (y(t)) + 2w Z kn

for t;1 <t <t; and 1 <j <m. Then (6.11) and (6.13) imply
=logo |y|+iarg, ., . (6.14)

Because ¢ is piecewise continuously differentiable, (6.14) shows that this also holds
for arg, ., where arg, ., and ~y are continuously differentiable on the same subinter-
vals of I. In other words, arg, ., is a piecewise continuously differentiable function
that “selects from” the set-valued function Argo ~y, that is,

arg, ., € Arg(y(t)) fortel.

Likewise, ¢ is a piecewise continuously differentiable “selection from” the set-
valued logarithm Log o 7.

(b) Suppose v is a piecewise C! parametrization of I' and a € C\I'. Also suppose

=logo |y —a|+iarg,..,_,



374 VIII Line integrals

is a piecewise C! selection from Log o (7 — a), where ¢ belongs to C'[t;_1,t,] for
1 < j < m. Then we have

= (tj) — (tj-1) -

—1

iy
. t . ti
| et =togoly—aly_ +iame, |

ti—1

Because log |v(t:,) — a| = log |y(to) — al, it thus follows from (6.12) that

1 dz 1
w(F,a) = %/F > —a = %(argcﬁ—a(tm) - argc,’)/—a(tO)) :

This shows that 27 times the winding number of T' about a is the “accumu-
lated change” of the argument arg, .,_, of ¥ —a as I' passes from (to) to ¥(tm).
Therefore w(T', a) specifies how many times I" winds around the point a, where

w(Tya) > 0 means it winds counterclockwise and w(I',a) < 0 means it winds
clockwise. m

6 JA

r //
47
/\/argcﬁ
271' /—/

A curve with w(T",0) = 3

v

The continuity of the winding number

We first prove a simple lemma for maps in discrete spaces.

6.16 Lemma Suppose X and Y are metric spaces and Y is discrete. If f : X — Y
is continuous, then f is constant on every connected component of X.

Proof Suppose Z is a connected component of X. By Theorem I11.4.5, f(Z)
is connected. Because Y is discrete, every connected component of Y consists of
exactly one point. Therefore f is constant on Z. m

Because I' is compact, there is an R > 0 such that I' C RD. Therefore C\T
contains the set RD®, which shows that C\I" has exactly one unbounded connected
component.
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6.17 Corollary The map w(T',-): C\I' — Z is constant on every connected compo-
nent. Ifa belongs to the unbounded connected component of C\I', then w(T",a) = 0.

Proof Suppose a € C\T', and define d := d(a,I"). We then choose an € > 0 and
define 6 := min{erd?\ L(I'),d/2}. Then we have

|z—al >d>0 and |z—b]>d/2 forz €Tl and b e D(a,d) .

From this follows

b 1 2
e <
(T, a) — (Fb|_2ﬁ/’z_a(z_b) dz < - L) 58 <e

for b € D(a,d). Because € was arbitrary, w(I',-) is continuous in @ € C\I'. The
first statement now follows from Theorem 6.14 and Lemma 6.16.

Denote by Z the unbounded connected component of C\T. Also suppose
R > 0 is chosen so that Z contains the set RD. Finally, we choose a € Z with
la| > R and |a| > L(I")/7 + max{ |z| ; z € T'}. Then we have

wita) < 5 [ %
27 |z—a|

Because w(I',a) € Z, we have w(I',a) = 0, and therefore w(I',b) = 0 for every
beZ m

N
o

6.18 Corollary Suppose f is meromorphic in U and w(I',a) =0 for a € U¢. Then
{ze P(f/)\T'; w(l,2) # 0} is a finite set.

Proof By Corollary 6.17, B:= {z € U\I'; w(I',z) # 0 } is bounded. When BN
P(f) is not finite, this set has a cluster point zg € B. According to Remark 6.7(b),
P(f) has a cluster point in U, and therefore zo belongs to U¢. Thus, by assumption,
w(T, z9) = 0. On the other hand, it follows from the continuity of w(T, ) and from
w(l, B) C Z* that w(T, 29) is distinct from zero. Therefore B N P(f) is finite. m
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The generalized Cauchy integral theorem

The concept of winding number allows us to expand the domain of the Cauchy
integral theorem and the Cauchy integral formula. We first present a lemma.

6.19 Lemma Suppose f: U — C is holomorphic and I' C U.
(i) The function

g:UxU—C, (z,w)»—>{ (/(w) =

is continuous.
(ii) The map
h:U—C, zl—>/g(z,w)dw
r

is analytic.

Proof (i) Obviously g is continuous at every point (z,w) with z # w.

Suppose zp € U and € > 0. Then there is an r > 0 such that D(zo,r) C U and
[7/(¢) — f'(20)] < € for ¢ € D(2p,7). For z,w € D(20,7) and v(¢t) := (1 — t)z + tw
with ¢ € [0, 1], it follows from im(y) C D(zg,r) and the mean value theorem that

9z, w) — g(z0, 20) = /0 [ (4(0)) — F'(=0)] dt

Therefore |g(z, w) — g(z0, 20)| < €, which shows that g is continuous at (2o, 2o).

(ii) Because of (i), h is well defined. We will verify that h is analytic with
help from Morera’s theorem (Theorem 5.24). So let A be a triangular path in U.
From Exercise 5.11 it follows that®

[ ([otemanyas= [([ sia)in. @)

Also, the proof of Lemma 6.2 shows that g(-, w) belongs to C*¥(U) for every w € U.
Therefore it follows from Theorem 5.25 that fA g9(z,w)dz = 0 for w € T, and we
get [, h(z)dz =0 from (6.15). Therefore h is analytic. m

A curve I in U is said to be null homologous in U if it is closed and piecewise
continuously differentiable and if w(T',a) = 0 for a € U¢.5

5This is an elementary version of the Fubini’s theorem, which will be proved in full generality
in Volume III. See also Exercise 5.12.
SWhen U = C, every closed piecewise C'! curve is null homologous.
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6.20 Theorem (homology version of the Cauchy integral theorem and formula)
Suppose U is open in C and f is holomorphic in U. Then, if the curve I" is null
homologous in U,

1 f(©)

2mi r¢—=z

d¢ =w(,z)f(z) for z€ U\T, (6.16)

and

/Ff(z) dz=0. (6.17)

Proof We use the notations of Lemma 6.19.
(i) Clearly (6.16) is equivalent to the statement

h(z) =0 for ze U\TI. (6.18)
To verify this, suppose Uy := {z eC\T; w,z) = 0} and
ho(z) : I d¢ for ze Uy .

" 2mi r¢—=z

According to Theorem 6.14 and because w(T', +) is continuous, Uy is open. We also
have

ho(z) = %/F éf(_cl d¢ — f()w(T, z) =h(z) for z€ UNU, .
Because hg is holomorphic, the uniqueness theorem for analytic functions (Theo-
rem V.3.13) says there is a function H holomorphic on U U Uy such that H D hg
and H D h. By assumption, we have w(I',a) = 0 for a € U¢. Thus U€ belongs to
Up, and we learn that H is an entire function.

(ii) Suppose R > 0 with I' C RD. Because RD° lies in the unbounded
connected component of C\T', we have RD® C Uy. Suppose now € > 0. We set
M :=maxcer |f(¢)| and R’ := R+ L(I')M/2me. For z € R'D®, we then have

IC—z| > |z|— €] > L(T)M/2re for (€T,
and we find

lho(2)| < % /F‘gf(—oz‘ d¢ <e for z € R'D . (6.19)

Because hg C H and because H as an entire function is bounded on bounded sets,
it follows that H is bounded on all of C. Therefore we get from Liouville’s theorem
and (6.19) that H vanishes everywhere. Now h C H implies (6.18).

(iii) Suppose a € C\T" and
F:U—-C, z—(z—a)f(z).
Because F' is holomorphic and F(a) = 0, (6.16) shows that

= f(z)dz = ! Amdzzw(F,a)F(a):O.I

21 Jp 27 z—a
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6.21 Remarks (a) If U is simply connected, every closed piecewise C! curve is null
homologous in U. So Theorem 6.20 is a generalization of Theorems 5.5 and 5.9.

Proof This follows from Example 6.12(d). m

(b) Under the assumptions of Theorem 6.20, we have the generalized Cauchy
derivative formula

w(r,z)ﬂk)(z)k—!/r(CL@ for e U\I', keN.

- 2mi — z)k+1

Proof This follows easily from Theorem 6.20. m

The residue theorem

The next theorem further generalizes the homology version of the Cauchy integral
theorem to the case of meromorphic functions.

6.22 Theorem (residue theorem) Suppose U is open in C and f is meromorphic
in U. Further suppose I is a curve in U\ P(f) that is null homologous in U. Then

[ #Grdz=2mi 3 Res(fpu(Tn) (6:20)

pEP(f)
where only finitely many terms in the sum are distinct from zero.

Proof From Corollary 6.18 we know that A := {a € P(f) ; w(I',a) #0} is a
finite set. Thus the sum in (6.20) has only finitely many terms distinct from zero.

Suppose A = {ao,...,an} and f; is the principal part of the Laurent ex-
pansion of f at a; for 0 < j < m. Then f; is holomorphic in C\{qa;}, and the

singularities of F' := f — Z;lo fj at ao, ..., an are removable (because F locally
has the form .
F=gi—Y fi
k=0
K]

at aj, where g; is the auxiliary part of f at a;). Therefore, by the Riemann
removability theorem, F' has a holomorphic continuation (also denoted by F') on

Uy := U\ (P(f)\A) = AU (U\P(f)) .

Because T lies in U\ P(f) and is null homologous in U, T lies in Uy and is null
homologous there. Thus it follows from the generalized Cauchy integral theorem
that [ F dz = 0, which implies

Afdzgﬂfjdz. (6.21)
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Because a; is a pole of f, there are n; € N* and ¢j; € C for 1 < k < n; and
0 < j < m such that

fi(z) = chk(z —a;)™% for0<j<m.
k=1

It therefore follows from Remark 6.21(b) (with f = 1) that

n;

dz
fidz = c-k/7:27ric-1w(F,a-).
/F ! ,; (2 ay)k ! !
Because ¢;1 = Res(f,a;), the claim follows from (6.21) using the definition of A. m

Fourier integrals

The residue theorem has many important applications, which we now exemplify by
calculating some improper integrals. We concentrate on a particularly significant
class, namely, Fourier integrals.

Suppose f: R — C is absolutely integrable. For p € R, |e~*P*| = 1 for
r € R, and therefore the function z +— e~*P% f(x) is absolutely integrable. Thus
the Fourier integral of f at p, given by

Flp) = / T v flz)dz e C, (6.22)

— 00

is defined for every p € R. The function ]?: R — C defined through (6.22) is called
the Fourier transform of f.

The next theorem and the subsequent examples show that the residue theo-
rem helps calculate many Fourier transforms.

6.23 Proposition Suppose the function f meromorphic on C has the properties
(i) P(f) is finite,

(i) P(f)NR =10,

(iii) lim|; oo 2f(2) = 0.

Then )
. —2mi Y .ep(p) Res(fe™'P,2),  p=>0,
f(p) = oImi fm 2<0 R —ip- <
mi Y .ep(r) Res(fe™*P,2z), p<O0.
Im 2>0

Proof Suppose p < 0. By assumption (i), there is an 7 > 0 such that P(f) C rD.
We choose I' as a positively oriented boundary of V :=rDN{ze€ C; Imz>0}.
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Then we have
1, zeV,
w(l, z) = =\
0, ze (V)"
(see Exercise 13). Therefore it follows
from the residue theorem that

Flx)e " dy +i / f(reit)e_ipreitreit dt = 2mi Z Res(fe 7", 2) .
0

-r zeV

Because p < 0, the integral over the semicircle can be estimated as
™ .
‘/ f(re”)e_’me”re”dt‘ < max |rf(re'")e’ ™| < wmax|zf(z)| .
0 0<t<m |z|=r

The assumption (iii) now implies the claim for p < 0.
The case p > 0 is similar, but the integration pathisin{z€ C; Imz<0}. =

6.24 Examples (a) For f(z) := 1/(2% + a?) with a > 0, we have
Fflp)=mePe/a forpeR .

Proof The function f(z) := 1/(2% +a?) is meromorphic in C. Further f|R is absolutely
integrable (see Example VI.8.4(e)), and lim|;| . zf(2) = 0. For the residues of z
e 'P* f(z) at the simple poles +ia, we found in Example 6.11(e) that

Res(eiipzf(z), +ia) = +e*P /2iq .

Therefore the claim follows from Proposition 6.23. m

(b) We have
/ *Code  ow
N VO
Proof We consider the function f meromorphic in C defined by f(2) := 1/(2* +1). The

poles of fin {z€ C; Imz >0} are zg := (1 +z)/\/§ and z1 := iz0 = (—1—}—2’)/\/5.
From Example 6.11(f), we know
Res(fe """, z0) + Res(fe 7', z1) = 4—13(efipzo +ie P
20
Now it follows from Proposition 6.23 that

/oo e _ _ Fo) :2m(i(1+z‘)) = %1(720)(1+i) =

T 423

o

We can use the residue theorem to evaluate the convergent improper integral
Jg sin(z) dz/x, even though 0 is a removable singularity of x — sin(z)/z and the
integral is not absolutely convergent (see Exercise VI.8.1).
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6.25 Proposition For p € R, we have

R sinz ) ™, |p| <1 )
lim —e Pdr =4 w/2, p|=1,
R—o0 _R X
0, lp| > 1.
Proof (i) Suppose R > 1. We integrate the
entire function
zHSinZe_“’Z /,/’/ \\\\{fji
z v N
over the path g that goes from —R along /I / \‘\ k
the real axis to —1, along the upper half of S >
the unit circle to +1, and finally along the R\ -1 1 ;
real axis to R. The Cauchy integral theorem . ',"
gives .
R ginx _, sinz _. 1 "
/ —e PPy = / e "Prdz .
_R YR z

Because sin z = (e’ — e7%%)/2i, it follows that

24

TR z

R .
/ ST —ipe g, 1 (e i=(P=1) _ e—iZ(p+1))dZ
_R T
(ii) Now we wish to calculate the integral

1 e*izq
hr(q) = 5—

- dz forgeR.
YR

So consider the curve Fﬁ parametrized by the loop vr + kﬁ, where

kE:[0,m] = C, t+ Re*'t,

Then w(I'5,0) = 0 and w(I'y,0) = —1. Because Res(e=?%9/2,0) = 1, it follows

from the residue theorem that

1 —iz 1 [ o Reit
hr(q) = —— c dz=—— e taRe gy
2mi Jyt o 2 27 Jo
and _ o
1 e*’LZq
hr(q) = -1 - 5—

1 it
- dz=—-1+ — e~iaRe gy
271 k;{ z 27 -

381
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(iii) Next we want to show
/Tr et g s (R—o00) forg<0. (6.23)
0
So suppose ¢ € (0,7/2). Because gsint < 0 for ¢ € [0, 7] it follows that
|e*iqRe“| =eiftsint <1 forg<0, R>1, telo,7],
and we find

‘(/ +/ )efiqReitdt‘ <2 forg<Oand R>1. (6.24)
0 T—€

Because gsine < 0, there is an Ry > 1 such that
eaftsint < galtsine < o for R> Ryande <t<m—¢.

Therefore

T—¢ } i
/ e take dt‘ <em for R> Ry,
€

which, together with (6.24), proves (6.23). Similarly, one verifies for ¢ > 0 that

0 ,
/ e PR dt 0 (R — o0) .

—T

(iv) Ome easily checks that hr(0) = —1/2 for R > 1. Therefore from
(ii) and (iii), we have
0, qg<0,
Rlim hr(q) =< —1/2, g=0,
-1, qg>0.
Because of (i), we know
lim " sine TP dy = lim (hr(p—1) — hr(p+1))
g [ e v=m lim (hr(p r(p ;

from which the claim follows. m

o .
sinx
/ der = .
o T

Proof The convergence of the improper integral ffooo(sin x/x)dx follows from
Exercises VI1.4.11(ii) and VI.8.1(ii). We get its value from Proposition 6.25. m

6.26 Corollary
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6.27 Remarks (a) It does not follow from Proposition 6.25 that improper integral

o .
sinz
— PP dx
T

oo

converges for p € R*. For that to hold we must confirm that limpg_, foR oo dx

and limp_o [ E g dz exist independently. When the limit

e’} R
PV/ f:= lim / f(z)dx
—oo R—oo J_ R
exists for a (continuous) function f: R — C, it is called the Cauchy principal
value” of ffooo f. If f is improperly integrable, the Cauchy principal value exists

and agrees with [ fooo f. However, the converse of this statement does not hold, as
shown by the example f(t) :=t for t € R.

(b) Because the function g: R — R, x — sin(z)/x is not absolutely integrable,
we cannot assign to g a Fourier transform g. Instead, one can (and must!) use
a more general definition of the Fourier transformation—from the framework of
the theory of distributions® —as we have done here. In the general theory, the
Fourier transform of g is defined, and g is the same piecewise constant function
defined through the Cauchy principal value given in Proposition 6.25.

(c) The Fourier transformation f — fis very important in many areas of math and
physics. However, a more precise study of this map awaits the Lebesgue integration
theory. Accordingly, we will return to the Fourier integral in Volume III. m

We refer you to the exercises and to the literature of complex analysis (for
example, [Car66], [Con78], [FB95], [Rem92]) for a great number of further appli-
cations of the Cauchy integral theorem and the residue theorem, as well as for a
more in-depth treatment of the theory of holomorphic and meromorphic functions.

Exercises

1 Suppose f is holomorphic in U and zo € U with f'(z0) # 0. In addition, suppose
g: C — C is meromorphic and has a simple pole at wo := f(20). Show that go f has a
simple pole at zo with Res(g o f, z0) = Res(g,wo)/f’(20).
2 Suppose the function f is meromorphic in C and, in Q(rg,r1) for ro > 0, has the
Laurent expansion Y oo cnz"™ for n € N with ¢_,, # 0. Prove or disprove that f has
an essential singularity. (Hint: Consider z — 1/(z — 1) in (1, 2).)
3 Suppose a,b € C with 0 < |a| < |b|] and

a—>b

fZC\{CL,b}H(C, ZHm

7See Exercise VI.8.9.
8For an introduction of the theory of distributions and many important applications, see for
example [Sch65].
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(a) Determine the Laurent expansion of f around 0 in Q(0, |a|), 2(|al, |b]), and (]|, c0).

(b) What is the Laurent expansion of f at a? (Hint: geometric series.)

/ 4dz and e”sin z s
op 1 +422 on (L—e2)2 77

4 Calculate

5 The holomorphic function f: U\{z0} — C has an isolated singularity at zo € U.
Prove the equivalence of these statements:

(i) zo is a pole of order n.
(i1) g: U\{z0} — C, z — (2—20)" f(2) has a removable singularity at zo with g(zo) # 0.
(iii) There are €, M1, Mz > 0 such that D(z0,e) C U and

M|z — 20| " < |f(2)] < Ma |z — 20| for 2 € D*(z0,¢) .

6 Show that zo € U is a pole of a function f holomorphic in U\ {zo} if and only if
|f(2)] — oo as z — zo.

7 Suppose 2o is an isolated singularity of f, which is holomorphic in U\{zo}. Show that

these statements are equivalent:

(i) zo0 is an essential singularity.

(if) For every wo € C, there exists a sequence (z,) in U\ {20} such that lim z, = zo
and lim f(zn) = wo.

(Hint: “(i)=-(ii)” If the statement is false, there are a wo € C and r,s > 0 such that
J(D(z0,7)) ND(wo, s) = 0. Then g: D*(20,7) — C, 2+ 1/(f(z) —wo) is holomorphic
and bounded. With help from Theorem 6.6 and Exercise 6, rule out the cases g(z0) =0
and g(z0) #0.)

8 Determine the singular points of
Z — 61/(271)/(62 -1, z—(2+41) sin(l/(z — 1)) .
Are they poles or essential singularities?

9 Verify that ¢ is an essential singularity of z — sin(w/(z2 +1)).
(Hint: Exercise 7.)

10 Suppose U is simply connected and a € U is an isolated singularity of f, which is a
holomorphic function in U\{a}. Prove that f has an antiderivative in U\{a} if and only
if Res(f,a) = 0.

11 Prove Remark 6.21(a).
12 For p € (0,1), prove that

oo rT
PV / © dr=—— .
oo 1 te® sin(pm)

(Hint: Integrate z +— e’*(1 + e*)~! counterclockwise along the rectangular path with
corners +R and £R + 27i.)
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13 Suppose I'; is a piecewise C' curve parametrized by v; € C(I,C) for j = 0,1. Also
suppose z € C with |yo(t) — 1 (¢)| < |70(t) — 2| for t € I. Show w(To,2) = w(T'1, 2).
(Hint: For v := (y1 — 2) /(70 — 2), show

w([v], 0) =w(T1,2) —w(To, 2)
and |1 —~v(t)] <1lfortel.)

14 Let N(f) := {z € U\P(f) ; f(z) =0} define the set of zeros of a meromorphic
function f. Prove these:

(i) If f # 0, then N(f) is a discrete subset of U.
(ii) The function
1/f: U\N(f) = C, z—1/f(2)
is meromorphic in U and P(1/f) = N(f) and N(1/f) = P(f).
(Hints: (i) The identity theorem for analytic functions. (ii) Exercise 6.)

15 Show that the set of functions meromorphic in U is a field with respect to pointwise
addition and multiplication.

16 Show that
/ * e T
coo Lt 2
(Hint: Proposition 6.23.)
17 Verify that

/0 m;:o;a;Q dx = ﬂ-;a fora>0.
(Hint: Example 6.24(a).)
18 Suppose f is meromorphic in U, f # 0, and g := f’/f. Prove
(i) g is meromorphic in U and has only simple poles;
(ii) if 20 is a zero of f of order m, then Res(g, z0) = m;
(iii) if zo is a pole of f of order m, then Res(g, z0) = —m.

19 Suppose f is meromorphic in U and P is a curve in U\ (N(f) U P(f)) that is null
homologous in U. For z € N(f) U P(f), denote by v(z) the multiplicity of z. Then

1 f'(2) dz = Z w(,n)v(n) — Z w(l,p)v(p) .

2mi Jr £(2) REN(S) peP(f)

20 For 0 < a < b < 1, calculate

1 2z — (a+b) »
2mi Jop 22 —(a+b)z+ab

21 Determine ffooo dx/(x* + 42 + 3).
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acceleration, 208 canonical basis, 310
action, least, 207 canonical isomorphism, 312
adjoint Cauchy

Hermitian matrix, 146 — Riemann equations, 162

operator, 146 — Riemann integral, 20
algebra, normed, 14 — integral formula and theorem
algebraic multiplicity, 134 (homology version), 377
alternating m-linear map, 302 — principal value, 97, 383
angle center, instantaneous, 301

— between two vectors, 303 central field, 313

rotation —, 294 chain rule, 166, 185, 261, 268
anti self adjoint, 147 change of parameters, 284
antiderivative, 312 characteristic polynomial, 141
arc length, 282 chart

— of a curve, 286 — transition function, 255

parametrization by —, 293 —ed territory, 253
area of a curve, 290 local —, 253
asymptotically equivalent, 57 tangential of — 262
atlas, 253 trivial, 253
automorphism circle

topological —, 119, 120 — instantaneous, 301

— osculating, 301

basis circulation number, 371

canonical —, 310 closed

Jordan —, 135 — 1-form, 314

of a module, 322 — curve, 286
Bernoulli codimension, 242

— equation, 241 cofactor matrix, 274

— numbers, 51 complete

— polynomial, 53 — curve, 295
Bessel’s inequality, 79 — orthonormal system, 79
bilinear map, 173 completeness relation, 79
binormal, 303 complexification, 133
boundary conditions, natural, 204 cone, 28
bundle conjugate

contangential —, 308 harmonic, 357

normal —, 271 Hermitian matrix, 146

tangential —, 261 conservative force, 208, 336
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continuous
— complex 1-form, 339
— curve, 285
— differentiable, 150
— linear form, 158
— partially differentiable, 153, 183
— real differentiable, 342
—ly differentiable curve, 285
—ly differentiable map, 267
infinitely —ly differentiable, 180
locally Lipschitz —, 233
m-times — differentiable, 180
piecewise — function, 4
uniformly Lipschitz —, 233
contour, 339
convergence
— of integrals, 91
— quadratic mean, 68
Weierstrass — theorem, 356
convolution, 89
coordinate
— path, 264
— transformation, 256
cylindrical —s, 250
generalized —, 207
local —s, 253, 267
n-dimensional polar —s, 258
n-dimensional spherical —s, 258
spherical —s, 248, 249
velocity —s, 207
cosine series, 75
cotangent
— function, partial fraction decom-
position of, 84
— part of a 1-form, 309
cotangential
— bundle, 308
— space, 308
— vector, 308
Coulomb potential, 314
covering operator, 195
critical point, 160, 171
cross product, 302
curvature
— of a plane curve, 298
— of a space curve, 303
— vector, 298

curve
C1, 285
closed, 286
compact, 285
complete, 295
curvature of, 298
imbedded, 242
inverse, 328
length of, 286
parametrized, 244
Peano —, 282
point —, 328
rectifiable, 286
regular, 285
smooth, 285

cycloid, 305

cylinder, elliptical, 258

d’Alembertian, 192
damped

— driven oscillator, 148

oscillator, 143
Darboux

Riemann — integral, 24
definite

negative [semi]—, 188

positive, 146, 161, 188

positive [semi]—, 188
derivative, 150

directional —, 152

logarithmic, 33

m-th, 180

normalized, 83

partial, 153

partial — m-th order, 183

Wirtinger —, 356

determinant
— function, 133, 178
Gram —, 277

Hadamard’s — inequality, 273

Jacobian —, 219
diagonalizable matrix, 135
diffeomorphic, 267
diffeomorphism, 267

cT -, 217

local C? —, 217
differentiable, 149

— map, 150, 266

Index
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continuously — curve, 285
continuously partially, 153, 183
continuously real, 342
m-times, 180
piecewise continuous, 82, 83
totally, 154
differential, 38, 159, 269, 310
— form, 308
— operator, 192
complex —, 340
equation, 206, 227
— of order m, 237
Bernoulli, 241
logistic, 241
similarity —, 240
direction, first variation in, 206
directional derivative, 152
Dirichlet kernel, 88
doubly periodic, 43
dual
exponent, 35
norm, 158
operator, 316
pairing, 308
space, 158

eigenvalue, 133

— equation, 133

semisimple, 134

simple, 134
eigenvector, 134
ellipsoid, 276
elliptic

— cylinder, 258

— helix, 306
embedding, 247
energy

— conservation, 238

kinetic —, 207

potential — 207

total —, 211
entire function, 348
equation

Bernoulli —, 241
Cauchy—Riemann —s, 162
differential —, 206, 227
differential — of order m, 237
eigenvalue —, 133
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Euler—Lagrange, 204
integral —, 129

logistic —, 241

of motion, Newton’s, 208
similarity differential —, 240

equipotential surfaces, 313
essential singularity, 365
Euclidean sphere, 244
Euler

— Lagrange equation, 204

— Maclaurin sum formula, 55
— Mascheroni constant, 59
beta function, 111

first integral, 110

formula for ((2k), 84
gamma integral, 98
homogeneity relation, 172
multiplier, 324

second integral, 98

exact 1-form, 312
exponential map, 125
extremal, 203

field

form

point under constraints, 272

central — 313
gradient —, 313
vector —, 308

1-, 308

closed 1-, 314

continuous complex 1- —, 339
cotangent part of a 1- —, 309
differential —, 308

exact 1- — 312

linear —, 28

Pfaff, 308, 357

formula

Euler — for ¢(2k), 84
Euler—-Maclaurin sum —, 55

Frenet derivative, 297

Legendre duplication —, 113

of de Moivre and Stirling, 58
quadrature —, 65

rank —, 159

reflection — for the I' function, 105
signature —, 133

Stirling’s, 108
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Taylor’s, 185
variation of constants, 132
Fourier
— coefficient, 78
— integral, 379
— polynomial, 75
— series, 78
— transformation, 383
n-frame, moving, 295
free
— R-module, 322
— subset, 322
Frenet
— derivative formula, 297
— n-frame, 295
frequency, 143
Fresnel integral, 349
function
— theory, 342
admissible —, 90
determinant —, 133, 178
differentiable —, 150
elementary —, 43
entire —, 348
Euler beta —, 111
gamma —, 98, 100
generating — for the Bernoulli num-
bers, 51
harmonic —, 191, 351
holomorphic —, 342
improperly integrable —, 90
jump continuous —, 4
meromorphic —, 365
piecewise continuous —, 4
Riemann ¢ —, 60
product representation, 61
smooth —, 180
staircase —, 4, 17, 18
functional
— equation of gamma function, 99
linear, 28
fundamental
group, 338
matrix, 137, 263
system, 136, 142

gamma function, 98, 100
functional equation of, 99

Index

gamma integral, Euler’s, 98
Gaussian error integral, 105
generating system, 322
geometric
— multiplicity, 133
— series, 212
gradient, 160, 161, 269
— field, 313
Gram determinant, 277
Gronwall’s lemma, 129
group
fundamental —, 338
homotopy —, 338
orthogonal, 244
special orthogonal, 257
topological automorphism —, 120

Hadamard’s inequality, 273
Hamilton’s principle of least action, 207
harmonic

— conjugate, 357

— function, 191, 351

— oscillator, 143
heat operator, 192
helix, 289

elliptic, 306
Hessian matrix, 188
Hilbert—Schmidt norm, 123
Holder inequality, 35
holomorphic

— Pfaff form, 357

— function, 342
homeomorphism, 217

local, 217
homogeneity relation, Euler, 172
homogeneous, positively, 172
homologous, null —, 376
homomorphism of module, 322
homotopic, 332

null —, 332
homotopy

— group, 338

loop —, 332

hyperboloid, 276
hyperplane, equatorial —, 254
hypersurfaces, 242

image of a curve, 286
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imbedded curves and surfaces, 242
immersion, 244
— theorem, 245
C7 -, 246
improper
— integral, 91
—ly integrable function, 90
indefinite
form, 188
integral, 32
independent, linearly, 322
index, 371
inequality
Bessel’s, 79
Hadamard’s, 273
Hélder, 35
isoperimetric, 306
Minkowski, 35
Wirtinger’s, 89
initial value problem, 227, 238
instantaneous velocity, 286
integrability conditions, 312
integrable
absolutely — function, 94
improperly, 90
Riemann, 22
integral, 26
— equation, 129
Cauchy—Riemann —, 20
complex line —, 339
elliptic —, 294
first —, 229
first Euler —, 110
Fourier —, 379
Fresnel —, 349
Gaussian error —, 105
improper —, 91
indefinite —, 32
line — of « along T, 327
Riemann —, 22
Riemann—Darboux —, 24
second Euler —, 98
integrating factor, 324
integration, partial, 40
isolated singularity, 365
isomorphic, topologically, 119
isomorphism

canonical, 159, 312

of modules, 322

topological, 119
isoperimetric inequality, 306

Jacobi

— identity, 193

— matrix, 155
Jacobian determinant, 219
Jordan basis, normal form, 135

jump continuous function, 4

kernel
Dirichlet —, 88
Poisson —, 358
kinetic energy, 207

Lo scalar product and norm, 68

Lagrangian, 207
Laplace operator, 351
Laplacian, 191
Laurent
— expansion, 362
— series, 361
Legendre

— duplication formula, 113

— polynomials, 48
Leibniz rule, 194
lemma

Gronwall’s, 129

Poincaré —, 315

Riemann’s, 81
lemniscate, 291
length, 282

— of a curve, 286

arc —, 282, 286
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of a piecewise straight path, 281

level set, 168, 243
Lie bracket, 193
limacon, 245, 289, 305

Lindelof, Picard — theorem, 235

line
— integral, 327
vector — element, 335
linear
— functional, 28
— ordering, 28
linear form, 28
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continuous, 158

monotone, 28

positive, 28
linearly independent, 322
Lipschitz continuous, 233
logarithmic

— derivative, 33

— spiral, 288, 305
logistic equation, 241

loop, 332
— homotopy, 332
point —, 332

m-linear map, 173
— alternating, 302
Maclaurin, Euler — sum formula, 55
manifold, sub—, 242
map
bilinear —, 173
differentiable —, 150, 266
exponential — 125
local topological —, 217
m-linear —, 173
m-linear alternating —, 302
multilinear —, 173
open —, 218
regular —, 226
topological —, 217
trilinear —, 173
Markov matrix, 147
Mascheroni, Euler — constant, 59
matrix
cofactor —, 274
diagonalizable —, 135
fundamental —, 137, 263
Hermitian conjugate (adjoint), 146
Hessian —, 188

Jacobi —, 155
Jordan —, 135
Markov —, 147

representation —, 124
rotation —, 294
similar —, 145

trace of —, 145
transformation —, 294

mean value

property, 346
theorem, 169

Index

for integrals, 170
for integrals, second, 36
mean value
theorem
for integrals, 33
meromorphic function, 365
methods of the calculus of variations,
206
Minkowski inequality, 35
module
— homomorphism, 322
— isomorphism, 322
free R—, 322
R-, 321
sub—, 322
Moivre, formula of de — and Stirling, 58
monotone linear form, 28
multilinear map, 173
multiplication operator, 198
multiplicity
algebraic, 134
geometric, 133
multiplier, Euler, 324

n-frame, moving, 295
Neil parabola, 246, 305
Nemytskii operator, 195
Newton’s equation of motion, 208
Newtonian potential, 314
nilpotent, 126
norm
—ed algebra, 14
dual —, 158
Hilbert —, 122
Hilbert—Schmidt —, 123
operator —, 12
stronger —, 35
weaker —, 35
normal
— bundle, 271
— plane, 303
— space, 271
— unit vector, 298, 303
bi—, 303
unit —, 272
normal form, Jordan, 135
normalized
— derivative, 83
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— function, 67

— polynomial, 45
normals, 271
null homologous, 376
null homotopic, 332

ONB, 79
ONS, 71
complete, 79
open maps, 218
operator
— norm, 12
adjoint, 146
bounded linear, 12
covering —, 195
d’Alembertian —, 192
differential —, 192
dual, 316
heat —, 192
Laplace —, 191, 351
multiplication —, 198
Nemytskii —, 195
self adjoint, 146
symmetric, 146
transposed, 316
wave —, 192
order
— of a pole, 365
—ed Banach space, 28
—ed vector space, 28
ordering
induced, 28
linear, 28
natural, 29
orientation-preserving
— change of parameters, 284
— reparametrization, 284
orientations, 294
oriented
— vector space, 294
positively — circle, 344
orthogonal, 71, 191
— group, 244
orthogonal projection, 79
orthogonal system, 71
orthonormal basis, 79
orthonormal system, 71
oscillator
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damped, 143

damped driven, 148

undamped, 143
oscillator, harmonic, 143
osculating, 303

parabola, Neil, 246, 305
parabola, semicubical, 305
parameter
— domain, 244
— interval, 285
— range, 253
orientation-preserving change of —,
284
parametrization, 253, 285
by arc length, 293
piecewise C? — 290
regular, 244, 285
Parseval’s theorem, 79, 89
partial derivative, 153
partial fraction decomposition, 84
particular solution, 131
partition, 4
mesh of, 20
refinement of, 4
Pascal limacon, 245, 289, 305
path
coordinate —, 264
integral along a —, 326
inverse —, 328
piecewise C'? —, 290, 329
piecewise straight —, 281
rectifiable — 282
sums of —s, 329
triangular —, 353
Peano curves, 282
periodic, doubly, 43
Pfaff
— form, 308
holomorphic — form, 357
phase
— plane, 140
— portrait, 239
Picard—Lindel6f, — theorem, 235
piecewise
— C1 curve, 290, 329
— C'? parametrization, 290
— C1Y path, 290, 329



396

plane
equatorial hyper—, 254
normal —, 303
osculating —, 303
phase —, 140
Poincaré lemma, 315
point
— curve, 328
— loop, 332
critical, 160, 171
extremal — under constraints, 272
regular —, 226
saddle —, 172, 190
Poisson kernel, 358
polar coordinates, n-dimensional, 258
pole, 365
order of —, 365
set of —s, 365
simple —, 368
polynomial
Bernoulli —, 53
characteristic —, 133, 141
Fourier —, 75
Legendre —s, 48
normalized —, 45
splitting —, 134
positive
— cone, 28
— definite, 146, 161
— linear form, 28
— oriented circle, 344
—ly homogeneous, 172
—ly oriented, 294
potential, 313
Coulomb, 314
Newtonian, 314
potential energy, 207
prime number theorem, 63
principal
— axis transformation, 275
— part of a Laurent series, 361
Cauchy — value, 97, 383
principle of least action, 207
product
— representation of ¢ function, 61
— representation of sine, 85
— rule, 169

Index

generalized, 179

cross —, 302
infinite —, 42
vector —, 302
Wallis —, 42

Weierstrass — form of 1/T", 104
projection, 79

orthogonal, 79

stereographic, 254
pull back, 317

quadratic mean, 68
quadrature formula, 65

R-module, 321
free, 322
radius, instantaneous, 301
rank, 226
— formula, 159
rectifiable
— curve, 286
— path, 282
recursion, 41
reflection formula, 105
regular
— curve, 285
— map, 226
— parametrization, 244, 285
— point, 226
— value, 226
reparametrization
C? - 290
orientation-preserving —, 284
representation
— local coordinates, 267
— matrix, 124
Riesz — theorem, 159
spectral —, 188
residue, 365
Riemann
— ¢ function, 60
— Darboux integral, 24
— hypothesis, 63
— integrable, 22
— lemma, 81
— removability theorem, 364
— sum, 23
Cauchy — equations, 162
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Cauchy integral, 20

integral, 22
Riesz representation theorem, 159
rotation matrix, 294
rule

chain —, 166, 185, 261, 268

derivative — for Fourier series, 83

generalized product —, 179
Leibniz, 194

product —, 169

Simpson’s, 66
substitution —, 38

saddle point, 172, 190
Schmidt, Hilbert — norm, 123
Schwarz, — theorem, 184
self adjoint operator, 146
semisimple eigenvalue, 134
separation of variables, 230
series

classical Fourier —, 75

cosine —, 75

geometric, 212

Laurent —, 361

sine —, 75
set

— of poles, 365

— of zeros, 385

level —, 243

star shaped —, 314
signature formula, 133
similar matrices, 145
similarity differential equation, 240
simple

— pole, 368

— zero, 369

eigenvalue —, 134
simply connected, 332
Simpson’s rule, 66
sine

— series, 75

product representation of, 85
singularity, 365
skew symmetric, 147
smooth

— curve, 285

— function, 180
solution

— of differential equation, 140
global, 227

maximal, 227
noncontinuable, 227
particular, 131

space
cotangential —, 308
dual —, 158

normal —, 271
ordered Banach —, 28
tangential —, 260, 261
span, 322
spectral representation, 188
spectrum, 133
sphere, Euclidean, 244
spherical coordinates
n-dimensional —, 258
spiral, logarithmic, 288, 305
staircase function, 4, 17, 18
star shaped, 314
stationary value, 206
stereographic projections, 254
Stirling
— formula, 108
formula of de Moivre and —, 58
submanifold, 242
submersion, 226
submodule, 322
subset, free, 322
substitution rule, 38
sum
— of paths, 329
Euler-Maclaurin — formula, 55
Riemann, 23

surface
equipotential — 313
hyper—, 242

imbedded —, 242

parametrized —, 244

torus —, 251
symmetric, 176

— operator, 146

tangent, 292
— part, 308
— unit vector, 292
part, 260
tangential, 260, 268
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— bundle, 261
— of a chart, 262
— space, 260, 261
— vector, 260, 261
Taylor
— formula, 185
— theorem, 187
theorem
— implicit function, 223
— inverse function, 215
— of the partial fraction expansion,
45
— regular value, 243, 266
bounded linear operators, continu-
ous extension of, 15
energy conservation —, 238
extension —, 10
homology version of the Cauchy in-
tegral — 377
immersion —, 245
mean value —, 169
mean value — for integrals, 33
mean value — of integrals, second,
36
Parseval’s, 79, 89
Picard—Lindelof —, 235
prime number —, 63
Riemann’s removability —, 364
Riesz representation —, 159
Schwarz —, 184
second fundamental — of calculus,
31
Taylor’s —, 187
Weierstrass convergence —, 356
topological
— automorphisms, 119
— isomorphic, 119
— isomorphism, 119
— map, 217
local — map, 217
torsion of a curve, 303
torus, 251
totally differentiable, 154
trace, 145
transformation
coordinate —, 256
Fourier —, 383

Index

matrix, 294

principal axis —, 275
transpose of an operator, 316
trilinear map, 173
trivial chart, 253

undamped oscillator, 143
unit binormal vector, 303
unit normal, 272

variation, 281, 286
— of constants formula, 132
bounded, 281
first, 207
total, 286
variational problem
fixed boundary conditions, 203
free boundary conditions, 202
vector
— field, 308
— product, 302
angle between two —s, 303
cotangential —, 308
curvature —, 298
eigen—, 134
line element —, 335
ordered — space, 28
tangent part of — field, 308
tangential —, 260, 261
unit binormal —, 303
unit normal —, 298, 303
unit tangent —, 292
velocity
— coordinates, 207
instantaneous —, 286

Wallis product, 42
wave operator, 192
Weierstrass
— convergence theorem, 356
— product form of 1/T", 104
winding number, 371
Wirtinger derivative, 356
Wirtinger’s inequality, 89

ZEero
set of —s, 385
simple —, 369
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S™, 244
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1, 244
A* 146
AT 316
B* 274
Hy, 188
[Ale, 124
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det, 133, 178
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K™*™, 123
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O(n), 244
SO(n), 257
Laut, 119
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tr, 145
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Ct, 150
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coP, 197
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Diff?, 217, 267
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Harm, 351
L(E), 14
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